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Some background from Algebraic Geometry

To study: Compact projective complex manifolds X of dimension n ≥ 1

DG viewpoint: Use some Kähler metrics on the TANGENT bundle of X

AG viewpoint: Use some holomorphic sections and some Hermitian metrics
on LINE bundles of X

If a holomorphic line bundle L on X has some holomorphic sections, say
s0, ..., sN , it will give a rational map

F : X −→ PN

p → [s0(p) : ... : sN(p)]

with some base points. Typically when we go to some high powers Lk , we
get more sections and better chance of F to be holomorphic on X .

L may not have a smooth hermitian metric with positive or semipositive
curvature! Instead, a section itself can give a singular hermitian metric.
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Singular hermitian metrics

Example

A section s ∈ H0(X ,mL) defines an example of singular hermitian metric for L

1

|s| 2
m

:=

(
1

∥s∥gm

) 2
m

g

where ∥·∥g is the norm with respect to a choice of a smooth hermitian metric g
of L.

Let V ⊂ H0(X ,mL) be a subspace of dimension ≥ 1. Let {s1, · · · , sk} be a
basis of V . Then similarly

h :=
1∑k

i=1|si |
2
m

defines another example of singular hermitian metric of L.

In general, the graded ring
⊕

H0(X , Lk) is not finitely generated over C
(Zariski).
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Singular hermitian metrics

One can use all mL (with sections) at one time! We obtain something
genuinely analytic (due to the absense of finite generation).

h :=
1∑

m≥1 ϵm
∑k(m)

i=1 |si,m|
2
m

where ϵm > 0 are a choice of admissible coefficients.

More generally, let L be a line bundle, locally trivialized over {Ui}i∈I with
transition functions gij ∈ O∗

X (Ui ∩ Uj).

A singular hermitian metric h of L is defined by a collection of weight functions
e−φi on each Ui with the relations e−φi = |gji |2e−φj for every i , j ∈ I such that
its curvature current

√
−1Θh(L) :=

√
−1∂∂φi is nonnegative.

A line bundle L is called pseudoeffective if it admits a singular hermitian
metric.

Question: For a complex projective manifold X , if KX is pseudoeffective,
then some mKX (m ≥ 1) has a nonzero holomorphic section. (?)
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Subharmonic functions

Local weight functions φi , φj are given by plurisubharmonic functions.

u is harmonic iff u + iv is holomorphic for ∃ harmonic v

Harmonic functions are characterized by the mean-value property.

Definition

Let U ⊂ C. Let φ : U → R ∪ {−∞} be an upper semicontinuous function, not
≡ −∞ on any connected component of U. The function φ is subharmonic if

φ(a) ≤ 1

2π

∫ 2π

0

φ(a+ e iθ)dθ

whenever a ∈ U such that all a+ e iθ ∈ U.

Generalizes holomorphic functions in the sense of f =⇒ log|f |.

Application: Perron method for Dirichlet problem, which can be used in the
proof of uniformization theorem for Riemann surfaces.
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Subharmonic functions

We have more general subharmonic functions than of the form log|f |.

Example

φ(z) = log|z |+
∑

k≥2 2
−k log|z − 1

k | does not have ‘analytic singularities’ since

the pole set φ−1(−∞) is not an analytic subset.

Example

Let wj be a countable dense subset of a given compact subset K ⊂ C with no
isolated points. Let aj > 0 be such that

∑
j≥1 aj <∞. Then

φ(z) =
∑
j≥1

aj log|z − wj |

is subharmonic on C, not identically −∞. However, φ = −∞ holds on an
uncountable dense subset of K .
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In the early days of several complex variables,
Kiyoshi Oka (1901-1978) and Pierre Lelong
(1912-2011) independently generalized
subharmonic functions to plurisubharmonic
functions.

Definition (Kiyoshi Oka / Pierre Lelong)

Let U be an open subset of Cn. Let φ : U → R ∪ {−∞} be a function, not
≡ −∞ on any connected component of U. The function φ is plurisubharmonic
(psh for short) if

1 φ is upper semicontinuous, and

2 for any complex line L in Cn, the restriction of φ to L ∩ U is either
subharmonic or ≡ −∞ (on each connected component of L ∩ U).

Side question: For n ≥ 2, does ’upper semicontinuity’ hold automatically?
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Plurisubharmonic functions

If φ is plurisubharmonic, one can differentiate to have a current√
−1∂∂φ ≥ 0.

Note that one cannot define a psh function φ by requiring the two
conditions

√
−1∂∂φ ≥ 0 (assuming φ locally integrable) and φ upper

semicontinuous. Example: φ(0) = 1, otherwise zero.

When φ(p) = −∞, we will say that φ has singularities at p.

In general, a psh function can have complicated singularities. For example:
dense pole set φ−1(−∞), etc.

A psh function φ is also defined on a complex manifold X . If X is compact,
then φ is constant.

A function φ : X → R ∪ {−∞} is quasi-plurisubharmonic if it is locally the
sum of a psh function and a smooth function.

To compare the ‘degree’s of singularities of (quasi-)psh functions, we need
some notions.
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Equivalence of PSH singularities
Let u and v be (quasi-)psh functions on a complex manifold X .

Definition

We will say u is more singular than v if u ≤ v + O(1) i.e. u − v is locally
bounded above.

When u ≤ v + O(1) and v ≤ u + O(1), we will say u and v have equivalent
singularities and write u ∼ v .

When u ∼ v , they have all the same ’invariants’ of singularities : Lelong
numbers, multiplier ideals, log canonical thresholds, jumping numbers,
higher Lelong numbers,...

Hence for the purpose of studying psh singularities, we can often consider
psh functions up to this equivalence.

Example

Let f1, . . . , fm be (local) holomorphic functions.

log
∑

|fi | ∼
1

2
log

∑
|fi |2 ∼ logmax

i
|fi |
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PSH with analytic singularities

Example

Let f1, . . . , fm be (local) holomorphic functions.

log
∑

|fi | ∼
1

2
log

∑
|fi |2 ∼ logmax

i
|fi |

Let f1, . . . , fm be (local) generators of an ideal sheaf a and c > 0. When
u ∼ c log

∑
|fi |, we will simply write

u = c log|a|
and say u has analytic singularities. (More generally u =

∑
ci log|ai |,

ci > 0 real)

Despite the name, ”analytic singularities” really means ”algebraic
singularities” (such as those appearing in algebraic geometry).

In general, a psh function typically looks much more complicated than
these ”algebraic ones”. Ex: Non-continuous, Dense set of poles u−1(−∞),
etc.
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Resolution of singularities

For a psh function with analytic singularities, it is possible to resolve its
singularities.

A log resolution for a quasi-psh function φ with analytic singularities is a proper
modification f : X ′ → X such that the pullback f ∗φ has algebraic poles along a
divisor G on X ′ and G + F is a simple normal crossing divisor where F is the
exceptional divisor of f , i.e. f ∗φ =

∑
ai log|zi |+ O(1)

Such a log resolution exists since principalizations of the ideal sheaves
a1, . . . , ak exist by Hironaka.

When a psh function does not have analytic singularities (which is the
general case), we have to consider all the divisors contained in some X ′ lying
over X ! (or in other words, all divisorial valuations)
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PSH with non-analytic singularities

Example

Let φ = log(|x |+ |y |α) near the origin of C2. Suppose that α > 1 is an irrational
number.

Consider the blow up π of the origin as given by (u, v) → (x , y) := (u, uv)
and (u, v) → (x , y) := (uv , v).

The ‘strict transform’ of φ is given by log(|u|+ |v |α−1) which is of the same
form as the original φ and again the origin (u, v) = (0, 0) is the only point
to be blown up again.

From this observation, we see that after ⌊α⌋ times of point blow ups, the
strict transform psh function is of the form ψ := log(|x |+ |y |α−⌊α⌋) whose
Lelong number at the origin is α− ⌊α⌋ < 1. Let β = 1

α−⌊α⌋ > 1.

Up to equivalence of singularities, we can retake

ψ = log(|x |+ |y |
1
β ) ∼ 1

β log(|y |+ |x |β). Then similarly as before, we have

⌊β⌋ times of point blow ups and at each time the Lelong number of the
strict transform psh function at the only singular point is 1

β .
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Invariants of PSH Singularities: 1. Lelong Number

Definition. Lelong number of a PSH function at x ∈ X is defined by

ν(φ, x) = lim inf
z→x

φ(z)

log|z − x |
= sup{c > 0 : φ(z) ≤ c log|z − x |+ O(1) near p}

Example. For φ = log|f |, the Lelong number ν(φ, x) = multx f .

The following PSH functions have singularities (i.e. not equivalent to the
zero function) but have zero Lelong numbers at all points.

Example

▶ Let φα(z) = −(− log|z |)α for 0 < α < 1 on B := {|z | < 1} ⊂ Cn.

▶ Let φ0(z) = − log(− log|z |) on B. They are psh and the Lelong number
ν(φα, p) = 0 for every p ∈ B (0 ≤ α < 1).
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Invariants of PSH Singularities: 2. Log canonical threshold
From ‘multiplicity’, we turn to consider integrability of e−u for u psh.

The log canonical threshold of u at p is defined by

lctx(u) = sup{c ≥ 0 : e−cu is locally L2 at x}.

Theorem (Skoda 1972)

Let u be psh on U ⊂ Cn. Suppose that the Lelong number ν(u, x) > 0 at x ∈ U.
Then we have

n

ν(u, x)
≥ lctx(u) ≥

1

ν(u, x)
.
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Hörmander’s L2 estimates for ∂

Theorem (Skoda 1972)

Let u be psh on U ⊂ Cn. Suppose that the Lelong number ν(u, x) > 0 for x ∈ U.
Then we have

n

ν(u, x)
≥ lctx(u) ≥

1

ν(u, x)
.

The two invariants are quite different! (multiplicity vs log canonical
threshold)

Example

Let x = 0 ∈ Cn with (z1, . . . zn).

▶ u = log|z1|: lct = 1. ν = 1

▶ u = log(|z1|a1 + . . .+ |zn|an) with a1 ≥ . . . ≥ an > 0.

lct = 1
a1

+ . . .+ 1
an
. ν = an.
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Hörmander’s L2 estimates methods for ∂
Why is such integrability of e−2φ important?

Since they are used to define the important L2 norms such as∫
Ω

|f |2e−2φdV

in the L2 estimates methods for solving ∂̄-equations due to [Hörmander
1965], [Andreotti-Vesentini 1965].

L2 estimates for ∂̄

∂-equation: ∂u = α where α is a given (n, 1) form on a complex manifold of
dimension n

1 When α is ∂-closed, can be used to prove Kodaira-type vanishing theorems.

2 When α = ∂β (for some β), can directly construct a holomorphic object
u − β.

Conversely, L2 estimates for ∂̄ can be used to understand psh singularities.
(Ex: Coherence of multiplier ideal, Demailly approximation, Strong
openness...)
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Bombieri (1970) applied Hörmander’s L2

methods to transcendental number theory
(to generalize Schneider-Lang theorem to
several variables, which generalizes
Gelfond-Schneider, which answered
Hilbert’s 7th problem)

If a and b are complex algebraic numbers
with a ̸= 0, 1 and b irrational, then any
value of ab is a transcendental number.
Ex: a = 2, b =

√
2

cf. S. Lang, [Algebra], Appendix 1 for
Schneider-Lang theorem

Bombieri considered the non-integrable locus N(φ) of a psh function φ on a
complex manifold X :
N(φ) is the subset of points x ∈ X such that e−2φ not locally integrable at x .

We have N(φ) ⊂ φ−1(−∞). (The inclusion is typically strict!)

Bombieri showed that N(φ) is closed and contained in an analytic
hypersurface in X .
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Multiplier ideals

Let φ be a (quasi-)psh function on a complex manifold X . The
non-integrable locus N(φ) is in fact a closed analytic subset defined by a
natural coherent ideal sheaf.

If e−2φ fails to be locally integrable, try to collect holomorphic function
germs f with |f |2e−2φ locally integrable!

Definition (cf. Nadel, Demailly)

The multiplier ideal sheaf of a psh function φ on X is the ideal sheaf J (φ) of
germs f ∈ OX locally satisfying

∫
|f |2e−2φdV <∞.

J (φ) is coherent (using the L2 methods), thus it also makes sense as an
object in algebraic geometry. cf. [Lazarsfeld, Positivity in Algebraic
Geometry] for many applications in AG.

Nadel vanishing theorem: (X , ω) projective (L, g) hermitian line bundle

φ: quasi-psh on X with θ +
√
−1∂∂φ ≥ ϵω, ϵ > 0

Hq(X ,KX ⊗ L⊗ J (φ)) = 0 for q ≥ 1.
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Highly nontrivial relation between Multiplier ideals and
Lelong numbers

Knowing J (φ) = J (ψ) does not say enough about ‘closeness’ of φ and ψ.

Theorem (Boucksom-Favre-Jonsson, 2008)

The following are equivalent:

(1) For all real m > 0, all the multiplier ideals are equal : J (mφ) = J (mψ).

(2) At every point of all proper modifications over X , the Lelong numbers of φ
and ψ coincide. In other words, for every divisorial valuation v centered on Y , we
have v(φ) = v(ψ). (Generic Lelong number along the (exceptional) divisor E
where v = vE .)

Definition: Two psh functions φ and ψ on Y are valuatively equivalent if the
above two equivalent conditions hold.

cf. We say that two psh functions φ and ψ on a complex manifold Y have
equivalent singularities if φ = ψ + O(1).

In fact, [BFJ] had J+ in the place of J . One needs to use the strong
openness property due to [Guan-Zhou].

20 / 37



Strong openness of multiplier ideals

Let u be a psh function. What happens to J ((1 + ϵ)u) as ϵ→ 0?

As ϵ→ 0, J ((1 + ϵ)u) should become a larger ideal (”becoming less
singular”).

Theorem (Qi’an Guan-Xiangyu Zhou, 2013)

The ”limit” ideal J+(u) is equal to J (u) itself where

J+(u) := ∪ϵ>0J ((1 + ϵ)u).

The proof uses L2 extension theorem and the curve selection lemma.

Previous result by [Berndtsson 2013] : when J (u) = OX .

Previous results [Favre-Jonsson 2005] : when dimX = 2.

This is an instance of ”Sometimes, general psh functions behave nicely
like algebraic ones”.
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Some tendencies of PSH singularities

A general psh function means a psh function which is NOT necessarily with
analytic (i.e. algebraic) singularities.

We observe the following tendencies regarding various results on psh
singularities:

Sometimes (i.e. in some aspects), general psh functions behave nicely like
algebraic ones ! (i.e. those with analytic singularities)
((Highly) nontrivial theorems)

Sometimes, general psh functions behave pathologically !.
(Peculiar but interesting examples)

In the remainder of this talk, we want to talk about three different subtopics
on psh singularities, which illustrate these two tendencies and also some rich
interactions with algebraic geometry.
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Jumping numbers

As an illustration of the second tendency.

When we look at the opposite direction from the strong openness:
J ((c − ϵ)u) instead of J ((c + ϵ)u)

Definition

A real number c > 0 is a jumping number of u (at p) if the multiplier ideals
”jump” down at c , i.e. for every ϵ > 0,

J ((c − ϵ)u)p ⫌ J (cu)p.

The smallest jumping number is the log canonical threshold of u at p.

lctp(u) = sup{c ≥ 0 : e−cu is locally L2 at p}.

When u has analytic singularities, jumping numbers are discrete due to the
existence of a ”log resolution of singularities” f : X ′ → X i.e. f ∗u has
singularities given by ’simple normal crossing’ divisors.
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Cluster points of jumping numbers

When u is general psh, discreteness of jumping numbers fails.

Theorem (Q. Guan-Z. Li 2016)

There exists an example of u for which 1 is a cluster point (i.e. limit point) of

jumping numbers: u(z1, z2) = log|z1|+
∞∑
k=1

ak log(|z1|+ |z2
k
|bk ).

In fact, there was another such example given by
[Ein-Lazarsfeld-Smith-Varolin 2004] in the algebraic setting of graded system
of ideals.

Let a• = (am)m≥1 be a graded system of ideals on X of dim = n:
amak ⊂ am+k .

The example [ELSV] can be converted into one for a psh function.
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Cluster points of jumping numbers

Example

A psh function associated to a• is (for a choice of coefficients ϵk ’s )

φa• = log

 ∞∑
k≥1

ϵk |ak |
1
k

 = log

 ∞∑
k≥1

ϵk

(
|g (k)

1 |+ . . .+ |g (k)
m |

) 1
k

 .

where g
(k)
1 , . . . , g

(k)
m are a choice of generators of ak .

Different choices give different φa• but all valuatively equivalent.

The particular example [ELSV] of a• with a cluster point of jumping
numbers can be converted to a psh function. (a• not finitely generated!)

Both examples [GL] and [ELSV] are toric psh in dim 2.

We will generalize these two isolated examples to examining all toric psh
functions in dim 2.
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Cluster points of jumping numbers

Let u be a toric psh function on the unit polydisk in C2, i.e.
u(z1, z2) = u(|z1|, |z2|). There exists a convex function g on Rn

− such that
u(z1, z2) = g(log|z1|, log|z2|).

Theorem (K. - Hoseob Seo 2019)

For toric psh function germs in dim 2, we establish precise characterization of for
which such psh functions, cluster points of jumping numbers exist.

In particular, this provides uncountably many examples of u with cluster
points of jumping numbers.

[Hoseob Seo 2020] generalized this result to Cn.

The characterization is in terms of Newton convex bodies.
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Let u be a toric psh function on the unit polydisk in C2, i.e.
u(z1, z2) = u(|z1|, |z2|). There exists a convex function g on Rn

− such that
u(z1, z2) = g(log|z1|, log|z2|).

The Newton convex body of u is

P = P(u) := P(g) := {v ∈ Rn : sup
x∈Rn

−

(⟨v , x⟩ − g(x)) <∞},

a convex subset of Rn
+ satisfying P + Rn

+ ⊂ P.

This generalizes Newton polyhedron when u = log|a| given by a monomial
ideal.

Howald-type result due to Rashkovskii / Guenancia describes all the
multiplier ideals J (mu) for m > 0 in terms of the Newton convex body of u.
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More interaction with AG: Higher Lelong numbers

Let u be a psh function with isolated singularities at p ∈ X , i.e. u is
locally bounded on U \ {p} for some U ⊂ X . (a ball in Cn is enough)

In this case, the wedge powers (ddcu)k make sense as closed postive
currents for k = 1, . . . , n. [Demailly / Sibony 1980s]

The k-th Lelong number of u at p is the Lelong number of (ddcu)k at p, i.e.

ek(u) =

∫
p

(ddcu)k ∧ (ddc log|z |)n−k

e1(u) = ν(u, p) the usual Lelong number

When u = log|a| for a zero dimensional ideal a at p, Demailly (2009)
showed that the n-th Lelong number en(u) is equal to the Samuel
multiplicity e(a) of the ideal a (intersection number at p of n general linear
combinations of generators of a) from commutative algebra.
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Theorem (Demailly-P.H.Hiep 2012 (+ Bivia-Ausina 2017))

Let φ be a psh function with isolated singularities at 0 ∈ Cn. Then we have

lct(φ) ≥ en−1(φ)

en(φ)
+

en−2(φ)

en−1(φ)
+ . . .+

1

e1(φ)

This sharpens [Skoda 1972] lct(φ) ≥ 1
e1(φ) when φ has isolated singularities.

This improves earlier lower bound lct(φ) ≥ n

(
1

en(φ)

) 1
n

.

When φ = log|a| for an ideal a, it has been used in ‘birational rigidity’ by
Corti, Pukhlikov, de Fernex-Ein-Mustata.

On the other hand, we have a recent application of this new lower bound for
a question of Teissier in hypersurface singularities. cf. [K.] On a question of
Teissier (2021)

Finally, Question: e1(φ) = 0 =⇒ en(φ) = 0? (Guedj-Rashkovskii)
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Part 2 : Log canonical singularities
Let φ be a (quasi-)psh function on a complex manifold X .

Recall that the log canonical threshold of φ at x is defined as
lctx(φ) := sup{c ≥ 0 : J (cφ)x = OX ,x}.

Definition

We say that φ has log canonical singularities if lctx(φ) ≥ 1 for every x ∈ X .

It is a notion with central importance in AG such as MMP, i.e. when φ has
analytic singularities.

Following AG, we can refer to a pair (X , φ) being log canonical (rather than
φ).

Given (X , φ), one can always scale to (X , cφ) to make it log canonical (at
least locally).

Only in the log canonical case, we can expect some nice propertiees of the
non-integrable locus !

Recall that the non-integrable locus W (φ) is the complex analytic subspace
defined by J (φ).
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Various notions of ‘singularity locus’

We can also compare with other kinds of ’singularity locus’ one can associate to a
(quasi-)psh function. In general, we won’t expect nice properties (such as
seminormality) for them.

By the classical result of Skoda 1972, we have

E1(φ) ⊃ W (φ) ⊃ En(φ)

where Ec := {x ∈ X : ν(φ, x) ≥ c} (for c ≥ 0) are superlevel sets of Lelong
numbers. Note that each Ec is a closed analytic subset of X due to the
fundamental result of [Siu 1974].

Using log canonical thresholds, define Vc ⊂ X to be the sublevel set

Vc := {y ∈ X : lcty (φ) ≤ c}

which is a closed analytic subset of X due to [Demailly-Kollár 2001]. Note
that V1 = W (φ) holds by the openness theorem, which says that if
lcty (φ) = 1, then e−2φ is locally non-integrable at y , that is y ∈ W (φ).
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Seminormality

Why is the ‘Log canonical’ condition important?

Only in that case, we can expect nice properties of the non-integrable locus.

Definition

A reduced complex analytic space X is seminormal (or weakly normal) if the
following condition holds for every open subset U of X :
(*) If a continuous function g : U → C is holomorphic on a dense Zariski open
subset of U, then g is holomorphic on U.

Example

The node (xy = 0) is seminormal, but the cusp (x2 − y3 = 0) and the ordinary
triple point (x3 − y3 = 0) are not seminormal.
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Ambro-Fujino seminormality

We recall from algebraic geometry:

Theorem (Ambro-Fujino)

Let (X ,∆) be an log canonical pair where X is a complex analytic space and
∆ ≥ 0 is an R-divisor. Let W∆ be the non-klt locus of (X ,∆).

▶ Then W∆ is reduced and seminormal.

▶ Moreover, any subscheme obtained from W∆ by repeatedly taking irreducible
components, intersections and unions is also reduced and seminormal.

The proof depends on vanishing theorems.

Non-klt locus of (X ,∆) = Non-integrable locus of a quasi-psh function φ∆

(with divisorial poles along ∆ on a complex manifold X )

Question: Does this hold for a log canonical pair (X , φ) with φ (quasi-)psh?
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We answer the question by the following stronger result.

Let X be a complex manifold and φ a quasi-plurisubharmonic function on X .

Theorem (K.-Kollár 2023)

Suppose that (X , φ) is log canonical at every point of X . Then every point p of
X has a Stein open neighborhood V ⊂ X with holomorphic functions g1, . . . , gm
on V and real constants c1, . . . , cm > 0, such that

▶ (X , ψ :=
∑m

i=1 ci log |gi |) is log canonical at every point of V , and

▶ J (φ) = J (ψ) on V .

In particular, ψ has analytic singularities.

Getting both conditions simultaneously is very delicate.

One cannot require ψ ≥ φ+ O(1). Also hard to expect ψ ≤ φ+ O(1).
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Theorem (K.-Kollár 2023)

Suppose that (X , φ) is log canonical at every point of X . Then every point p of
X has a Stein open neighborhood V ⊂ X with holomorphic functions g1, . . . , gm
on V and real constants c1, . . . , cm > 0, such that

(X , ψ :=
∑m

i=1 ci log |gi |) is log canonical at every point of V , and

J (φ) = J (ψ) on V .

An immediate try for the theorem would be to use Demailly approximation.

The φm has analytic singulartities, and J
(
(1 + 1

m )φm

)
= J (φ) by the

strong openness theorem.

However, (1 + 1
m )φm is not log canonical in general. One can scale to

arrange that (1− ϵm)φm be log canonical, but scaling may change the
multiplier ideal !
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Demailly approximation of a psh function

Demailly approximation (1992)

Let D ⊂ Cn be a bounded pseudoconvex domain. The m-th Demailly
approximation of φ is

φm(z) :=
1
m sup{log|f (z)| : f ∈ O(D),

∫
D

|f |2e−2mφdV < 1}.

φm → φ (pointwise, in L1loc norm, in Lelong numbers)

φm =
1

m
log|J (mφ)|+ O(1).

In general, we have J (φ) ⊂ J (φm).

Theorem(Demailly using the strong openness [Guan-Zhou])

For m sufficiently large, we have J (φ) = J ((1 + 1
m )φm).

Note that the two psh functions may have different Lelong numbers (on
some blowups).
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Some ingredients of the methods

Strong openness itself will not give the result. However, we can (and need
to) use an algebraic approach due to Jonsson-Mustaţǎ toward the (strong)
openness.

The approach was developed by Jonsson-Mustaţa (2012,2014) and
completed by work of Chenyang Xu (2020) which used methods and results
from MMP.

In particular, we use the existence of a ‘quasimonomial valuation’ computing
the log canonical threshold.

Another ingredient is some consequences from the recent work on a version
of MMP (Minimal Model Program) for a projective morphism over a
complex analytic space due to Fujino and to Lyu-Murayama.
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