




Ward’s conjecture: Many (perhaps all?)  integrable 
equations are reductions of the  ASDYM eqs.

ASDYM

Ward’s chiral

(affine) Toda

NLS

KdV sine-Gordon

Liouville

Tzitzeica

KP
DS

Boussinesq N-wave

CBSZakharov

mKdV

pKdV

Yang’s form

gauge equiv.gauge equiv.

Infinite gauge group

ASDYM eq. is a master eq. !
Solution Generating 
Techniques

Twistor Theory

















2. Atiyah‐Drinfeld‐Hitchin‐Manin Construction
based on duality for the instanton moduli space
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ADHM eq. (≒0dim. ASDYM)
(Easy)

4dim. ASDYang-Mills eq.
(Difficult)

Sol.=ADHM data
(G=`U(k)’)

Sol.= instantons
(G=U(N), C =k)
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NNA :
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k × k Matrix eqs.
N × N PDE
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Fourier‐Mukai‐Nahm transformation
Beautiful duality between instanton moduli on 4‐tori

and instanton moduli on the dual tori
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4dim. ASD Yang-Mills eq.
on the dual torus

4dim. ASDYang-Mills eq.
on a 4-torus

Sol.=the dual instantons
(G=U(k), C =N)

Sol.=instantons
(G=U(N), C =k)
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NNA :

k × k PDEN × N PDE
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On a 4-torus On the dual 4-torus

Define the maps F & G,
& G◦F=id. & F◦G=id. 

F

G



Fourier‐Mukai‐Nahm transformation
Beautiful duality between instanton moduli on 4‐tori 

and instanton moduli on the dual tori
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4dim. ASD Yang-Mills eq.
on the dual torus

4dim. ASDYang-Mills eq.
on a 4-torus

Sol.=the dual instantons
(G=U(k), C =N)

Sol.=instantons
(G=U(N), C =k)
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k × k PDEN × N PDE

2 2

0~
0~~

21

2211









F

FF

kkA :)(~ 

map F (Dirac eq.)

On a 4-torus On the dual 4-torusx: :
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NkV 2:
Family index thm.

N×N
)1,(: 2aie  



Fourier‐Mukai‐Nahm transformation
Beautiful duality between instanton moduli on 4‐tori 

and instanton moduli on the dual tori
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4dim. ASD Yang-Mills eq.
on the dual torus

4dim. ASDYang-Mills eq.
on a 4-torus

Sol.=the dual instantons
(G=U(k), C =N)

Sol.=instantons
(G=U(N), C =k)
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k × k PDEN × N PDE
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On a 4-torus On the dual 4-torusx: :

0)( 
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kN 2:
Family index thm.

k×k

map G (Dirac eq.)



Fourier‐Mukai‐Nahm transformation
Beautiful reciprocity between instanton moduli on 4‐

tori and instanton moduli on the dual tori
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4dim. ASD Yang-Mills eq.
on the dual torus

4dim. ASDYang-Mills eq.
on a 4-torus

Sol.=the dual instantons
(G=U(k), C =N)

Sol.=instantons
(G=U(N), C =k)

1:1
(reciprocity)

NNA :

k × k PDEN × N PDE
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On a 4-torus On the dual 4-torus

Define the maps F & G,
& G◦F=id. & F◦G=id. 

F

G
Dirac eq.

Dirac eq.



Fourier‐Mukai‐Nahm trf. (radii of the torus∞) 
reciprocity between instanton moduli on R

and instanton moduli on ``1pt.’’  [cf. van Baal, hep‐th/9512223]
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0dim. ASD Yang-Mills eq.4dim. ASDYang-Mills eq.

Sol.=``dual instantons’’
(G=U(k), ``C =N’’)

Sol.=instantons
(G=U(N), C =k)
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k × k PDEN × N PDE
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map F (0dim Dirac eq.)

On a 4-torusR On the dual 4-torus1 pt.
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Matrix eq.！

Matrix eq. !



Atiyah‐Drinfeld‐Hitchin‐Manin (ADHM) Construction
based on the following reciprocity
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ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(k)’)

Sol.=instantons
(G=U(N), C =k)

1:1

NNA :
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k × k matrix eq.
N × N PDE

2

G(4dim D.eq.)

F(0dim D.eq.)

Proved in the   
same way as 
the Nahm trf.



Atiyah‐Drinfeld‐Hitchin‐Manin (ADHM) Construction
based on the following reciprocity
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ADHM eq.. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(k)’)

Sol.=instantons
(G=U(N), C =k)

NNA :
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k × k matrix eq.
N × N PDE

2
Proved in the   
same way as 
the Nahm trf.

],[],[ 2211 zzzz RHS is in fact

1:1

G(4dim D.eq.)

F(0dim D.eq.)



ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) Commutative BPST instanton（N=2, k=1）
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ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(1)’)

BPST instanton
(G=U(2), C =1)

1:1
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k × k matrix eq.
N × N PDE
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ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) Commutative BPST instanton（N=2, k=1）
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ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(1)’)

BPST instanton
(G=U(2), C =1)

1:1
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k × k matrix eq.
N × N PDE

2

ASD

ASD

z
iF

z
bxi

A
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``The first time abstract modern mathematics had been of any use!’’
(Polyakov)



ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) Commutative BPST instanton（N=2, k=1）
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ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(1)’)

BPST instanton
(G=U(2), C =1)

1:1
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k × k matrix eq.
N × N PDE

2

ASD

ASD

z
iF

z
bxi
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i

position

size



ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) Commutative BPST instanton（N=2, k=1）
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ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(1)’)

BPST instanton
(G=U(2), C =1)

1:1
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k × k matrix eq.
N × N PDE
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i

position

size
0 : singular



ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) Commutative BPST instanton（N=2, k=1）
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ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(1)’)

BPST instanton
(G=U(2), C =1)
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k × k matrix eq.
N × N PDE
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position

size
0 : singular

M
0

singularity
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ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) NC BPST instanton（N=2, k=1）
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NC ADHM eq.NC ASDYang-Mills eq.

Sol.：ADHM data
(G=`U(1)’)

NC BPST instanton
(G=U(2), C =1)
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k × k marix eq.
N × N PDE
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0 : regular!
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Fat by ζ !

 FA , ：exact sol.

M
0

Resolution of the singurarity!
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NC Ward’s conjecture: Many (perhaps all?)  
NC integrable eqs are reductions of the  NC ASDYM eqs.

NC ASDYM

NC Ward’s chiral

NC (affine) Toda

NC NLS

NC KdV NC sine-Gordon

NC Liouville

NC Tzitzeica

NC KP
NC DS

NC Boussinesq NC N-wave

NC CBSNC Zakharov

NC mKdV

NC pKdV

Yang’s form

gauge equiv.gauge equiv.

Infinite gauge group

Solution Generating 
Techniques

NC Twistor Theory,

MH[hep-th/0507112]
Summariized in [MH  NPB 741(06) 368]

In gauge theory,
NC magnetic

fields 

New physical objects Application to string theory

Today’s talk

MH &K.Toda, PLA316 
(03)77 [hepth/0211148]








