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Motivation

o When quantizing the fields in curved spacetimes, it is possible to define the vaccum state in
various different ways.

@ Which of the quantum states corresponds to which physical situation is derived from the
analysis of the observables.

@ The quantum states in which the observables are singular are claimed to be unphysical.

Figure: First ever direct image of a black hole, taken in radio wavelength, located at the core of Messier 87
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Example: Quantum fields in the background of the Schwarzschild black hole

singularity (r = 0)

Figure: Penrose-Carter diagram of the Schwarzschild spacetime.

o Boulware state: modes are positive-definite w.r.t. 9/9t Killing vector;
o Unruh state: modes are positive definite w.r.t. 8/9t on the past horizon, and w.r.t. 9/0V

on the future horizon;
o Hartle-Hawking state: modes are positive definite w.r.t. 8/9U on the past horizon, and

w.r.t. /0V on the future horizon.
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Here T = 3= = (8wM) ™1 is the Hawking temperature.
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Example: Quantum fields in the background of the Schwarzschild black hole

Calculating the renormalized stress energy tensor at spatial infinity and in the vicinity of the
horizon (future or past), one finds that in the frame of free-falling observer

@ in the Boulware state, the regularized stress-energy tensor diverges both on past and future
horizons;

@ in the Unruh state the regularized stress-energy tensor is regular on future horizon and is
divergent on the past horizon. At spatial infinity it corresponds to a flux of radiation emitted
by the black hole;

@ in the Hartle-Hawking state, the regularized stress-energy tensor is regular both on past and
future horizons. At infinity it corresponds to thermal equilibrium of in-going and out-going
particles.

From this it usually concuded that:
o the Boulware state is unphysical;

o the Unruh state describes an astrophysical black hole;

o The Hartle-Hawking state describes the black hole surrounded by the gas of particles at the
Hawking temperature.
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Main idea

Alternatively, we can think that the divergence of the regularized stress-energy tensor signalizes
not that the state is unsphysical, but that the matter fields should substantially backreact on the
geometry of the spacetime. Let us work in this paradigm.

In the literature, the problem of backreaction is tackled in the following way: the semiclassical
Einstein equations

G M+ N6 =8nG(: T, 12, (2)

are solved perturbatively:

o First, solution g(%) of the Einstein equations in the vacuum (i.e. with the zero on the r.h.s.)
is considered (usually a black hole with A = 0);

@ Second, the stress-energy tensor for quantum fields in the background g(© is calculated;

@ Third, the Einstein equations are solved perturbatively for a new metric g on the I.h.s., while
on the r.h.s. one plugs the stress-energy tensor calculated with the metric g(o).

In this approach, the new metric g is usually divergent at the position of the horizon.

Idea

Solve semiclassical Einstein equations non-perturbatively: the regularized stress-energy tensor in
the r.h.s. is calculated for the same (unknown) metric, that is plugged into the l.h.s.
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Setup for the problem
We consider the dilaton gravity in 2D:

1
grav _ _ — 2 — —2¢ _ 2 2
senv — T /d xv/—ge [R 4w (0, P)” + 4N ], 3)
where w is an arbitrary constant.

For a particular choice of the integration constant for the dilaton, the classical solutions can be
represented in the form:

1
¢ = — log(ar) %D,
_w dr?
ds? = —[a%r% — (ar)oi]d? + — 2 (4)
a%r2 — (ar)w+1
for some a related to A.
Particlularly, we will be interested in case w = —%.
2 2 2 4 47 4.2 dr?
ds® = —[a°r — a"r’]dt” + (5)

)
a2r2 _ A4

while the dilaton field acquires the form:

6= log(ar), ()

where a = — % The Ricci scalar for the metric in question is R = —%)\2 [1 — 6(ar)2]

Prokopii Anempodistov (LPENS, SU) Backreaction in 2D dilaton gravity 24.01.2025 6/16



Setup for the problem

This metric is defined for r > 0 and possesses two horizons: at r =0 and at r = 1/a. The
canonical temperatures at the horizons are:

0, r— 0.

T:{;” r—1/a, @

.
NS,
w0

Figure: Penrose-Carter diagram of the starting geometry.
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Setup for the problem

For such space-times as we consider it is useful to use other (tortoise) coordinates:
ds? = — [aZr2 - a4r4] (di’2 - drf) R

where 1

r« = ——— + —arctanh(ar).

a’r  a

Or using Eddington-Finkelstein coordinates

u=t-—r«, v=t-+rs,
we can rewrite the metric in the form:

ds? = C(u, v)dudv, C(u,v) = —a*r?(u,v) + a*r*(u, v),

where r(u, v) is determined from

v—u

1 1
= + —arctanh(ar).
a

2 a’r
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Setup for the problem

To account for the backreaction later, it will be useful to write the metric and the dilaton in the

so-called unitary gauge.
Using substitution

we can write the metric in the form

where

1
" acosh(aX)’

ds? = —eX)ge? 4 dx?,

2(X) _ sinh?(aX) .
cosh*(aX)

In these coordinates, the dilaton field is equal to
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Adding quantum fields

The next step in our reasoning is to add quantum fields. We consider real conformal field ¢ with
the action:

1
§ = SV 4 ST = SE o / I2xB,p0" p. 7)

It is useful to use the Eddington-Finkelstein coordinates, in which the equations of motion for the
scalar field take the form:

dydve(U, V) =0. (18)
Thus, we can write down the mode decomposition of the field operator as:

5 AW [at iwU | BF iV
@(U, V) = [awe + bleV 4 h.c.]. (19)
0 Amw

Commutation relations for the creation and annihilation operators for the left and right moving
modes are:

[§L, 4] =0w- W', [BL, Bw,] = §(w — w'). (20)

We take the quantum field in the thermal state, for which:

———(w —w'), (21)

where 8 = 1/T is the inverse temperature.
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Regularized stress-energy tensor

Then, the regularized stress-energy tensor is given by:
_ < Tmatter > e + ig (22)
e T

where
2
Ou = L(27T) _ LC1/25L21(_‘*1/27
127
2 1
( ) — - C\?p2c /2, (23)
127
and C(u, v) here is equal to (11). Then, plugging the expression for the conformal factor,

C(u,v), we find that

1 2m\2 2 1
== | (Z) — a7, as r— =,
Ou = 48”[(’32 ] 2 (24)
2

and the same expression for ©,, .
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Backreaction of quantum fields on the background geometry

The semiclassical Einstein equations:
G M+ N6 =8nG(: T, 1), (25)

It will be easier to analyze the semiclassical Einstein equations is the unitary gauge, where the
regularized stress-energy tensor of the matter fields is:

2v(X)
__ /. matter .\ __ T € / 2 "
TR ) = o5+ [V (2 + 20 (x)),
—2v(X) 1 V/(x)2
_ :Tmatter: — € _ 26
(TR = S - e (26)
Then, the 2D dilatonic analog of Einstein equations (25) reduces to:
2 e~ 2Xx 1
2“2 2 " _ 2¢(X) / 2 7
X = 20/(X)? + ¢(X) = 8nGe (7%2 + e [v/(x7+2v (X)]),
4 e—QU(X)ﬂ. V/(X)2
— X — g (XW(X)+ =¢'(X)? =8rGe?? ) [ —— = — , 27
# O (X) + 20/ (X)? = 8rGe e~ 21)

where now ¢(X) and v(X) are unknown functions to be determined from these equations.

Prokopii Anempodistov (LPENS, SU) Backreaction in 2D dilaton gravity 24.01.2025 12/16



Solving the semiclassical Einstein equations

To find the solution with appropriate asymptotic behavior we have to apply numerical methods.
To do that, we need to specify boundary conditions.

We will assume, that the horizon at r = 0 (X = o0) remains unchanged.
Comparing with value of SET at this horizon, we see that this condition implies that

T =1/8 =0 (in other words, the state of the field is the Fock space ground state). Plugging
this into Einstein equation and rewriting them for the dimensionless variable x = |a| X (with

a=— %) we obtain!:
g _ §¢/(X)2 4 (x) = e2¢;(x) [V/(X)Q +21/“(X)],
220+ A = - (28)

"Here we have set G = 1.
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Solving the semiclassical Einstein equations
The solution of these equations for the dilaton field and for the 2¥(X) have the form
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Figure: Numerical plot of the dilaton field ¢(x) and for the e
Note that the solution without backreaction is defined only for X > 0, while solution with the backreaction is

defined on the whole X axis.

One can see that the solution interpolates from the classical solution of Einstein equations to the

3
e~ %0 x + const. (29)

V26

solution
v(x) =

¢(x) = ¢o = const,

This solution is non-perturbative in G.
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Summary of the results and future prospects

@ It was shown that by solving semiclassical Einstein equations self-consistently, one obtains
non-perturbative solution that is regular (as opposed to perturbative solution). Moreover,
the self-consistent solution is stable in the sense that the regularized stress-energy tensor is

finite everywhere.

Further directions:
o Generalization of this procedure for (2 + 1) and (3 + 1) spacetime dimensions. Not obvious
how to calculate the regularized stress-energy tensor in the background of the general metric.
o AdS,;/CFTi, AdS3/CFT,. Interpretation in the dual CFT?
@ How this picture changes if one turns on self-interaction for the matter fields? Backreaction
vs thermalization?
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Thank you for your attention!
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