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Let us begin by recalling the definition of kit singularities.

Definition

Let X be a normal projective variety. Then we say that X is kawamata log
terminal (klt) if discrepancies of X > —1.

As explained in the previous talk, any Kx—MMP improves discrepancies,
so the kit property is preserved under the Kx—MMP.
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One may consider D-MMP for a general divisor D instead of Kx-MMP.

Definition

Let X be a normal projective variety, D a divisor on X, and let f : X — Z
be a projective birational morphism. We say that f is a D-elementary
contraction if

(a) p(X/Z)=1, and

(b) —Dis f-ample.

If f is a D-elementary contraction, and the exceptional locus of f is
codimension 1, then we say that f is a D-divisorial contraction. If the

exceptional locus of f is codimension > 2, then we say that f is a
D-flipping contraction.
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Definition

Let X be a normal projective variety, D a divisor on X, and let f : X — Z
be a D-flipping contraction. We say that the following diagram

is a flipping diagram if

(a) p(XT/Z) =1, and

(b) D is f-ample.

Moreover, we say that X --+» X is a D-flip.

Roughly, we can say that D-divisorial contractions are building blocks of a
D-negative contraction (a contraction X --» Y in which the strict
transform of D to Y is “simpler than the original D"), and it is a
motivation for defining D-divisorial contractions and D-flips.
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Definition
Let X be a normal projective variety, and let D be a divisor on X. We say
that

fi f2 f;
Xoi=X -+ Xy -=» - -T2 X,

is a D-MMP if f; are either D-divisorial contraction or D-flip, and the
strict transform of D, of D on X, is nef.

Birkar, Cascini, Hacon, and McKernan made a significant discovery in
2010, demonstrating the existence of a Kx-MMP for any projective kit
variety X. However, a D-MMP does not typically exist in general.
Consider, for example, the scenario where S — P2 is the blow-up at nine
general points, and X is an ample cone of S, then there is no —Kx-MMP
despite —Kx being a big divisor. To overcome this issue, Keel and Hu
introduced the concept of Mori dream spaces, which ensures the existence
of a D-MMP for any given divisor.
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Definition
Let X be a Q-factorial projective variety. We say that X is a Mori dream
space if
(a) HY(X,0x) =0, and
(b) the Cox ring
Cox(X):= € HX,0x(D))
DePic(X)

is a finitely generated C-algebra.
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Definition
Let X be a Q-factorial projective variety. We say that X is a Mori dream
space if
(a) HY(X,0x) =0, and
(b) the Cox ring
Cox(X):= € HX,0x(D))
DePic(X)

is a finitely generated C-algebra.

Note that the finite generation of such a kind of ring is very important for
constructing an MMP. The motivation for defining the notion is the
following:

Theorem (Keel-Hu, 00')

Let X be a Mori dream space. For any effective Q-divisor D on X, we can
run D-MMP. That is, there is a sequence of D-negative contractions and
D-flips

Xo =X —=» Xg —=> -+~ X,
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Let us define the notion of pair.

Definition

Let X be a normal variety, and let A be an effective Q-Weil divisor on X.
We say that (X, A) is a pair if Kx + A is Q-Cartier.

Donghyeon Kim (Yonsei University) SMR May 22, 2025 7/18



Let us define the notion of pair.

Definition

Let X be a normal variety, and let A be an effective Q-Weil divisor on X.
We say that (X, A) is a pair if Kx + A is Q-Cartier.

Pairs are the building blocks of modern birational geometry, and the
notion allows us to manage D-MMP instead of Kx-MMP.
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Let us define the notion of pair.

Definition

Let X be a normal variety, and let A be an effective Q-Weil divisor on X.
We say that (X, A) is a pair if Kx + A is Q-Cartier.

Pairs are the building blocks of modern birational geometry, and the
notion allows us to manage D-MMP instead of Kx-MMP. Furthermore,
we can extend the notion of kit for any pair.

Definition
Let (X, A) be a pair. We say that (X, A) is kit if for any proper birational
morphism f : X’ — X, and any prime divisor E on X’, the discrepancy

a(E, X, A) ;== multg(Kx — F(Kx + A))

is > —1.
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There is a notion of Fano variety, namely a klt projective variety X whose
anti-canonical divisor —Kx is ample. This notion plays a fundamental role
in algebraic geometry. Roughly speaking, Fano varieties is a global analog
of the kit (kawamata log terminal) singularities.
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There is a notion of Fano variety, namely a klt projective variety X whose
anti-canonical divisor —Kx is ample. This notion plays a fundamental role
in algebraic geometry. Roughly speaking, Fano varieties is a global analog
of the kit (kawamata log terminal) singularities.

Proposition

Let X be a Q-Gorenstein variety, and let —Kx be an ample divisor on X.
Then X is Fano if and only if the ample cone of X corresponding to — K
is klt.

However, the D-MMP for a general divisor D does not preserve the Fano
property.
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There is a notion of Fano variety, namely a klt projective variety X whose
anti-canonical divisor —Kx is ample. This notion plays a fundamental role
in algebraic geometry. Roughly speaking, Fano varieties is a global analog
of the kit (kawamata log terminal) singularities.

Proposition

Let X be a Q-Gorenstein variety, and let —Kx be an ample divisor on X.
Then X is Fano if and only if the ample cone of X corresponding to — K
is klt.

However, the D-MMP for a general divisor D does not preserve the Fano
property. For example, consider the flipping diagram shown in the below:

If X is Fano, then its flip X™ is never Fano.
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There is a notion of Fano variety, namely a klt projective variety X whose
anti-canonical divisor —Kx is ample. This notion plays a fundamental role
in algebraic geometry. Roughly speaking, Fano varieties is a global analog
of the kit (kawamata log terminal) singularities.

Proposition

Let X be a Q-Gorenstein variety, and let —Kx be an ample divisor on X.
Then X is Fano if and only if the ample cone of X corresponding to — K
is klt.

However, the D-MMP for a general divisor D does not preserve the Fano
property. For example, consider the flipping diagram shown in the below:

If X is Fano, then its flip X T is never Fano. This motivates the search for
an alternative notion of “Fano” that is stable under the MMP.
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Here is a candidate for an alternative notion of Fano variety.

Definition

Let X be a normal projective variety. We say that X is of Fano type if
there is an effective Q-Weil divisor A on X such that

(a) (X,A) is klt, and
(b) —(Kx + A) is ample.
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Here is a candidate for an alternative notion of Fano variety.

Definition

Let X be a normal projective variety. We say that X is of Fano type if
there is an effective Q-Weil divisor A on X such that

(a) (X,A) is klt, and
(b) —(Kx + A) is ample.

The property of being Fano type is preserved under any D-MMP. In fact,
let D be an effective Q—divisor, and consider a partial D-MMP

f ; £
XO = X __1_) X]. __2_) cee ——> Xn_
If X is of Fano type, then so is X,,. In particular, X, remains klt, so we can

think that the discrepancies of X, do not worsen during D-MMP if X is of
Fano type.
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Moreover, Fano type varieties are important examples of Mori dream
spaces.

Theorem (BCHM, 10")

Let X be a Q-factorial variety of Fano type. Then X is a Mori dream
space.

Note that this theorem is one of the main results in the landmark paper by
Birkar—Cascini-Hacon—-McKernan (2010). Consequently, for any effective
Q—divisor D on a Fano type variety X, one can run a D-MMP on X.
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Moreover, Fano type varieties are important examples of Mori dream
spaces.

Theorem (BCHM, 10")

Let X be a Q-factorial variety of Fano type. Then X is a Mori dream
space.

Note that this theorem is one of the main results in the landmark paper by
Birkar—Cascini-Hacon—-McKernan (2010). Consequently, for any effective
Q—divisor D on a Fano type variety X, one can run a D-MMP on X.
Thus, intuitively, one can think of a variety of Fano type by a variety that
is a generalization of Fano varieties and allows any D-MMP to be applied
very freely.
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Let X be a normal projective variety, and D a divisor on X. We say that D
is movable if for any sufficiently divisible m, mD has no fixed parts, that
is, for any prime divisor F on X, there is an effective divisor D’ ~ mD
such that multgD’ = 0.
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Let X be a normal projective variety, and D a divisor on X. We say that D
is movable if for any sufficiently divisible m, mD has no fixed parts, that
is, for any prime divisor F on X, there is an effective divisor D’ ~ mD
such that multgD’ = 0. Let

fi fa fn
Xo=X-+X1--» - - X,

be a D-MMP. If D is movable, then all f; are flips.
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In the context of two-dimensional MMP, the property of smoothness is
preserved, but as explained in the previous talk, in general, running MMP
does not preserve smoothness. As a next step, one can ask how many

varieties in an MMP can be singular.
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In the context of two-dimensional MMP, the property of smoothness is
preserved, but as explained in the previous talk, in general, running MMP
does not preserve smoothness. As a next step, one can ask how many
varieties in an MMP can be singular.

For instance, if X is a Fano type threefold with —Kx movable, consider
the —Kx—MMP. Benveniste proved in 1985 that no smooth varieties
appear in this MMP.

Motivated by Benveniste's result, one expects that almost all varieties
occurring in an MMP are singular. My result concerns the general
D-MMP (rather than the —Kx—MMP) and provides a cohomological
bound on the number of smooth varieties that can occur.
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Theorem (K.)

Let X be a threefold of Fano type, and suppose that D is a movable
Q-Cartier Weil divisor on X. Let

f f f
Xo =X -25 X1 —25 ... -5 X,

be a D-MMP, D; the strict transform of D to X;, m a positive integer, and
let us denote by N the number of 0 </ < n such that mD; is Cartier.
Then we have

N <1+ h'(X,2mD).
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Let us give a sketch of the proof.
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Let us give a sketch of the proof.

1. Let us define d; := h'(X;, Ox.(2mD;)). Then, by the Leray spectral
sequence argument, we can show d; < d;_;. Note that the proof of
Step 1 does not use any condition on X.

2. If di = d;_1 and mD; is Cartier, then by using the Kawamata-Viehweg
vanishing theorem on a variety of Fano type and spectral sequence
inspection, one can show that

HO(X;_1, R ¢i.Ox._,(2mDj)),

where

is the flipping diagram of f;.
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Let us give a sketch of the proof.

1. Let us define d; := h'(X;, Ox.(2mD;)). Then, by the Leray spectral
sequence argument, we can show d; < d;_;. Note that the proof of
Step 1 does not use any condition on X.

2. If di = d;_1 and mD; is Cartier, then by using the Kawamata-Viehweg
vanishing theorem on a variety of Fano type and spectral sequence
inspection, one can show that

HO(X;_1, R ¢i.Ox._,(2mDj)),

where

is the flipping diagram of f;.
Note that in this step, we heavily use the condition that X is a threefold of
Fano type.
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3. From the cohomology vanishing, we obtain H(P!, Op1(—2N)) = 0
for a positive integer N, and it is a contradiction.

4. Therefore, there is no case of d;_1 = d; with mD; Cartier, and thus
we have the assertion.
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3. From the cohomology vanishing, we obtain H(P!, Op1(—2N)) = 0
for a positive integer N, and it is a contradiction.

4. Therefore, there is no case of d;_1 = d; with mD; Cartier, and thus
we have the assertion.

As a corollary, we obtain

Corollary (K.)

Let X be a threefold of Fano type, and suppose that D is a movable
Q-Cartier Weil divisor. Let

XO ::X == X]. === 000 ==d Xn

b a D-MMP. Then the number of X; that is smooth is < 1 + h'(X,2D).

The result is obtained by putting m = 1 in the main theorem. Note that if
X is smooth, then X is factorial, and thus any Weil divisor on X is Cartier.
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Let me state the Kodaira vanishing theorem.
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Let me state the Kodaira vanishing theorem.

Let X be a smooth projective variety, and suppose that D is an ample
Cartier divisor on X. Then we have

H'(X,Ox(Kx + D)) =0 for all i > 0.
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Let me state the Kodaira vanishing theorem.

Let X be a smooth projective variety, and suppose that D is an ample
Cartier divisor on X. Then we have

H'(X,Ox(Kx + D)) =0 for all i > 0.

If we replace D with —Kx + D, then we have a vanishing theorem for any
Fano variety.

Let X be a Fano variety. Then for any nef Cartier divisor D on X,

H'(X,0x(D)) = 0 for all i > 0.
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We may ask a partial converse of the Kodaira vanishing theorem, and here
is an affirmative answer.
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We may ask a partial converse of the Kodaira vanishing theorem, and here
is an affirmative answer.

Corollary (K.)

Let X be a threefold variety of Fano type, and D a movable Q-Cartier
Weil divisor on X. Suppose that H!(X, Ox(mD)) = 0 for sufficiently
divisible m. Then D is nef.
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We may ask a partial converse of the Kodaira vanishing theorem, and here
is an affirmative answer.

Corollary (K.)

Let X be a threefold variety of Fano type, and D a movable Q-Cartier
Weil divisor on X. Suppose that H!(X, Ox(mD)) = 0 for sufficiently
divisible m. Then D is nef.

Let us sketch the proof
1. One may take Q-factorialization if needed.
2. One may run D-MMP

Xo=X -3 X1 = -+ -3 X,

because any Fano type variety is a Mori dream space.

3. For sufficiently divisible m, mD; are Cartier. By the main theorem and
the condition, there is no i such that mD; is Cartier except to i = 0.
The only possibility is that D is nef.
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We may ask a partial converse of the Kodaira vanishing theorem, and here
is an affirmative answer.

Corollary (K.)

Let X be a threefold variety of Fano type, and D a movable Q-Cartier
Weil divisor on X. Suppose that H1(X, Ox(mD)) = 0 for sufficiently
divisible m. Then D is nef.

Let us sketch the proof
1. One may take Q-factorialization if needed.
2. One may run D-MMP

Xo=X -3 X1 = -+ -3 X,

because any Fano type variety is a Mori dream space.

3. For sufficiently divisible m, mD; are Cartier. By the main theorem and
the condition, there is no i such that mD; is Cartier except to i = 0.
The only possibility is that D is nef.

A funny thing is though there is no mention of MMP in the corollary, the
proof heavily relies on the technique of MMP.
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We may ask a partial converse of the Kodaira vanishing theorem, and here
is an affirmative answer.

Corollary (K.)

Let X be a threefold variety of Fano type, and D a movable Q-Cartier
Weil divisor on X. Suppose that H1(X, Ox(mD)) = 0 for sufficiently
divisible m. Then D is nef.

Let us sketch the proof
1. One may take Q-factorialization if needed.
2. One may run D-MMP

Xo=X -3 X1 = -+ -3 X,

because any Fano type variety is a Mori dream space.

3. For sufficiently divisible m, mD; are Cartier. By the main theorem and
the condition, there is no i such that mD; is Cartier except to i = 0.
The only possibility is that D is nef.

A funny thing is though there is no mention of MMP in the corollary, the
proof heavily relies on the technique of MMP.
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Thank you!
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