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INTRODUCTION




Astrophysical black holes, with masses spanning a few to several billion solar masses, 
are found in systems ranging from stellar binaries to supermassive black holes in the 
centers of galaxies. They are a universal phenomenon across at least 10 orders of 
magnitude in mass.

Observations of gravitational waves have shown excellent consistency with the Kerr 
solution on timescales from milliseconds to hours, and spatial scales of up to milliparsecs 
(EHT). 

Models for astrophysical black holes are necessarily provisional. 
They have unwanted features like singularities, CTC, Cauchy horizons, just to name few.
Also, the Kerr solution reduces to flat spacetime at spatial infinity. This is incompatible 
with our universe, which is in concordance with a perturbed Robertson Walker (RW) 
cosmology.

Thus, regardless of singularities and horizons, Kerr is only appropriate for intervals of 
time short compared to the reciprocal expansion rate of the universe, and can only be 
consistently interpreted as an approximation to some more general solution.

The task of finding exact interpolating solutions is daunting and very few, maybe 
unphysical, examples are known (e.g. Schwarzschild-de Sitter, McVittie). Nevertheless, 
there are some experimental and theoretical hints that this problem must be faced and 
solved.



OBSERVATIONAL HINTS OF 


COSMOLOGICAL COUPLING




Farrah et al. Astrophys.J.Lett. 944 2, L31 - 2302.07878 [astro-ph.CO] considered the 
growth of supermassive black holes in elliptical galaxies over . They 
found evidence that zero cosmological coupling excluded at 99.98% confidence. 
It is assumed that, for supermassive black holes, the Misner-Sharp mass is

     where    is the scale factor and    

Cadoni et al. in JCAP11(2023)007 have found, with similar analysis but different sample 
(JWST) that   
Note that  can lead to the conclusion that cosmologically coupled black holes are 
responsible for Dark Energy!

0 < z < 2.5

M(a) = M(ai)( a
ai )

k

a > ai 0 ≤ k ≤ 3

k ≃ 1
k = 3



DATA

MODEL 
INSPIRALLING SMB

                

                

In Scientific Rep. 14  (2024) 31296  (M.Calzà, F.Gianesello, MR, S.Vagnozzi), we re-
examined the finding of the NanoGrav collaboration, in particular this plot

                

                



The density parameter of the Stochastic Background of Gravitational Waves (SBGW) generated 
by a population of inspiralling SMBH is a standard formula (see Phinney astro-ph/0108028)

;           

and  is the usual chirp mass

The squared strain is given by

Of particular interest to PTA experiments is the power spectral density of the timing residuals
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We repeated the derivation by assuming the same cosmological coupling model as Farrah et al.

We assumed that the masses of the two inspiralling black holes grow as

and computed the modified squared amplitude of the SBGW as

We finally defined the logarithmic amplitude shift: 
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WHY (SOME) COSMOLOGICAL COUPLING IS 
THEORETICALLY UNAVOIDABLE




In PRD 110 (2024) 6, 063553 (MR and V. Faraoni) we ask the question: can static horizons 
exist in time-dependent spacetimes? We considered:

                                              

The areal radius  is  ;  the location of an apparent horizon is determined by 

         

We studied radial null geodesics with tangent vector 

    

this is the so-called coordinate velocity of light rays. 

The geodesic equations yield two relevant components:
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At the horizon (null surface) the geometry is static:     

    

and one can show that   
  

The first component of the geodesic equation gives:

      

with  and  chosen so that  stays future-oriented. 

Thus, either  when  or  when 

Also, from the second component of the geodesic equation, we find

  

meaning that the local coordinate velocity of light rays vanishes on the horizon.

All this implies that radial null geodesics stop at the horizon and cannot pass through it
We proved that the same happens to timelike geodesics. This calls for geodesic 
incompleteness.

·T = ·a = 0

T′￼≃ 1

u0 ≃
C

λ − λ0

C λ0 u0

u0 → 0 λ → ∞ u0 → ∞ λ → λ0

u1 = ± Tu0

a
→ 0



Near the horizon, we can expand the metric in the so-called Rindler approximation:

where    and    . By using this we can prove that, near the horizon

The Klein-Gordon equation for a massless test scalar field becomes (consider the s-mode 
only)

but near the horizon it reduces to     thus    grows to infinity and the 
corresponding stress-tensor trace goes like
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Assume now that the time-dependent geometry is asymptotically FLRW, describing an 
exactly static black hole horizon embedded in a FLRW universe: the Hawking temperature at 
the static horizon is

where  is the Misner-Sharp mass defined in spherically symmetry - hence the mass of the 
black hole. The Hawking radiation is assumed to be in local thermal equilibrium.
But the temperature   of a gas of photons in a FLRW Universe scales as

 

to preserve the Planck distribution. Thus, again, we find a contradiction since 
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COSMOLOGICAL COUPLING: A GATEWAY 


TO NON-SINGULAR BLACK HOLES?



Black holes in an expanding Universe: the McVittie solution (1933) 
McVittie spacetime is the only perfect fluid solution of the Einstein equations which is 
spherically symmetric, shear free, and asymptotically FLRW





No-accretion condition    implies  


Schwarzschild metric (isotropic coords); 


FLRW metric


Issues: curvature singularity at  and  


Many generalisations have been proposed (see e.g. V. Faraoni in Lect.Notes Phys. 907 
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Consider again the model:

note that if     the energy density of these objects become constant, that is they 
become a source of dark energy! This model is obtained by reconsidering the averaging 
problem and GEneric Object of Dark Energy (GEODE) models, in which black hole interiors
are described by a dark energy equation of state, or gravastars, see Croker  et 
al. 2020 ApJ 889 115

There are also solutions within General Relativity that are cosmologically coupled. They are 
constructed by sourcing Einstein’s field equations with an anisotropic fluid, which allows to 
circumvent Penrose’s singularity theorem, see e.g. Cadoni et al. in JCAP11(2023)007.
By choosing specific energy density and pressure profiles, one can non-singular black holes 
(e.g. Hayward, quantum-corrected models), which are asymptotically FLRW.

There is a debate in the community with many critics of cosmological coupling as well, see 
e.g. Visser , arXiv:2308.07374, Avelino et al. JCAP08(2023)005.

The issue is not settled at all, there is much work to do!
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