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e Scattering of particles and waves through Black Holes (Hawking radiation)



BH perturbation theory

e Scattering of particles and waves through Black Holes (Hawking radiation)

e Binary ringdown signal and Quasi-Normal modes (Black Hole

spectroscopy)
Distance Between Black Holes
12 11 10 9 8 7640
5 'Inspiral i I I IIVIeIrgler' hingdown

e

Strain (102")
o

Theoretical Model of GW150914

) I 1 ) " "
-0.2 -0.15 -0.1 -0.05 0 0.05

Time (seconds)




BH perturbation theory

e Scattering of particles and waves through Black Holes (Hawking radiation)
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BH perturbation theory

e Scattering of particles and waves through Black Holes (Hawking radiation)

e Binary ringdown signal and Quasi-Normal modes (Black Hole
spectroscopy)
e GW with perturbative sources (e.g. EMRI’s)

Post-Newtonian Theory

uopEIEdes

Perturbation theary,
Numerical Relativity Self-force

Mass Ratio o




Perturbed Einstein equations

e Full Einstein equations

1
G,u,z/ + Ag,u,u = Ruu - Qg,uuR—i— Agy,u =0

e Perturbed Einstein equations at linear order

g,u,z/ = /g\;u/ + huu — G;Lu = é,uu + 6G,u,1/

e Background

~ . ~ 1. = .

G,u,l/ + Ag,u,u = R,uu - Eg,u,uR+ Ag,u,u =0
e Perturbations

7ﬁh;1‘u + 2h(y,p;y) - h;p,l/ - g[il/ hpT%PT + ’g\p.l/ﬁh =2A h,uu

P



Background metric

e Schwarzschild form of the metric

dr?

ds® = g, dz"da” = —f(r)dt* + +r2d0?
gl»t f( ) f(’f’)
where
SchdS/SchAdS A > 0/A <0
) = M A, Sch A=0
- r 3 dS/AdS M =0,A>0/A<0

Minkowksi M =A=0



Background metric

e Schwarzschild form of the metric

dr?

ds® = g, dz"da” = —f(r)dt* + +r2d0?
gl»t f( ) f(’f’)
where
SchdS/SchAdS A > 0/A <0
2M A, Sch A=0
=1-=-"=_=
1) r 3" 7 ) dS/AdS M =0,A>0/A<0

Minkowksi M =A=0

e Metric splitting in spherical symmetry

N Yab 0 Gapdz®dz® = —f(r) dt* + dr?/ f(r)
e = > Q45d04dO” = d6? + sin 6di?
0 Qg AB = sin” fdg



Odd and even parity spherical harmonics

e Scalar harmonics
QYPY s = —e(e+ 1)y
e Vector harmonics
Yim = Yﬁ,m even parity
X = —e,PYE™  odd parity
e Second-rank tensor harmonic
Tfﬂ; =Y Qup even parity

0e+1)

5 Y Qup even parity

YA = Yidk +
m  __ Im .
Xap = X(ajpy odd parity

O™ — (=1)*O0"™  even parity

P: (0 -0
( 7¢) - (7T vd) + 7T) = { Oﬁm N (_1)g+10£m odd parity



Metric multipole expansion

Splitting the metric to decouple the equations for each harmonic component

£m,odd £m,even
huw = E he + hy
L,m

e Odd parity
0 himx4n
hfz:},odd _ @
G ot
e Even parity
hey YA

hém,even _
nv =

* r? (K" TAE + G YAE)



Harmonic decoupled Einstein equations

0Ggy (2°,0%) = &' (@) Y™(eY)
6G A (2", 07) = £(2") YA™(OF) + 0" (2") X4 (©F)

0GHH(x",0%) = &7"(a") TAB(O7) + &7 (a") YAF(9) + OF' () X4B(6)



Harmonic decoupled Einstein equations

0GL (25,0%) = &' (=) Y™ (%)
0GuA(a", ©F) = £"(") YA™(OF) + O/ (+) Xi"(07)

0GB, 0%) = &7 (s") THp(07) + &7 (2") YAF(9) + OX" (+7) XU5(0)



Harmonic decoupled Einstein equations

0Ga (@°,0%) = &' () Y (e
0GJA(2",07) = &7 (") YA"(0") + 04" («") X4™(©")

6Gf4”]§(:ra, C__)C) _ gém(xa) Tg%(@C) + 5{}"L(x(l) Yﬁ'ﬁ(@c) + Ogn(xa) Xﬁ'rg(g(})



BH perturbation theory

Master equations

_872 + iQ _ Veven/odd \Ilzm -0
atQ 81‘2 Y even/odd
e Master functions ¥ = ¥(h, Oh) . =
06
e Effective potential vae“/(’dd o
- VRN
Sos /’ \
e Tortoise coordinate 0s / \
da/dr = 1/£(r) d \
e “fast” (¥) and “slow” (V) DoF o // Ei——
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BH binary systems

Distance Between Black Holes
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1. GW signal can be written in terms of master functions
hy/x x¥ = h=hy —ihyx ¥

2. Energy and angular momentum emission (luminosity) at infinity

dFE BN dJ .
e N TR 2,7
a <V g

3. Extreme Mass Ratio Inspirals (EMRIs) detectable by LISA

K. Martel and E. Poisson, Phys. Rev. D 71, 104003 (2005) u



BH scattering

Frequency domain master equation

T=e*y — P, —Vy=—k%

[oX:]
Potential Maximum (x = 3 M)
0.74 i . .
e Master equation describes
0.6 . .
el scattering of waves and particles
7; > “hcident e
S 4 emite transmitted
= 03 P AV .
reflected e Quasi-normal modes correspond to
0.2 4 . . . .
vanishing incident wave, w, € C
014
0.0 T T T T T T T T
-30 —-20 -10 0 10 20 30 40
BH Tortoise Coordinate [M]
J. A. H. Futterman, F. A. Handler, and R. A. Matzner, Scattering from Black
12

Holes, (Cambridge University Press, May 2012)



Known master equations

Odd parity
Urw =

2r ab [ = 2 -
Uepm = 7)5 b (hb:a - ;Tahb)

T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063-1069 (1957), C. T. Cunningham,
R. H. Price, and V. Moncrief, Astrophys. J. 224, 643—-667 (1978)


https://doi.org/10.1103/PhysRev.108.1063

Known master equations

Odd parity
\IIRW = Lﬁa
r

2r ab [ 3 2 -
\ = — he. z
CPM C—1)(¢ 2)5 (bAa TTahb)

2r g 2 a by a 1
v = — Z _ i
M W+ {K—!—)\(rrhab rr K,a)}

C+2)(0—1)—Ar’ =3(f —1)

>

=
5

=
I

F. J. Zerilli, Phys. Rev. D 2, 2141-2160 (1970), V. Moncrief, Ann. Phys. (N.Y.)
88, 323 (1974)



Known master equations

Odd parity
\IIRW = Lﬁa
r

2 ol A -
= = SR
Yepm = 2)5 (tha ST b)

_ 2r r g a by _ a 1o
\IIZM = m{K—F B\ (T’ T hab rr K:a)}

Ar) = (U4+2)(0—1)—Ar> =3(f—1)

Perturbative gauge invariants

igab = hab — Ka:b — Kbia s
K=K+%g 27,

13



What are all the possible master equations that one can obtain for the

vacuum perturbations of a Schwarzschild BH?

M. L. and C. F. Sopuerta, Phys. Rev. D 104, 084053 (2021) 14


https://doi.org/10.1103/PhysRevD.104.084053

What are all the possible master equations that one can obtain for the

vacuum perturbations of a Schwarzschild BH?

1. Linear in the metric perturbations and first-order derivatives

Woia = Coho™ +Cih™ +Cahy™
+ C3hg™ + Cihg™ + Cs hi™
+ Cohi™ + Crhy™ + Cyhy™

2. Time independent coefficients

3. Arbitrary perturbative gauge

M. L. and C. F. Sopuerta, Phys. Rev. D 104, 084053 (2021) 14


https://doi.org/10.1103/PhysRevD.104.084053

The standard branch

62 82 odd/even odd/even
(57 + g — W) swH/ =0

e Standard branch potentials

odd/even ‘/ZRW odd parlty
sV, = ,
Vi even parity

15



The standard branch

62 82 odd/even odd/even
(57 + g — W) swH/ =0

e Standard branch potentials

odd/even ‘/ZRW odd parlty
sV, = ,
Vi even parity

e Most general master function

CLUCM 4, 0RW  6dd parity

\I/odd/even _
s =
C UM 4 Cg even parity
WL, r) = NG t* (rf(:a — ﬁabrb)

15



The Darboux branch

82 82 odd/even odd/even
(5 * s — oV o =0

Vodd/even
¢

e Family of potentials p satisfying

sV ‘/ZRW/Z
(W>J+2< o >‘—6V_07

)

with 8V = Dwodd/even _ V-KRW/Z.

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 107, 044010 (2023), Phys. Rev. D
107, 084039 (2023) 16
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The Darboux branch

82 82 odd/even odd/even
(5 * s — oV o =0

1 rodd/even
4

e Family of potentials p satisfying

3V, Ve
(5\/)@”( 5 — 8§V =0,

)

with 8V = Dv}odd/even _ V}RW/Z.
e Most general (potential dependent) master function

ady C (20 TOPM 4 °99)  odd parity
WO even —
D

c (Eeven PpZM + ‘i,even) even parity

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 107, 044010 (2023), Phys. Rev. D
107, 084039 (2023) 16
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Darboux covariance




Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)
V=0, +Wa

(=07 +07—v)d=0 — { V=v+2W, — (-} + V)T =0
W,-W?+v=C

17
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Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)

V=0, +Wo
(R +2-0)d=0—{ V=v+2W, — (-07+8-V)¥=0
W,-W?>+v=C

(%) w2 (), -ov=0

17
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Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)
V=0, +Wa
(R +2-0)d=0—{ V=v42W, — (-07+8-V)¥=0
W,-W?>+v=C
6V, Uy _
<5v ) +2(Gp) a0

’

e Darboux covariance of perturbations of spherically-symmetric BHs

gRW'—vz

(Slymld’v/R\\) > (S\I‘c\,un’v;/.)
Standard Branch

M. Lenzi and C. F. Sopuerta,
gRW—odd Odd Even gZ-even
Parity Parity Phys. Rev. D 104, 124068
(2021)
Darboux Branch
(D‘I“""',V)"M) < > <l)\[]u\unvv/c\cn)

oddeeven

8 17
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Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)

V=d,+ WD
(~F+02—v)d=(0) — { V=v+2W, — (-07+&-V)v=(5)
W,—-W?>+v=C

(35 +2(), v =

’

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 109, 084030 (2024) 18
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Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)

V=d,+ WD
(~F+02—v)d=(0) — { V=v+2W, — (-07+&-V)v=(5)
W,—-W?>+v=C

(35 +2(), v =

’

e Darboux covariance with perturbative sources: §G., = Ty

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 109, 084030 (2024) 18
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Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)
V=0, +Wa

(R +2-0)e=(0) — § V=v+2W, — (-F+3-V)v=(5)
W,-W?+v=C

(57) +2(55),-ov =

e Darboux covariance with perturbative sources: 6G ., = T,

4r

Uoad = pVodd — 7757t Sa
D dd D dd (e I 2) (6 — 1)
. 1 4r
fodd _ fodd + (D _ *VOdd) taSa
2 (C+2)(¢—1)

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 109, 084030 (2024) 18
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Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)

V=0, +Wo
(i +0i—v)d=(0) — § V=v+2W, H(783+3§7V)\I/:
W,-W?+v=C

(%) +2(5), - =

s

e Darboux covariance with perturbative sources: §G., = Ty
X odd
p¥ada = Yepme + W ¥epm
rodd PM dd ~CPM
Fold = FOPM 4 et FC

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 109, 084030 (2024) 18
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Darboux transformation

e Darboux transformation between (v, ®) and (V, ¥)
V=0, +Wa
(=0} +02—v)2=0— < V=0vt+2W, — (-0F+22-V)U =0
W,—-W?>+v=C
% v
sT 2 (== _ —
<5v>z+ (av),m V=0

’

e Darboux covariance of perturbations of spherically-symmetric BHs

gRW—»Z
d (/RW peven 1z ( N\
podd | —_— peven yZ
(sr2) (s ‘) Isospectral symmetry
Standard Branch
Lkt
U=
RW-odd | Odd Even Z—even »
8 Parity Parity
2
¢,xac - ’U¢ =—k (;b
Darboux Branch 2
—Vy=—k
< podd yodd > < > ( e yewen ) ¢7zz w ¢
- J
,oddeeven
8 - 19



Standard view on DTs

DT in frequency domain U(t,r) = e**y)(z; k)

Lyp(z; k) = (82 — V) (z; k) = —k*(x; k)

L,¢ = —k*¢

_ 1.2 = —
Lv'L/JO— kowo — W(I)_ (11’11/)0),1 - { ¢:W[1/J71/)O}/¢0

20
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Standard view on DTs

DT in frequency domain U(t,r) = e**y)(z; k)

Lyp(z; k) = (82 = V) th(x; k) = —k*(; k)

L,¢ =—k¢
Lyvo = —katho — W(z) = —(Ingo),. —
v 0 ¢ = W[, ¥ol /%o
e Darboux transformation between RW and ZM
v = 2 thor Wo(z) = Sefs! + iko
ko = —et2)! — 7 _ 2 2
0= &M (e—1)! Vaw = £Wo. + Wy + ko

S. Chandrasekhar, Proc. Roy. Soc. Lond. A 369, 425-433 (1980) 20
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Standard view on DTs

DT in frequency domain U(t,r) = e**y)(z; k)

Lyp(z; k) = (82 — V) (z; k) = —k*(x; k)

L,¢p=—k¢
I — —k2 w = —(1 x
v = —kogo — W(2) = ~(lnth)z: —> { ¢ = W, ol /o

e Darboux transformation between RW and ZM

o = 2 e ko Wo(z) = SG53 + iko
1'2(4+2)! - z AT 2 2
ko = sare=mn Vaw = £Wo. + Wy + ko

e Darboux generating function as a superpotential

V=W.,+W?4+C
v=-W.,+W?+C

S. Chandrasekhar, Proc. Roy. Soc. Lond. A 369, 425-433 (1980)

20
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Preliminary Summary

Infinite hierarchy of master equations

o Infinite allowed BH potentials, related by Darboux transformations

Physical equivalence of the possible descriptions

e Separation into "slow” and "fast” degrees of freedom

21



Integrable structures in Cauchy slices




[ Vg = 6VVy + Vigs = 0]

o Korteweg-de Vries deformations: isospectral symmetries of the master
equation

e A triangle of integrable structures: KdV-Virasoro-Schwarzian derivative

e Conformal transformations of the master equation: Schwarzian derivative
modification in the potential

J. L. Jaramillo, M. Lenzi, and C. F. Sopuerta, Accepted in PRD (2024)
M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021), Phys. Rev. D
107, 044010 (2023)

22
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Vv,a - 6‘/‘/@ + Vv,aca:z =0

e Soliton solutions to the KdV
equation

N. J. Zabusky and M. D. Kruskal, Phys. Rev.

ot =050] fu =025] fu =-0.10
| o q

foa— rl — r % a— s
gy 1=-0.05 glu 1=0.00 8y 1=0.05

. o q

2 2 ]

g ra— ) T
hd 1=0.10 ot nd 1=0.50

Lett. 15, 240-243 (1965) s


https://doi.org/10.1103/PhysRevLett.15.240

o =050] [u F025] u =010

‘/,o' - 6‘/‘/:1 + ‘/,za:cc =0

H 1 10 0o K 0 0 10 -10 o 1
e Soliton solutions to the KdV : O o e
equation . o

Soliton resolution conjecture

Generic global-in-time nonlinear wave dynamics decouple universally at late
times into soliton solutions plus radiation.

T. Tao, Bulletin of the American Mathematical Society 46, 1-33 (2009)
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e KdV deformations of the frequency domain master equation/Schrédinger

equation
V(z) = V(o,x) a(k,0)e™*® 4+ b(k,o)e™ "
V() = Y(ox) = P(a,k0) =
k — k(O’) eik:z

C. S. Gardner, J. M. Greene, M. D. Kruskal, and R. M. Miura, Phys. Rev. Lett. 19,
1095-1097 (1967)

24
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https://doi.org/10.1103/PhysRevLett.19.1095

e KdV deformations of the frequency domain master equation/Schrédinger

equation
V(z) = V(o,z) a(k,0)e™™ + b(k, o)e”*®
YP(x) = plox) = P(a,k0) =
k — k‘(O’) eikm

e KdV evolution of 1) and Bogoliubov coefficients

VYo =Prip=—A ., +6VY, +3V,p = a,=0 b, =8’

)

24



e KdV deformations of the frequency domain master equation/Schrédinger

equation
V(z) = V(o,z) a(k,0)e™™ + b(k, o)e”*®
YP(x) = plox) = P(a,k0) =
k — k‘(O’) eikm

e KdV evolution of 1) and Bogoliubov coefficients

VYo =Prip=—A ., +6VY, +3V,p = a,=0 b, =8’

)

direet transform

u(z,0} + S(0)

e KdV is integrable with inverse time evolution
scattering from scattering data of spectaal data

inverse transform
w(z,t) * S(t)

24



equation

V(z) = V(o,x)
P(x) = P(o,z)
k— k(o)

1/’,0 = PV’/’ = —41/1,1“; + 6‘/1/),93 + 3‘/,zw -

e KdV is integrable with inverse
scattering from scattering data

e KdV integrability in terms
of Lax pairs

P. D. Lax, Commun. Pure Appl. Math.

KdV deformations of the frequency domain master equation/Schrédinger

a(k,o)e™*™ 4 b(k,o)e ™"

=  Y(z,k,0) =

eik:a:

KdV evolution of ¥ and Bogoliubov coefficients

direet transform

u(z,0) - 5(0)

time evolution
of spectral data

inverse transform
u(xf) + 5(t)

oL
Tav — [Py, Ly] = —KdV[V]-1d.

21, 467-490 (1968)

a,=0 b, =_8iw
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BH scattering

Potential Maximum (x =~ 3M)

elkx

a(k,o)e™*™ 4 b(k,o)e ™"

transmitted

emikx

Y(z,k,0) =

Vew(x) [M~2]

ikx reflected
e

0 20 -0 o0 0 20 30 4
BH Tortoise Coordinate [M]
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Potential Maximum (x =~ 3M)

o
ikx —ikx -~ A~
a(k,0)e™™ 4 b(k,0)e T incident o
Pz, ko) = Eo i transmitted
" £ o3 S
67, x reflectec

T o toroie cootdnate vl
e Bogoliubov coefficients completely determine the physics (greybody
factors and QNMs)

e Greybody factors

2
. R(k,o)=

1 2

a(k, o)
e QNMs: k; such that a(k;,0) =0

b(k, o)
a(k, o)

T(k,o) =

25



Potential Maximum (x =~ 3M)

eikx

ikx —ikx -~ A~
a(k,0)e™™ 4 b(k,0)e T incident o
Wz ko) = e Frard
) = o3 s
ikax reflected

e

T o toroie cootdnate vl
e Bogoliubov coefficients completely determine the physics (greybody
factors and QNMs)

e Greybody factors

2
. R(k,o)=

1 2

a(k, o)
e QNMs: k; such that a(k;,0) =0

b(k, o)
a(k, o)

T(k,o) =

e Greybody factors and QNMs are conserved by DT and KdV deformations

25



BH greybody factors from KdV integrals

e KdV equation as an integrable Hamiltonian system with infinite conserved
quantities -
0V =A{V,H} — H,[V] :/ dz P, (V,V o Vs o)

—00

26



BH greybody factors from KdV integrals

e KdV equation as an integrable Hamiltonian system with infinite conserved
quantities

[ Hn[V] = Hn[Vaw] ]

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021) 26
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BH greybody factors from KdV integrals

e KdV equation as an integrable Hamiltonian system with infinite conserved
quantities

[ HalV] = Hn[Vaw] ]

e Trace identities: a set of integral equations that relate the KdV integrals
to the greybody factors

= n n H n 1 e n
Ina(k,o) = ‘]:7 — (="t 2;:; = %/_oodk k" In T (k)

n=1
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BH greybody factors from KdV integrals

e KdV equation as an integrable Hamiltonian system with infinite conserved
quantities

[ Hn[V] = Hn[Vaw] ]

e Trace identities: a set of integral equations that relate the KdV integrals
to the greybody factors

- Mo n H2n 1 1 o n
Ina(k,o) = Z/T — (="t 22%; = %/ dk k*™ InT(k)
n=1 -

BH moment problem

The greybody factors in BH scattering processes are uniquely determined by
the KdV integrals of the BH potential via a (Hamburger) moment problem

oo}
fizn = / dk k*"p(k)
where

InT'(k)
or
M. Lenzi and C. F. Sopuerta, Phys. Rev. D 107, 044010 (2023) 26

nHQn 1
Hon = (_]‘) 227,,11 ’ (k)



https://doi.org/10.1103/PhysRevD.107.044010

Moment problem

,un:/dxx"p(x) n=0,1,2,...
T

e Existence: Is there a function p(x) on Z whose moments are given by

{pn}?

e Uniqueness: Do the moments {u,} determine uniquely a distribution p(x)
on I7?

e Solution: How can we construct all such probability distributions?

27



Moment problem: Existence and Uniqueness

Existence

50

Ho Hq T Hn o
B Ha ot g 3
D, = M2 K3 T Hpyao| s 8 %0
5 o o 100
Hp  Hppr o Hop -150

| :

A(n) =C"(2n)! — fiy,, >0

0 5 10 15 20 25 30 35 40 45 50
n
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Moment problem: Solution

Solution through Padé approximants

T(k) =~ exp (—27rak Z)\ie_ti 02k2> Xi=XNH{HY ti=t[{Hn}]

i=1

1. Evaluate the first n KdV integrals
2. Obtain the moments from the KdV integrals and construct the MGF

oo .

M(t) = / Taee e =3 Py

n=0
3. Construct Padé approximants of order [K/L], with K + L <n
4. Evaluate the poles t; and residues \; of the Padé approximants

5. Apply the Laplace inversion formula

M. Lenzi and C. F. Sopuerta, Phys. Rev. D 107, 084039 (2023) 2


https://doi.org/10.1103/PhysRevD.107.084039

Poschl-Teller

T(k) =~ exp(-2m0k Y Ne ™ 7F ) N=NUHY b=t [{Ha)]

=1

1 1
038 038
06 06
T[3/4]
= T[4/4] =
04 T[4/5] 04
T(5/5]
T[5/6] —
02 T[6/6] —— 02
T(6/7] (77 —
T — Tukb —
o], Tpt —— 0 - - . ) . Tpt —
o o5 1 15 2 25 3 35 o 05 1 15 2 25 3 35
Kia Ka
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Moment problem: Solution

L
—t. 2k2
i=1
1 1
08 0.8
T[2/2] —
0.6 T[2/3] — 0.6
T[3/4]
= T(4/4) —— =
04 T[4/5] —— 0.4
T[5/5]
T[5/6] ——
0.2 T[6/6] —— 0.2
TI6/7]
\ 77— T[7/8] ——
0 R — 0 T T
0 01 02 03 04 05 06 07 0 o1 02 03 04 05 06 07
rsk rsk
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KdV Hamiltonian structure

o Infinite hierarchy of KdV equations

—DM k=0,1,2,... -2

9,V Oz

koo SV (z)
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KdV Hamiltonian structure

o Infinite hierarchy of KdV equations

—DM k=0,1,2,... -2

9,V Oz

koo SV (z)

e KdV hierarchy as Hamiltonian systems: 9, V = {V, H;11[V]} e

I el / 0F oG 1 o
{F,G}qzr —/_ogx/_oilm w(z,x 7V)(5V(a:) V@) w=3 (0p — O0pr) 0(x — ')
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KdV Hamiltonian structure

o Infinite hierarchy of KdV equations

_ pPenlV] k=012.. D=

0, V pe

koo SV (z)

e KdV hierarchy as Hamiltonian systems: 9, V = {V, H;11[V]} e

I el / 0F oG 1 o
{F,G}qzr —/_ogx/_oilm w(z,x 7V)(5V(a:) V@) w=3 (0p — O0pr) 0(x — ')

e KdV hierarchy are symmetries {H,,[V], H,[V]} =0
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KdV Hamiltonian structure

o Infinite hierarchy of KdV equations

—DM k=0,1,2,... -2

9,V Oz

koo SV (z)

e KdV hierarchy as Hamiltonian systems: 9, V = {V, H;11[V]} e

I el / 0F oG 1 o
{F,G}qzr —/_ogx/_oilm w(z,x 7V)(5V(a:) V@) w=3 (0p — O0pr) 0(x — ')

e KdV hierarchy are symmetries {H,,[V], H,[V]} =0
o KdV equation possesses a second Hamiltonian structure

w(z,z’, V) = (02 —02) +2(V(2)0, — V(2)0,) | (x — ')

1
2
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The KdV-Virasoro-Schwarzian derivative triangle

e Bi-Hamiltonian structure of KdV: Gardner-Zakharov-Faddeev brackets and
Magri brackets

0oV = {V, H2}GFZ = {V7 Hl}M )

F. Magri, J. Math. Phys. 19, 1156-1162 (1978) 31


https://doi.org/10.1063/1.523777

The KdV-Virasoro-Schwarzian derivative triangle

e Bi-Hamiltonian structure of KdV: Gardner-Zakharov-Faddeev brackets and
Magri brackets

9V ={V, Hatgpy, ={V. Hity >

e Magri brackets are the classical realization of the Virasoro algebra

— Ln :
V(Z) = Z ontl — {Lna Lm}M = (n - m)Ln+m -

n=-—oo

n(n? — 1)
2

6n+m,0

J-L. Gervais, Phys. Lett. B 160, 277-278 (1985), J.-L. Gervais, Physics Letters
B 160, 279-282 (1985) 31


https://doi.org/10.1016/0370-2693(85)91326-7
https://doi.org/https://doi.org/10.1016/0370-2693(85)91327-9
https://doi.org/https://doi.org/10.1016/0370-2693(85)91327-9

The KdV-Virasoro-Schwarzian derivative triangle

e Bi-Hamiltonian structure of KdV: Gardner-Zakharov-Faddeev brackets and
Magri brackets

0.V = {V, H2}GFZ = {V7 Hl}M )

e Magri brackets are the classical realization of the Virasoro algebra

— Ln .
V()= > —i1 — i, L by = (0= m) Lo —

n=-—oo

n(n? —1)

5nm
9 +m,0

e (BH) potentials as a CFT energy-momentum tensor:
e Infinitesimal conformal transformation of V: w(z) = z + ¢(2)
1
SV (W)= (V(w), Fody Fo=—3 [dze@V()

e Finite conformal transformation of V: Schwarzian derivative

V(w) = ( )72 {V(z) + %S(w(z))} . S(w(z)) = Yzz=z _ g (%)2

Wy z

dw
dz
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Conformal transformation of the master equation

R

e Perform the following general transformation

x = xz=ux(z), - - s 5 -
. a(Z)Y 35 + 0@ 5 + ()Y = =k wy
Y= () = w(@)Y(?)

e Cancel first order derivative terms to preserve the operator structure, i.e.
b(Z) = 0 to obtain

Gort (a2 V)i =0, @)= (2) " [Veor+ S
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Conformal transformation of the master equation

R

e Perform the following general transformation

r = x=x(F), . a(i)ij,ﬁ + b(fﬂ)iz‘,:z + (@) = =k wi

Y= (@) = w(@)P(E)

e Cancel first order derivative terms to preserve the operator structure, i.e.
b(Z) = 0 to obtain

Gort (a2 -V) =0, V@)= (Z) " [ver+ Jsw]

[ The Schwarzian derivative tracks the KdV (hidden) integrable structure ]
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Hyperboloidal foliations




KdV structures in hyperboloidal slices

e Review of hyperboloidal foliations
e Covariance of the hyperboloidal slicing under general scale tranformations

e Conformal transformations of the master equation

J. L. Jaramillo, M. Lenzi, and C. F. Sopuerta, Accepted in PRD (2024)
E. Gasperin and J. L. Jaramillo, Class. Quant. Grav. 39, 115010 (2022), J. L.
Jaramillo, R. Panosso Macedo, and L. Al Sheikh, Phys. Rev. X 11, 031003 (2021) 33


https://doi.org/10.1088/1361-6382/ac5054
https://doi.org/10.1103/PhysRevX.11.031003

Hyperboloidal slicing

(<0F +02 = Vi) =0

e Perform the following transformation

t o= T h()

T

(t,x) = (1,8) : {

Il
©
=
™
N

e With 1) = 0, ¢ the master equation becomes

o(2)-u(2) (2
v ¥ N\ L L

£ = =i [0 (MO)0:) — ai(©)] T /
Lo = ﬁ [27(£)0¢ + 9(8)]
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“Slow/Fast” vs “Bulk/Boundary”

Ly = w(lg) [85 (P(f)ag) - fh(f)] L1 bulk
L2 = ﬁ [27(5)85 + 85’7(5)] L2 boundary

e Define an energy scalar product (crucial to assess QNM instability)

L . . ¢
(1, p02) = 5/ (wipr9p2 + pOed10c P2 + qud1¢p2) dE o= < W )

e Non-selfadjointness is due to dissipation at the boundaries

Lopqre, oot %0 £3=2L[5(6—a)— (6 —
- ) - = ) 2 — § a’) (§ b)]
1 0 Lg w

E. Gasperin and J. L. Jaramillo, Class. Quant. Grav. 39, 115010 (2022), J. L.
Jaramillo, R. Panosso Macedo, and L. Al Sheikh, Phys. Rev. X 11, 031003 (2021) 35


https://doi.org/10.1088/1361-6382/ac5054
https://doi.org/10.1103/PhysRevX.11.031003

Covariance under scaling transformations

Scale transformation
The hyperboloidal formulation is covariant under the following scale

transformation of the wave function

o(7,€) = QE)P(7,€)



Conformal transformations of the master equation

Fix €2 by cancelling the term containing 8§¢~7 :

T a0 =9VT® =9 )
g

Then the hyperboloidal operators reduce to:

Ll(&:ﬁ 552—‘72 QS ~ , 1
} 9 1h ( ’ >~ w:g2w—58(g)
EzUJ:W{h ,ag}w

The KdV/Virasoro/Schwarzian (hidden) integrable structure is
embedded in the hyperbolidal setting
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Conclusions




“Even systems which are far from integrable may have an integrable heart
which tells one much about their behaviour”
N.J. Hitchin, G.B. Segal and R.S. Ward, Twistors, loop groups and Riemann

surfaces

Hidden integrable structures in BH physics provide analytic results and
abstract algebraic structures

Interplay with asymptotic dynamics and BMS symmetries

In GW physics:

o QNMs
e BH spectroscopy

e tidal Love numbers
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