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Introduction

Inspiral Merger Ringdown

o @

Inspiral Merger  Ringdown

Figure: Illustration of a pair of coalescing black holes (credit : (Top) Kip Thorne; (Bottom) B. P.
Abbott et al. [8]; adapted by APS/Carin Cain)

Ringdown
Sum of damped oscillators

\I/&m(t) ~ Z Ae’m’neiwz,m,nt
n
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Introduction

Introduction : the conservative case

The conservative case

Example of system : guitar string struck
Consider the linear equation

Oyu = iHu
u(t = O,(L’) = UO(x)
where H is self-adjoint and the eigenfunctions ©,, form an orthonormal basis of

the Hilbert space. The solution can be written as a convergent sum over the
harmonics

oo
u(z,t) = Z O ()™t
n=0
where

ap = <{}nau0>c7 Hﬁn = wn’an
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Introduction

Introduction : quasinormal modes definitions and BH
perturbation theory

Quasi-normal modes (QNMs)

Definition : Resonant response under linear perturbation characterized by
complex frequencies. QNMs probe the background spacetime geometry
Lax-Phillips theory : QNMs as poles of the resolvent

Perturbation theory on Schwarzschild black hole

Scalar, electromagnetic and gravitational perturbations reduce to the
following wave equation in the tortoise coordinates

62 62
<8t2 -5z o W(T*)) ¢em = 0 + boundary conditions
Tx

where 1} depends on the type of perturbation (spin s = 0,1 or 2).
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where 1} depends on the type of perturbation (spin s = 0,1 or 2).

_ Quasi-normal mode expansion of black hole perturbation : a hyperboloidal Keldysh approach 5/43



Introduction

Introducing hyperboloidal slicings
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Figure: Picture of the compactified hyperboloidal coordinates (credit : Lamis El
Sheikh PhD thesis)
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Poschl-Teller : a toy model (part 1)

Poschl-Teller (1/2)

0? 0?
<8tz ~ 72 4 V(x)) ¢ =0, V(%) = Vp sech? (%)

The following change of variable? defines a compactified hyperboloidal
foliation :

{7‘ =t — In(cosh T)

z = tanh~}(Z)

t, T € Ryz € [-1,1]

aEI Sheikh, Jaramillo,Macedo;2004.06434, Bizori,Chmaj,Mach;2002.01770
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Introduction

Introducing hyperboloidal slicings

Figure: Example of hyperboloidal slicing (credit : hyperboloid.al)

_ Quasi-normal mode expansion of black hole perturbation : a hyperboloidal Keldysh approach 8 /43



Poschl-Teller : a toy model (part 2)

Poschl-Teller (2/2)

First order reduction : u(z,7) = (i) with ¢ := 0, ¢,

O (i) B ( 2,((1 —mg))aw) —Vo —<2xalx+1> ) (i)

Differential equation :

O-u = iLu, uw(z, ™ =0) = ug(x)

Spectral problem : Lv, = w,vy,

Analytical Poschl-Teller QNMs

Wy — 5 . 1
¢dn(x) = Gegenbauer polynomials o é)(ar), Wy = :I:? S <n I )

2
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Introduction

Poschl-Teller quasi-normal frequencies

Eigenvalues of L
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Figure: View of the Poschl-Teller QNMs frequencies in the complex plane
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Compactified hyperboloidal approach
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Compactified hyperboloidal approach

Compactified hyperboloidal approach

Compactified hyperboloidal slicing

{

First order reduction
We define the field ¢ := 9, ¢, the linear problem becomes

(3= (215) ©)

Outgoing boundary conditions

(S

— h(z)

::;(ZL') g: [avb} - [700’4’00]

8|

x—g(x) =7

@ Geometric interpretation : outgoing null cones

@ Analytic interpretation : singular Sturm-Liouville operator, the boundary
conditions are built-in as regularity conditions
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Compactified hyperboloidal approach

Compactified hyperboloidal approach

()~ (1))

il
All the space derivatives are contained within the matrix.

L=~ @0~ o0)

- (29(2)0s +07(2))

where
g @2 - W (@)?

h lg’ ()]

(2) = — 1
P = @)

q(x) = g’ ()| Ve ()
' ()
lg’ ()]
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Compactified hyperboloidal approach

Scalar product and non-selfadjointness

The energy scalar product is related to the energy-momentum tensor of a
complex scalar field on a Minkowski spacetime with a potential V.

b
< (ii) g (iz) > - % / P1ba + p(2)0e10x02 + 4 ()P Pod
E a

We use this to justify that Lo is a dissipative term and is responsible for
non-self adjointness

1
L'=L+-
2

Instability of the QNMs

The eigenvalues can be greatly perturbed upon a small perturbation of the
potential
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Keldysh resonant expansion

Keldysh's expansion of the resolvent
Consider the application

F:Q— L(H,K)
wr F(w)

Assume F'(w) is a Fredholm operator. The transpose application of F' is
F(w)': K* — H*
The spectral problems are rewritten
F(wp)v, =0, F(wp)to, =0, v, € H,a, € K*

Keldysh's theorem gives an expansion of the resolvent application'.

Fw) = Z Mvn—i-H(w) with <&n,dF(wn)(vn)> =1.

w—w dw
wnEQO n

'Beyn,Latushkin,Rottmann-Matthes;1210.3952
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Keldysh resonant expansion

Keldysh's resonant expansion for non-generalized

eigenvalue problems

We use the recipe with F(w) = L — wl, the spectral problems are :
(L —w, v, =0, (L'=w,a, =0, v, €H,a, €H"

The resolvent of L is constructed in a bounded domain €2 can be written

Rr(w)=(L—-wl)™! = Z (G, ) vy, + H(w)

w — W
WnEQO n

On the other hand, the Laplace transform of the differential equation yields
(L — w)u(z,w) = iugp(z)

The asymptotic resonant expansion is then found by multiplication by the
resolvent and inverse Laplace transform

u(T,x) ~ Z(an, o) v (z)e™n T, with (o, v,) =1

n
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Keldysh resonant expansion

Asymptotic resonant expansion

Bound of the error of the Keldysh expansion

Given a bounded domain © in C and R = maxecq Im{w}, we have

u(r,z) = Y {0, uo)vn(@)e™ + B (T;u0)(x)
Im{wn }<R

with
IER(T;u0) e < ||uol 2Cr(L)e™ R

Notation
Ay (x) = (o, ug)vn (), with (a,v,) =1

A?LO = An(x)|x:null infinity
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Cases of study and simulations

Cases of study

Poschl-Teller (toy model)
€ [-1,1]
{h(x) =log(1 — 2?)
g(x) = arctanh(x)
Schwarzschild
o €[0,1], A =4M.

{h(o) =1 (logo +1log(1 — o) — 1)
1

g(o) =1 (% +1log(l — o) —Ino)
1 9 2
L, = m [80 (20' (1- 0)(‘30) —20(l+1)—(1-s )U]
1 2
Ly, = mp(l —20%)0, — 40]

_ Quasi-normal mode expansion of black hole perturbation : a hyperboloidal Keldysh approach

20 / 43



Cases of study and simulations

Cases of study

Cases f(r) I potential for s = 0, 1 or 2 odd (axial perturbations) I potential for s = 2 even (polar perturbations)
Poschl-Teller (toy model) Vp sech? (';)
2M £(£+1) 2M 2 9MB3+3c2Mr2+4c2(14c)r3+9M2cr
Schwarzschild 1-2M f(r) (*r + -2 =2 s (BM+cr)
2 _ = 31302 Mr2 42 3 2 (3or—Ar3
Schwarzschild-(Anti) de Sitter 1 2,1_»1 _ Aé F(r) [i(l;;l) F-s?) (21_‘51 _ 233,\)] 2f( ) 9M343c2 M +C(3(131+Cc)r)2+3M (3cr—Ar3)

Table 1 . Expressions for the potential in the three cases we cover. In these expressions, the
cosmological constant may be positive or negative. We denote ¢ = %

Schwarzschild-de Sitter

p vanish linearly at the event horizon and at the cosmological horizon, its
expression depends on the surface gravity?

?Sarkar,Rahman,Chakraborty;2304.06829

Schwarzschild-Anti de Sitter

Reflexive (Dirichlet) boundary conditions imposed at the AdS boundary : acts like
a box that confines the field. There are only dissipations at the event horizon?

?Boyanov,Cardoso,Destounis,Jaramillo;2312.11998
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Cases of study and simulations

Numerical methods

The discretized counterpart of ¢ is a vector
with NV + 1 entries :

?1
po—o0—o0—o0—¢p—o0—0—0—0p
b2
-1 0 +1
Figure: Chebyshev-Lobatto grid, N
xj = cos (LI\?) bNi1

Numerical instability : we work with

arbitrary precision numerics, L: (2N +2) x (2N +2) entries (matrix)
u:

(2N + 2) entries (vector)
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of study and simulations

Time evolutions

Sector Parameter
Chebyshev-Lobatto grid size N
arbitrary decimal precision precision
dt increment
ODE/DAE solver (numerical time evolution) tolerance
algorithm
Note. — The decimal precision controls the arithmetic precision of real or complex

floating numbers. The solver’s dt is fixed to 10~7. The precision of the ODE solver
is controlled by a parameter named “tolerance”. Furthermore, the solver requires an
algorithm that corresponds to the discretization scheme of the time derivative. we chose to
exploit Julia’s automatic stiffness detection feature and we figured out the best choice in
terms of accuracy and execution time is probably AutoVern9(Rodas5P()).

Figure: Parameters for the simulations
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f study and simulations

(a) Poschl-Teller (b) Schwarzschild-dS

£ 0s0 o

—10 05 00 05 10 02

Figure: Initial data

(c) Schwarzschild (d) Schwarzschild-AdS

Figure: Waveforms at future null infinity
(event horizon for the AdS case)
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imulations

Spectra

Figure: Spectra of the cases of study (event horizon for the AdS case)
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tudy and simulat

Spectra
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Figure: Spectra of the cases of study for different gridsizes N
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(b) Schwarzschild-dS

(c) Schwarzschild (d) Schwarzschild-AdS

Figure: We compare the ODE solution and the Keldysh QNM expansion at future
null infinity (event horizon for the AdS case)
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Figure: Difference between the ODE solution and the Keldysh QNM expansion at
future null infinity
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of study and simulations

Coefficients of the timeseries at future null infinity

log,,| Aufo = 0)

) A, = 1)

(a) Poschl-Teller

log | A4, = 1)

gl A~ )

(c) Schwarzschild (d) Schwarzschild-AdS

Figure: Log plot of the modulus of the coefficients A>°

_ Quasi-normal mode expansion of black hole perturbation : a hyperboloidal Keldysh approach 29 / 43



d simulations

Schwarzschild case : separating tails and QNMs

realpart

(a) Waveform at future null infinity ¢(7, o) [o=0 (b) Eigenvalue plot

(c) Waveform u(7, 0)|5—0 on a log-log plot
Figure: Separating tails and QNMs
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Cases of study and simulations

Polynomial tails and branch cut modes

BANE RN

©f=4 @e=5

Figure: Polynomial tails in the Schwarzschild case
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Cases of study and simulations

Role of overtones : Poschl-Teller

B \

\\

Figure: We show we recover the early times of the waveform by adding enough
overtones. The panel on the right is a zoom.

Completeness ? We can describe the waveform using 310 modes with a
maximum error = 10740, this begs the question whether the sum is
convergent or not. What meaning do we give to the word " convergent”
here 7
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Cases of study and simulations

Role of overtones : Poschl-Teller

uwrz)= Y Ax(@)e”"T + Er(r;u0) (@),  ||Er(r;u0)lle < [luollsCr(L)e™
Imw, <R

We plot ||Er(T;u0)||z as a function of R, does

Ve > 0,3M € N,Vn > M, |[Er(T;u0)| 5 < €7

150 0 0 o E) 10
[ k

Figure: Norm of the error as we add more terms to the QNM expansion. A color

corresponds to a time 7.
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Pseudospectra and regularity

Pseudospectrum

Given a perturbation dL of L of norm g, what is the set of complex

numbers A which are actual eigenvalues of some perturbed operator
L+4d0L7

Perturbative approach
o°(L) ={\ e C,35L € M,(C),||0L|| <e: A€ o(L+dL)}
Resolvent norm approach

o*(L) = {A € C: Rl = ||\ = )7 > 1/¢}
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Pseudospectrum

The colors correspond to
logqg €.

The contour lines form circles
centered on the eigenvalues
and horizontal lines far away :
from the eigenvalues.

imaginary part

10
real part

Figure: Pseudospectrum in the self adjoint case.
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Pseudospectrum

The contour lines are open and
the eigenvalue can migrate very far
from the eigenvalues of the non
perturbed operator.

Issue : The (numerical) pseu-
dospectrum doesn't converge with
N

imaginary part

Figure: Poschl-Teller pseudospectrum.
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Pseudospectra and regularity

HP—pseudospectrum

—QNMs

HP-QNMs are eigenfunctions of the
HP-regular operator

Lp: H? x HP™' — H? x H?™! \\\ ///
. =

(¢, ) = Lo, )

they constitute a finite set below

Im(A) < a+ & (p — 3) with & the surface
gravity and some constant a. QNMs
contained in the first p bands of width « are
required to have H? regularity. We
introduce a norm that make the
Poschl-Teller pseudospectrum converge in
bands and increases the regularity of the
QNMs in these bands.?

Figure: H®—pseudospectrum.

?Warnick;1306.5760, Boy-
anov,Cardoso,Destounis,Jaramillo;2312.11998
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Pseudospectra and regularity

HP—pseudospectrum

H?—QNMs

HP-QNMs are eigenfunctions of the
HP-regular operator

L,: H? x H”™' — H? x H?™!
(¢,9) = L(9, )

they constitute a finite set below

Im(A) < a+ & (p — 3) with & the surface
gravity and some constant a. QNMs
contained in the first p bands of width « are
required to have H? regularity. We
introduce a norm that make the
Poschl-Teller pseudospectrum converge in ’ G
bands and increases the regularity of the

QNMs in these bands.?

Figure: H''—pseudospectrum.

?Warnick;1306.5760, Boy-
anov,Cardoso,Destounis,Jaramillo;2312.11998
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Convergence of the H”—pseudospectrum
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Figure: We pick some points in the Figure: H®—pseudospectrum

complex plane
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Convergence
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Figure: Norm of the resolvent for the H! norm and different z in the complex

plane.

_ Quasi-normal mode expansion of black hole perturbation : a hyperboloidal Keldysh approach



Convergence of the H?—pseudospectrum
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Figure: Norm of the resolvent for the H? norm and different z in the complex
plane.
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Convergence of the H3—pseudospectrum
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Figure: Norm of the resolvent for the H? norm and different z in the complex
plane.
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Figure: Norm of the resolvent for the H* norm and different z in the complex
plane.
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min(o)|

It

log,

Figure: Norm of the resolvent for the H® norm and different z in the complex

plane.

_ Quasi-normal mode expansion of black hole perturbation : a hyperboloidal Keldysh approach



min(o)|

It

log,

- 0.05+0.04999;
0.05+1.15555,

£ 0.05+2.26111;

0.05+3 36666

- 0.05+4.47222i
0.05+5.57777,

14 15 16 17 18
log, (N)

0

Figure: Norm of the resolvent for the H® norm and different z in the complex
plane.
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ctra and

Convergence of the H"—pseudospectrum
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Figure: Norm of the resolvent for the H” norm and different z in the complex
plane.
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Figure: Norm of the resolvent for the H® norm and different z in the complex
plane.
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Figure: Norm of the resolvent for the H? norm and different z in the complex
plane.
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ctra and

Convergence of the H'Y—pseudospectrum
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Figure: Norm of the resolvent for the H'? norm and different z in the complex
plane.
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Pseudospectra and re

Qualitative control of QNMs? Coefficients a,,

Notations : A, (x) = an0,(x) where the v, are the normalized
eigenfunctions of L.

dex
p=0 X%
X p=10 X
ié p-20 « X
a0 p=130 X
xxx
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X (XX XX
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x xxxx
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30 x5 x
X xX
— XX
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o0 X ) x XX
< 20 X XXX
X
X XX*
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xx//\\
i
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X
X
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Figure: Coefficients a,, for various HP norms.
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Conclusions

Agnostic nature of the Keldysh QNM expansion : the expansion is
independant of a scalar product"

@ Unique expansion at null infinity

@ Role of overtones at early times of the waveforms

@ HP—pseudospectra converge according to Warnick’s criterion
°

Polynomial tails are recovered and follow the Price law
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