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Properties of Quark-Gluon-Plasma (QGP):

Underlying symmetries.

equation of state and medium thermodynamics.

Phase structure.

In the presence of :

finite temperature (T ).

finite chemical potential (µ).

finite rotation (Ω).
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Motivation

• Lattice result : Increasing angular velocity increases the transition
temperature. Braguta et al. Phys. Rev. D 103, 094515 (2021) , Ji-Chong Yang et al arXiv:2307.05755 [hep-lat]

• Effective model : Increasing angular velocity decreases the transi-
tion temperature.

• Objective 1 :

The thermodynamic and phase transition properties in a rotating
Bounded system.
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Motivation : Tolman Ehrenfest analogy

• Rigid rotation with constant angular velocity Ω around z axis:

TTE(ρ) =
T0√

1 − Ω2ρ2

TE Prediction : Deconfinement starts at the peripheral region and
approaches the center.
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Figure 1: TE prediction. PhysRevD.107.114502
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Figure 2: Lattice results.Phys.Lett.B 855 (2024), 138783

• Objective 2 :

Does the Tolman-Ehrenfest analogy hold for a rotating bounded
system?
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Rotating bounded system

Polyakov Linear Sigma model with Quarks

• Model Lagrangian:

L(ϕ, ψ,L) = LM(ϕ) + Lq(ϕ, ψ,L) + LL(L) .

• Quark contribution:

Lq = ψ̄
(

i /D − gϕ
)
ψ ≡ ψ̄

[
i /D − g(σ + iγ5τ⃗ · π⃗)

]
ψ

Dµ = ∂µ − iAµ Aµ = δµ0Aµ
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(

i /D − gϕ
)
ψ ≡ ψ̄

[
i /D − g(σ + iγ5τ⃗ · π⃗)

]
ψ

• Polyakov contribution:

LL

T 4 =
a(T )L∗L

2
− b(T ) ln

[
1 − 6L∗L + 4

(
L∗3 + L3)− 3(L∗L)2]

L =
1
3

Tr
(
T exp[i

∫ β

0
dτA4(x⃗, τ)]

)
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• Quark contribution:

Lq = ψ̄
(

i /D − gϕ
)
ψ ≡ ψ̄

[
i /D − g(σ + iγ5τ⃗ · π⃗)

]
ψ

• Polyakov contribution:

LL

T 4 =
a(T )L∗L

2
− b(T ) ln

[
1 − 6L∗L + 4

(
L∗3 + L3)− 3(L∗L)2]

• L and L∗ are the order parameter for the confinement deconfine-
ment phase transition as ⟨L⟩ = e−βFq , mq → ∞ .

• a(T ) and b(T ) are fitted to reproduce Lattice SU(3) pure gauge re-
sults.
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Thermodynamic potential

• Thermodynamic potential:

Z = Tr
(

e−β(H−µN)
)

F (T ) = −T lnZ
V

= VM + VL + Fψψ̄

where,

Fψψ̄ = −2Nf T
∑
ς=±1

∫
d3p
(2π)3 Fς .

F+ = ln
[
1 + 3Le−βE+ + 3L∗e−2βE+ + e−3βE+

]
,

F− = ln
[
1 + 3L∗e−βE− + 3Le−2βE− + e−3βE−

]
.
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Thermodynamic potential

• Thermodynamic potential:

Z = Tr
(

e−β(H−µN)
)

F (T ) = −T lnZ
V

= VM + VL + Fψψ̄

• Saddle point equations:

∂(Fψψ̄ + VM)

∂σ
= 0 ;

∂(Fψψ̄ + VL)

∂L
= 0 ;

∂(Fψψ̄ + VL)

∂L∗ = 0

• All thermodynamic observables are evaluated from the thermody-
namic potential F (σmf,Lmf,L∗

mf)
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Rotating bounded system

Rotating cylindrical system

Cylinder of radius R rigidly
rotating about the z axis in the
counterclockwise direction.

We assume the effects of
rotation only on the quark
sector.

Conservation of angular
momentum Jz .

Causality criteria : ΩR ≤ 1.

Transverse direction is finite =⇒
transverse momentum is
discrete.

Figure 2: Rigidly rotating cylinder M.N.

Chernodub et. al. 10.1007/JHEP01(2017)136.
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Formalism

• Quark contribution:

Lq = ψ̄
(

i /D − gϕ
)
ψ ≡ ψ̄

[
i /D − g(σ + iγ5τ⃗ · π⃗)

]
ψ

Dµ = ∂µ+Γµ − iAµ
• The line element :

ds2 = (1 − ρ2Ω2)dt 2 − 2ρ2Ωdtdφ− dρ2 − ρ2dφ2 − dz2

• The Partition function :

ZD =

∫
[idψ†][dψ] exp(SE ), SE =

∫ β

0
dτ

∫
V

d3xLE ,

LE = ψ
[
γ0(−∂τ +ΩJ z + iA4 + µ) + iγ ·∇− gσ

)
ψ.
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Formalism

Quark free energy: V.E. Ambrus, E. Winstanley. PhysRevD.93.104014

Fψψ̄ = −2Nf T
πR2

∞∑
l=1

∞∑
m=−∞

∑
ς=±

∫
dpz

2π
F̃ς .

F̃+ = ln
[

1 + 3Le−βẼ+ + 3L∗e−2βẼ+ + e−3βẼ+

]
,

F̃− = ln
[

1 + 3L∗e−βẼ− + 3Le−2βẼ− + e−3βẼ−
]

where

Ẽ± = (p2
z + q2 + g 2σ2)

1
2 − Ω(m +

1
2
)∓ µ

The transverse momentum q will be discrete because of the
boundary effect.
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Formalism

where

Ẽ± = (p2
z + q2 + g 2σ2)

1
2 − Ω(m +

1
2
)∓ µ

The transverse momentum q will be discrete because of the
boundary effect.
The Hamiltonian is self-adjoint : V.E. Ambrus, E. Winstanley.PhysRevD.93.104014

⟨ψ,Hχ⟩ = ⟨Hψ, χ⟩. =⇒ R
∫ ∞

−∞
dz

∫ 2π

0
dφψ̄γρχ|ρ=R = 0

Spectral boundary condition :

qm,lR = ξm,l m + 1
2 > 0; qm,lR = ξ−m−1,l m + 1

2 < 0.
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Modified free energy including rotation

• Quark contribution to the free energy:

Fψψ̄ = −2Nf T
πR2

∞∑
l=1

∞∑
m=−∞

∫
dpz

2π
F̃ς .

F̃+ = ln
[

1 + 3Le−βẼ+ + 3L∗e−2βẼ+ + e−3βẼ+

]
,

F̃− = ln
[

1 + 3L∗e−βẼ− + 3Le−2βẼ− + e−3βẼ−
]
.

• Non rotating system → rotating bounded system:

Z → Tr
(

e−β(H−µN−ΩJz)
)
;

∫
d3p
(2π)3 → 1

πR2

∞∑
l=1

∞∑
m=−∞

∫
dpz

2π

E± =
(

p2 + g 2σ2) 1
2 ∓ µ→ Ẽ± = (p2

z +
ξ2

ml

R2 + g 2σ2)
1
2 − Ω(m +

1
2
)∓ µ
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Phase Diagram in T − µ plane
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Figure 3: The phase diagram of bounded system for (a) different radii at ΩR = 0 and (b)
Different ΩR at radius 2 fm .

•Transition temperature decreases as radius increases.
• Boundary effects drag the critical point towards increasing µ .
•Transition temperature decreases as angular velocity increases.
• Finite rotation drags down the critical point towards decreasing µ .
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Figure 4: Phase diagram with different chemical potential (a) R = 2 fm and (b) R = 5 fm.

• As R increases, the range of µ over which there is a critical point
decreases.
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Moment of inertia
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Figure 6: Moment of inertia for R=3 fm for µ = 0 (left) and µ = 0.25 GeV(right).

I =− 1
Ω

∂Fψψ̄
∂Ω

=
2TNf

πR2

∑
b,ς

∫ ∞

−∞

dk
2π

[
3β
Ω

(
m +

1
2

)
f̃ς

]
IΩ→0

F (0)R2 = −
[

K2 +
Ω2R2

6
K4 + · · ·

]
; K2n =

1
FΩ=0
ψψ̄

∂2nFψψ̄
∂(ΩR)2n |Ω=0
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Tolman Ehrenfest analogy :

Objective: understanding the dependence of Tc on ΩR.

Saddle point equation : λ(σ2 − v2)− h − g⟨ψ̄ψ⟩ = 0

In the presence of rotation :

Tρ = ΓρT , uµ∂µ = Γρ(∂t +Ω∂φ), Γρ = (1 − ρ2Ω2)−1/2 .

One can use:

e−βE → e−β(p0+Ωypx−Ωxpy) = e−βρuµpµ

=⇒ F (uµpµ/T ) → F (uµpµ/Tρ)

⟨ψ̄ψ⟩ = 6Nf gσ
∑
ς=±1

∫
d3p

(2π)3E
fς(uµpµ/T )

⟨ψ̄ψ⟩ρ = 3Nf gσ
π2 T 2

ρ

∑
ς=±1

∫
dx x2

yρ
fς(yρ); ⟨ψ̄ψ⟩ = 2

R2

∫
dρ ρ⟨ψ̄ψ⟩ρ

where x = p
Tρ
, yρ =

√
x2 + m2

T 2
ρ

.
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Tolman Ehrenfest analogy :

µ = 0 → transition is crossover.

The system can be analyzed perturbatively with respect to mq;c

Tc
.

At crossover σR,Ω
c ≈ σ∞,0

c = 0.45 g fπ .

• In the small mass approximation :

Rotating case :

λ(σ2
c − v2)− h + g 2σcNf (T

ΩR
σ )2⟨Γ2

ρ⟩R
(

1 − 2φ2
ΩR/π

2) = 0 .

Nonrotating unbounded case :

λ(σ2
c − v2)− h + g 2σcNf (T

nr
σ )2 (1 − 2φ2

nr/π
2) = 0 .

where, ⟨Γ2
ρ⟩R = 2

R2Ω2 ln ΓR , φ = tan−1
√

3(1−L)(1+3L)
3L−1
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2
.

∂VL

∂L±
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Nf φΩR(TΩR
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2 sinφΩR

[(
1 − φ2
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Tolman Ehrenfest analogy :
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Figure 7: comparison between Tolman-Ehrenfest prediction and numerically estimated transition
temperature for PLSMq model.

• The TE agreement is obtained at high R .
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summary

• Free energy is obtained within the Polyakov enhanced Linear Sigma
model with quark degrees of freedom for real rotation with proper
boundary condition.

Z → Tr
(

e−β(H−µN−ΩJz)
)
;

∫
d3p
(2π)3 → 1

πR2

∞∑
l=1

∞∑
m=−∞

∫
dpz

2π

E± =
(

p2 + g 2σ2) 1
2 ∓ µ→ Ẽ± = (p2

z +
ξ2

ml

R2 + g 2σ2)
1
2 − Ω(m +

1
2
)∓ µ
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summary

• Boundary effects favour the crossover scenario and drags the criti-
cal endpoint towards higher chemical potential.
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• With increasing rotation the phase transition temperature and criti-
cal chemical potential decreases.
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summary

• As R increases the ΩR dependency of the critical chemical potential
in T − µ phase diagrams decreases.
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summary

• For a fixed temperature moment of inertia reflects the phase transi-
tion properties.
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Motivation
Formalism

Results

summary

• Free energy is obtained within the Polyakov enhanced Linear Sigma
model with quark degrees of freedom for real rotation with proper
boundary condition.

• Boundary effects favour the crossover scenario and drags the criti-
cal endpoint towards higher chemical potential.

• With increasing rotation the phase transition temperature and criti-
cal chemical potential decreases.

• For a fixed temperature moment of inertia reflects the phase transi-
tion properties.

• The Tolman-Ehrenfest analogy can be realised only for R → ∞.
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