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Ward’s conjecture: Many (perhaps all?) integrable
equations are reductions of the ASDYM egs.
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2. Atiyah-Drinfeld-Hitchin-Manin Construction
based on duality for the instanton moduli space

4dim. ASDYang-Mills ea. ADHM eq. (=0dim. ASDYM)
(Difficult) (Easy)

[B,,B]1+[B,,B; ]+ 117 =J*J =0

EE2 ) e _ [B,,B,]+1J =0
r . NXNPD_E_ 11 k X k Matrix egs.

Sol.= instantons — > Sol.=ADHM data
(G=U(N), C> =k) (G="U(k)’)
A,:NxN B, :kxk, l:kxN, J:Nxk
Gauge trf.. Gauge trf.:
A,— g 'Ag+9 0,9 B, §'B,,§, §eU(k)

geU(N) = §'1, J—J§



Fourier-Mukai-Nahm transformation
Beautiful duality between instanton moduli on 4-tori
and instanton moduli on the dual tori

4dim. ASDYang-Mills eq. 4dim. ASD Yang-Mills eq.
on a 4-torus on the dual torus
lel lff(fl_l i Ifffz_z ~ O
lez2 N X N PDE ﬁéé =0 k X k PDE
Sol.=instantons : Sol.=the dual instantons
(G=U(N), G2 =k) (G=U(k), C2=N)
A, :NxN @ A, kxKk

Define the maps F & G,
° & GoF=id. & F°G=id. @

On the dual 4-torus

On a 4-torus




Fourier-Mukai-Nahm transformation
Beautiful duality between instanton moduli on 4-tori
and instanton moduli on the dual tori

4dim. ASDYang-Mills eq. 4dim. ASD Yang-Mills eq.
on a 4-torus on the dual torus
lel lff(fl_l i Ifffz_z ~ O
lez2 N X N PDE ﬁfl«fz =0 k X k PDE
Sol.=instantons > Sol.=the dual instantons
(G=U(N), Cz =k) (G=U(k), C2=N)
A, (X) = <V,5ﬂV> map F (Dirac eq.) Kﬂ(cf):kxk

N’mo VIV =8 @ (- + R, —ix, )V =0 g4 = (i, 1)
= _— = =lo,.l,
5 g <:>
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On a 4-torus : X, Family index thm. On the dual 4-torus : ¢,



Fourier-Mukai-Nahm transformation
Beautiful duality between instanton moduli on 4-tori
and instanton moduli on the dual tori

4dim. ASDYang-Mills eq. 4dim. ASD Yang-Mills eq.
on a 4-torus on the dual torus
lel Ifffl_l i Ifffz_z - O
lez2 N X N PDE ﬁflfz — () k X k PDE
Sol.=instantons > Sol.=the dual instantons
(G=U(N), Cz =k) (G=U(k), C2=N)

map G (Di : ~ ~
Aﬂ(X):N x N p (Dirac eq.) > Aﬂ(§):<w,5ﬂw>§

0 :
eDyw=8"Q®(—+A, -i&, )y =0 k Xk
° o @
w 2N xK

On a 4-torus : X, Family index thm. On the dual 4-torus : ¢,




Fourier-Mukai-Nahm transformation
Beautiful reciprocity between instanton moduli on 4-
tori and instanton moduli on the dual tori

4dim. ASDYang-Mills eq. 4dim. ASD Yang-Mills eq.
on a 4-torus Dn.ac eq. on the dual torus
lel lfffl_l i Iffﬁz_z B O
lez2 N X N PDE ﬁflfz — () k X k PDE
Dlrac eq.

Sol.=instantons Sol.=the dual instantons

(G=U(N), C> =k) (reclproclty) (G=U(k), C2=N)
Aﬂ N x N @ Kﬂ -k x k

Define the maps F & G,
° & GoF=id. & F°G=id. @

On the dual 4-torus

On a 4-torus




Fourier-Mukai-Nahm trf. (radii of the torus—> <o)
reciprocity between instanton moduli on R*

and instanton moduli on “"1pt.”” (cf. van Baal, hep-th/9512223]

4dim. ASDYang-Mills eq. Odim. ASD Yang-Mills eq.
F, =0/ -0, +[A.A]

F..+F.. =0

gll 525.':2 L
Matrix eq. !

1 :1 F§1§z — k X k PBE-

Sol.=instantons — = Sol.= "dual instantons’’
(G=U(N), C> =k) (G=U(k), C2=N’")

A, =V . oV Lnap F (0dim Dirac eq.) ;&ﬂ Kok

%) ~
VYV =§”®(y§ + A, —iX, )V =0
° ~" Matrix eq.! &
V :2k x N

On a 4-torus>R’ Linear ale. On the dual 4-torus—>1 pt.




Atiyah-Drinfeld-Hitchin-Manin (ADHM) Construction
based on the following reciprocity

4dim. ASDYang-Mills eq. ADHM eq. (=0dim. ASDYM)
A== GUdim D-eq) | [B B ]+[B,,B;]+11"=J"J =0
T _o — [B,B,]+1J=0
2,2, N X N PDE | F(0dim D.eq.) '« 52 P T
Sol.=instantons ~1:1 Sol=ADHM data
(G=U(N), G2 =k) ‘ - (G="U(k)")
Proved in the B -kxk
A, N xN same way as 12 - %70

the Nahm trf. | :kxN, J:NxKk



Atiyah-Drinfeld-Hitchin-Manin (ADHM) Construction
based on the following reciprocity

4dim. ASDYang-Mills eq.

G(4dim D.eq.)

2,7, Z,
F2122 =0 N X N PDE F(0dim D.eq.)

Sol.=instantons : 1:1

ADHM eq.. (=0dim. ASDYM)

[Zlazl]+[22922:

[B,,B/]+[B,,B;]+11"=J"J =0
[B,,B,]+1J =0
k X k matrix eq.

(G=U(N), Gz =k)

Proved in the
A, N xN same way as
the Nahm trf.

Sol.=ADHM data
(G="U(k)")
Bl,2 tkxk,

| :kxN, J:Nxk



ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) Commutative BPST instanton (N=2, k=1)

4dim. ASDYang-Mills eq.

A
Fp, =0 N X N PDE 11

ADHM eq. (=0dim. ASDYM)

[B,,B/]+[B,,B;]+11"=J"J =0
[B,,B,]+1J =0
k X k matrix eq.

BPST instanton -
(G=U(2), C> =1)

: v . ASD
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uvo 2 2 277uv

S0l.=ADHM data
(G="U(1)")

Bl,2 =& Ix1

| = (p,0), :(Oj
Yo,




ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) Commutative BPST instanton (N=2, k=1)

4dim. ASDYang-Mills ea. ADHM eqg. (=0dim. ASDYM)
[B,,B ]+[B,,B:]+117=3*3 =0
L [B,B,]+1J =0
Fan = L i k X k matrix eq.
BPST instanton - > Sol.=ADHM data
(G=U(2), C2 =1) (G="U(1)")
B i(X—b)VnﬁfD
Yo (z—a) + p? . Bio=a,, X
2ip? ASD 0
Fo= | = (p,0), J =
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(Polyakov)
“"The first time abstract modern mathematics had been of any use!”



ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) Commutative BPST instanton (N=2, k=1)

4dim. ASDYang-Mills eaq. ADHM eq. (=0dim. ASDYM)
erlzl i [B,,B']+[B,,B ]+ 11" ~3°1=0
- _ [B,,B,]+13=0
& L i 1 1 k X k matrix eq.
BPST instanton - > Sol.=ADHM data
(G=U(2), C> =1) (G="U(1)")
Ci(x=b)"n," position
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ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) Commutative BPST instanton (N=2, k=1)

4dim. ASDYang-Mills eaq. ADHM eq. (=0dim. ASDYM)
erlzl = [B,,B']+[B,,B ]+ 11" ~3°1=0
= _ [B,,B,]+ 13 =0
e o i 1 1 k X k matrix eq.
BPST instanton - > Sol.=ADHM data
(G=U(2), C> =1) (G="U(1)")
Ci(x=b)"n," position
e 272 B B2 -at, 1
2ip? ASD 0
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ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) Commutative BPST instanton (N=2, k=1)

4dim. ASDYang-Mills ea. ADHM eqg. (=0dim. ASDYM)

: F2171 L Fzzz: Hr FE [BlaB1+]+[BzaB;]+| | —J ) =0
F :O - ﬂC:[Bl,Bz]+|J =0
= = PD_E_ k X k matrix eq.

BPST instanton Q? Sol.=ADHM data
(G=U(2), C> =1) \9\/1 (G="U(1)")
i(x—b) 5" «— p=0  position
N (Z-a) +p Bmzal’g, 1x1
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ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) NC BPST instanton (N=2, k=1)

ASDYang-Mills eq. ADHM eq.

Fop, t+ Fopr, Hr E[BL B ]1+[By, By ]+ 117 =J"J 25_‘
e | ue F[B,B,]1+13=0
. Sas k X k marix eq.
BPST instanton SoI.:AQHM data
(G=U(2), C2=1) 9‘4 (G="U(1)")
p03|t|on
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§4 Soliton Solutions of ASDYM Q).
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One soliton (onlD) % A=A > doso
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Rkl Reduction to (1+2) dim,
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Rmk 2 Euclidean case E &
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f § Conc[ufion and Discussion

We constructed new-type of codim! Solibons

and. calculated action densities of WZ Wi modal.
~s infersecting 3-branes in the N=2 string

(new branes)
Theve are many ’cﬁings o be Seen :
* Solitonic PnPeV(‘iQS(ch.Vg.e., mass, moduls, )
* Classification of the  soliton planes < (el Willunsls

* Reduced systems (YMH | Hitchin system, Ernst ¢g.~)
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Ward’s conjecture: Many (perhaps all?)
integrable eqgs are reductions of the

New physical objects
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