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Nonlinear waves and turbulence



Kolmogorov 1903 – 1987

“I became interested in turbulent liquid and gas flows at the end of the thirties. From

the very beginning it was clear that the theory of random functions of many variables

(random fields), whose development only started at that time, must be the underlying

mathematical technique. Moreover, I soon understood that there was little hope of

developing a pure, closed theory, and because of the absence of such a theory the

investigation must be based on hypotheses obtaining in processing experimental data.”



Wave Turbulence (N. Mordant)



Botlzmann’s statistical description for waves

Boltzmann’s kinetic theory : interaction of N ≫ 1 particles of size
ε ≪ 1 in the scaling Nεd−1 ∼ 1

Wave turbulence : interaction of N ≫ 1 waves with interaction
strength ε ≪ 1 in a scaling εLα ∼ 1

∂tn = T (n) (WKE)

→ Which interactions ?

→ How to quantify the number of wave ?

→ Randomness and statistical description ?

→ Solution to the kinetic equation ?
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Physical ideas

Theory : turbulent cascade, KZ spectrum, large deviations ...

Experiments : shape of the boxes, dispersive relation, forcing ...

Numerics : simulations for understanding and predictions
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Mathematical ideas for cubic NLS

� Growth of Hs norm and turbulent cascade

∥u∥2
L2(Td) =

∑
K∈Z

|uK |2 and ∥u∥2
Hs(Td) =

∑
K∈Z

⟨K⟩s|uK |2

� Wave Kinetic Equation for ηK := E[|uK |2] with K ∈ Zd
L := 1

LZ
d

i∂tηk =
∫

k=k1−k2+k3
|k|2=|k1|2−|k2|2+|k3|2

nknk1nk2nk3

( 1
nk

− 1
nk1

+ 1
nk2

− 1
nk3

)
in the continuous limit

� Continuous Resonant equation by Faou, Germain and Hani

i∂tv = λ
∑

K=K1−K2+K3
|K|2=|K1|2−|K2|2+|K3|2

vK1vK2vK3

indexed by K1,K2,K3 ∈ Zd
L
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Random initial data

Statistical description for random initial data

� Random Phase (RP) :

φ(x) =
∑

K∈Zd

ηKe
iθKeiK·x

with (θK)K∈Zd i.i.d. uniform random variables on [0, 2π]

� Random Phase and Amplitudes (RPA) :

φ(x) =
∑

K∈Zd

ηKξKe
iK·x

with (ξK)K∈Zd i.i.d. Gaussian complex random variables

→ Propagation of chaos : correlations at t > 0 ?

̸= dynamic at the equilibrium given by invariant Gibbs measure
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Wave Kinetic Equation and Deng/Hani

Solve the equation
i∂tu = ∆u+ λ|u|2u (NLS)

on the large torus Td
L with L ≫ 1 and λ ≪ 1 for d ≥ 3

→ random initial data of the form

uL(x) = L− d
2

∑
K∈Z2

L

η(K)ξKe
iK·x

with (ξK)K i.i.d. Gaussian complex random variables

Wave Kinetic Equation for ηK := E[|uK |2] with K ∈ Zd
L

i∂tηk =
∫

k=k1−k2+k3
|k|2=|k1|2−|k2|2+|k3|2

nknk1nk2nk3

( 1
nk

− 1
nk1

+ 1
nk2

− 1
nk3

)



Wave Kinetic Equation and Deng/Hani

Solve the equation
i∂tu = ∆u+ λ|u|2u (NLS)

on the large torus Td
L with L ≫ 1 and λ ≪ 1 for d ≥ 3

→ random initial data of the form

uL(x) = L− d
2

∑
K∈Z2

L

η(K)ξKe
iK·x

with (ξK)K i.i.d. Gaussian complex random variables

Wave Kinetic Equation for ηK := E[|uK |2] with K ∈ Zd
L

i∂tηk =
∫

k=k1−k2+k3
|k|2=|k1|2−|k2|2+|k3|2

nknk1nk2nk3

( 1
nk

− 1
nk1

+ 1
nk2

− 1
nk3

)



Continuous Resoning equation by Faou, Germain and Hani

Solve the equation
i∂tu = ∆u+ λ|u|2u (NLS)

on the large torus T2
L with L ≫ 1 and λ ≪ 1

v(t) = e−it∆u(t) gives in frequency

i∂tvK = λ
∑

K=K1−K2+K3

eiωtvK1vK2vK3

with K1,K2,K3 ∈ Z2
L and ω = |K|2 + |K2|2 − |K1|2 − |K3|2

→ In the limit L ≫ 1 and λ ≪ 1, effective resonant system

i∂tvK = λ
∑

K=K1−K2+K3
|K|2=|K1|2−|K2|2+|K3|2

vK1vK2vK3

using normal form and number theory with λL ≪ 1
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CR as the effect of exact resonances [FGH]

The trilinear discrete sum

T L
K (f, g, h) =

∑
K=K1−K2+K3

|K|2=|K1|2−|K2|2+|K3|2

fK1gK2hK3

is of order

2
ζ(2)

L2 log(L)
∫

K=k1−k2+k3
|K|2=|k1|2−|k2|2+|k3|2

fk1gk2hk3

The long time behavior of NLS in the limit λ ≪ 1 and L ≫ 1 with
a scaling can be described by the Continuous Resoning equation

i∂tg = R(g, g, g) (CR)

as an equation on the full space R2
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Deterministic initial data and CR



New family of random initial data

L ≫ 1 is the period of the oscillating function

h ≪ 1 is the spatial truncation parameter

Observation of a large number of waves under the scaling hL ≪ 1

φ(x) = 1
(2π)2

∑
K∈Z2

L

ηKe
iK·xe− 1

2 h2|x|2 = e− 1
2 h2|x|2FL(x)

φk = 1
2πh2

∑
K∈Z2

L

ηKe
− 1

2h2 |x|2

Can we observe wave turbulence in the limit ?
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Nonlinear Schrödinger equation

The equation
i∂tu = ∆u+ |u|2u (NLS)

on R2 rewrites in frequency as

i∂tuk = ωkuk +
∫

k=ℓ−m+j
uℓumuj

and in the new variable v(t) := e−it∆u(t)

i∂tvk =
∫

k=ℓ−m+j
e−it∆ωkℓmjvℓvmvj =: Rk(t, v, v, v)

with the resonance relation

∆ωkℓmj = |k|2 − |ℓ|2 + |m|2 − |j|2
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Scattering and resonant manifold

Scattering is a linear behavior for large time of the solution

v(t) = e−it∆u(t) −→
t→+∞

ψ

This is related to

Rk(t, u, v, w) =
∫

k=ℓ−m+j
eit∆ωkℓmjuℓv̄mwj

=
∫
R
eitξ

∫
k=ℓ−m+j
∆ωkℓmj=ξ

uℓv̄mwj

 dξ

using the co-area formula thus related to

Sk(ξ) =
{
(ℓ,m, j) ∈ R3 ; k = ℓ−m+ j and ∆ωkℓmj = ξ

}
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Scattering for NLS

The nonlinear Schrödinger equation scatters for initial data in

Σ =
{
φ(x) ∈ H1(R2) ; |x|φ(x) ∈ L2(R2)

}
Carles and Gallagher proved that the scattering operator is analytic
in Σ, that is for initial data φ the solution satisfies

vk(t) = φk +
∑
n≥1

(−i)nV n
k (t)

with ∥V n∥Σ . ∥φ∥2n+1
Σ ,

V 1
k (t) =

∫ t

0
Rk(s, φ, φ, φ)ds and

V 2
k (t) = 2

∫ t

0

∫ s

0
Rk

(
s, φ, φ,R(s′, φ, φ, φ)

)
ds′ds

+
∫ t

0

∫ s

0
Rk

(
s, φ,R(s′, φ, φ, φ), φ

)
ds′ds
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Back to our initial data

The function φ is a 2πL-periodic function embbeded in Σ by
Gaussian truncation and

∥φ∥Σ . L

h2

thus for u(0) = ϵφ with ϵ ≪ L
h2 , we have

v(t) = ϵφ− iϵ3V 1(t, φ) + O(ϵ5)

Can we obtain a limit for

V 1(t, φ) =
∫ t

0
e−is∆(

|eis∆φ|2eis∆φ
)
ds

in a suitable timeframe depending on the parameters ?
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Coarse grained observables

In frequency, the initial data

φk = 1
2πh2

∑
K∈Z2

L

ηKe
− 1

2h2 |k−K|2 −→
h→0

∑
K∈Z2

L

ηKδ0(k −K)

hence we consider observable

⟨v⟩K,σ =
∫
R2
e− 1

2σ2 |k−K|2 v̂(k)dk

with h ≪ σ ≪ 1
L∫

R2
e− 1

2σ2 |k−K|2 ĝK1,h(k)dk ≃ e− 1
2σ2 |K1−K|2 ≃ 1K=K1

hence
⟨φ⟩K,σ ≃ ηK



Coarse grained observables

In frequency, the initial data

φk = 1
2πh2

∑
K∈Z2

L

ηKe
− 1

2h2 |k−K|2 −→
h→0

∑
K∈Z2

L

ηKδ0(k −K)

hence we consider observable

⟨v⟩K,σ =
∫
R2
e− 1

2σ2 |k−K|2 v̂(k)dk

with h ≪ σ ≪ 1
L

∫
R2
e− 1

2σ2 |k−K|2 ĝK1,h(k)dk ≃ e− 1
2σ2 |K1−K|2 ≃ 1K=K1

hence
⟨φ⟩K,σ ≃ ηK



Coarse grained observables

In frequency, the initial data

φk = 1
2πh2

∑
K∈Z2

L

ηKe
− 1

2h2 |k−K|2 −→
h→0

∑
K∈Z2

L

ηKδ0(k −K)

hence we consider observable

⟨v⟩K,σ =
∫
R2
e− 1

2σ2 |k−K|2 v̂(k)dk

with h ≪ σ ≪ 1
L∫

R2
e− 1
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Identifying the first order term

For t ≪ 1
ϵ2 , we have

(eit∆gK,ϵ)(x) ≃ 1
(2π)2 e

− ϵ2
2 |x|2+ix·K−it|K|2 = gK,ϵ(x)e−it|K|2

which gives for t ≪ 1
h

⟨V 1⟩K,σ =
∫ t

0

∫
R2
e− 1

2σ2 |k−K|2F
(
e−is∆(

|eis∆φ|2eis∆φ
))

(k)dkds

≃ 1
(2π)4

∑
K=K1−K2+K3

ηK1ηK2ηK3

∫ t

0
e−is(|K|2−|K1|2+|K2|2−|K3|2)ds

thus

⟨v(t)⟩K,σ ≃ εφK−i ϵ3

(2π)4

∑
K=K1−K2+K3

ηK1ηK2ηK3
1 − e−it∆ωKK1K2K3

i∆ωKK1K2K3
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Limit to the kinetic operator CR

For t ≤ L, we have a convergent Riemann sum

lim
L→∞

1
L4

∑
K=K1−K2+K3

ηK1ηK2ηK3
1 − e−it∆ωKK1K2K3

i∆ωKK1K2K3

=
∫

K=k1−k2+k3
η(k1)η(k2)η(k3)1 − e−it∆ωKk1k2k3

i∆ωKk1k2k3

dk1dk2dk3

=
∫

K=k1−k2+k3
∆ωKk1k2k3 =0

η(k1)η(k2)η(k3)dk1dk2dk3 + o(t−1)

→ open problem for L ≤ t ≪ L2, this is number theory

⟨v(t)⟩K,σ ≃ εφK − i
ϵ3L4

(2π)4 RK(η)

with R from Faou, Germain and Hani
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η(k1)η(k2)η(k3)1 − e−it∆ωKk1k2k3

i∆ωKk1k2k3

dk1dk2dk3

=
∫

K=k1−k2+k3
∆ωKk1k2k3 =0

η(k1)η(k2)η(k3)dk1dk2dk3 + o(t−1)

→ open problem for L ≤ t ≪ L2, this is number theory

⟨v(t)⟩K,σ ≃ εφK − i
ϵ3L4

(2π)4 RK(η)

with R from Faou, Germain and Hani
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General picture

0 Lδ L2L L2−δ L2+δ L3 1
hLδ

δ operator

continuous limit then
localization on the resonant manifold

quasi-resonances

Discret operator

localization on the
discrete resonant manifold

resonances

For Lδ ≤ t ≤ L1−δ, we have

⟨v(t)⟩K,σ = εφK − i
ε3L4

(2π)4 RK(η) + o(ε3L4)

For L2+δ ≤ t ≤ 1
hLδ , we have

⟨v(t)⟩K,σ = εφK − i
2tε3L2 log(L)
ζ(2)(2π)4 RK(η) + o

(
ε3tL2 log(L)

)
scaling : hL4 ≪ 1 and hL ≪ σ ≤ h

3
4
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Random phase and WKE



Randomization of the initial data

We consider

φ(x) = 1
(2π)2

∑
K∈Z2

L

ηKe
iθKeiK·xe− 1

2 h2|x|2 = e− 1
2 h2|x|2FL(x)

with (θK)K∈Z2
L

i.i.d. uniform random variables on [0, 2π], that is
Random Phase

and the CR operator should be replaced by

Tk(n) =
∫

k=k1−k2+k3
∆ωkk1k2k3 =0

n(k)n(k1)n(k2)n(k3)

( 1
n(k)

− 1
n(k1)

+ 1
n(k2)

− 1
n(k3)

)
dk1dk2dk3

Can we observe the Wave Kinetic Equation in the description of
E

[
|⟨v(t)⟩K,σ|2

]
?
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Second order expansion

The expansion

⟨v(t)⟩K,σ = εφK − iε3V 1
K(t) − ε5V 2

K(t) + O(ε7)

gives

E
[
|⟨v(t)⟩K,σ|2

]
= ε2E0

K,σ(t, φ)+ε4E1
K,σ(t, φ)+ε6E2

K,σ(t, φ)+O(ε8)

with

E0
K,σ(t, φ) = E

[
|⟨φ⟩K,σ|2

]
E1

K,σ(t, φ) = 2E
[
Re

(
⟨v⟩K,σ⟨V 1⟩K,σ

)]
E2

K,σ(t, φ)= E
[
|⟨V 1⟩K,σ|2

]
+ 2E

[
Re

(
⟨v⟩K,σ⟨V 2⟩K,σ

)]



Identifying the second order term

With the same type of computations, we get

⟨V 2(t)⟩K,σ ≃ 2
∑

K=K1−K2+K3
K1=K4−K5+K6

ηK4ηK5ηK6ηK2ηK3

×
∫ t

0

∫ s

0
eis∆ωKK1K2K3e−is′∆ωK1K4K5K6 ds′ds

+
∑

K=K1−K2+K3
K2=K4−K5+K6

ηK1ηK4ηK5ηK6ηK3

×
∫ t

0

∫ s

0
eis∆ωKK1K2K3e−is′∆ωK2K4K5K6 ds′ds

which gives the three missing terms to get from CR to WKE



General picture

0 Lδ L2L2−δ L2+δ 1
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For Lδ ≤ t ≤ L2−δ, we have

E
[
|⟨v(t)⟩K,σ|2

]
= ε2|φK |2 + tε6L4

(2π)8 TK(η) + o(tε6L4)

For L2+δ ≤ t ≤ 1
hLδ , we have

E
[
|⟨v(t)⟩K,σ|2

]
= ε2|φK |2+2t2ε6L2 log(L)

ζ(2)(2π)8 TK(η)+o
(
t2ε6tL2 log(L)

)

and E
[
⟨v(t)⟩K,σ⟨v(t)⟩K′,σ

]
≃ 0 for K ̸= K ′ (propagation of chaos)
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What’s next ?

• Forcing and dissipation (with Erwan Faou)
• Numeric simulations (with Quentin Chauleur)
• Other equations
• Law of the solution

Thanks for you attention !
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