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Hawking radiation in a nutshell

r − rKH

v − r Let us consider a relativistic field in a 
Schwarzchild geometry

ds2 = − F(r)dv2 + 2dvdr + r2d𝕊2

□ ϕ = 0
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Let us consider a relativistic field in a 

Schwarzchild geometry

ϕ∞
Ω = e−iΩ(v−2r)

ϕKH
Ω = e−iΩ(v − 1

κKH
log(r − rKH))

v − r

Near horizon: Asymptotically:

Let us focus on the outgoing radiation

ds2 = − F(r)dv2 + 2dvdr + r2d𝕊2

□ ϕ = 0r − rKH



Hawking radiation in a nutshell

ϕKH
Ω = ∫Ω̄

αΩΩ̄ϕ∞
Ω̄ + βΩΩ̄(ϕ∞

Ω̄ )*

 can be decomposed in terms of  with a 
Bogolyubov transformation

ϕKH
Ω ϕ∞

Ω

If the free falling observer is set in vacuum |0ff⟩

⟨N̂⟩ff = ⟨0ff | ( ̂a∞
Ω )†a∞

Ω |0ff⟩ = ∫Ω̄
|βΩΩ̄ |2 =

Γg(Ω)
eΩ/TH − 1

TH =
κKH

2π

v − r

r − rKH



Hawking radiation as a tunneling
Equivalently, one can see the process as a 

tunnel-out of the particle inside the horizon
v − r

ArXiv: hep-th/9907001,  
M. Parikh, F. Wilczek

rKH

ϕΩ = eiS

r − rKH



Hawking radiation as a tunneling

Im(S) = lim
ϵ→0+ ∫

rKH+ϵ

rKH−ϵ
Ω

2rKH

r − rKH + iϵ
dr

Equivalently, one can see the process as a 
tunnel-out of the particle inside the horizon

v − r

ArXiv: hep-th/9907001,  
M. Parikh, F. Wilczek Γ = e−2Im(S) = e−Ω/TH TH =

κKH

2π

r − rKH
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Analogue gravity
Idea: the linearization of an irrotational ( ) fluid equations gives an effective 

curved geometry for the perturbations
v = ∇ϕ

∂ρ
∂t

+ ∇ ⋅ (ρv) = 0 ∇p = − ρ [ ∂v
∂t

+ (v ⋅ ∇)v] p = p(ρ)

Phys.Rev.Lett. 46 (1981)  
W. Unruh 
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gab =
ρ0

c2
s (−(c2

s − v0 ⋅ v0) −vT
0

−v0 𝕀3×3 ) □g ϕ = 0

Acoustic metric Klein-Gordon equation



Analogue black holes
The acoustic geometry can be adjusted in order to create a black hole analogue

ds2 = − (c2
s (x) − v2(x))dt2 − 2v(x)dxdt + dx2



Analogue black holes
The acoustic geometry can be adjusted in order to create a black hole analogue

ds2 = − (c2
s (x) − v2(x))dt2 − 2v(x)dxdt + dx2

c2
s = v2

χa∂a = ∂t

|χ |2 = v2 − c2
s = 0

κKH =
1
2

∂(c2
s − v2)
∂x

KH

ArXiv:gr-qc/0505065 
C. Barcelò, S. Liberati, M. Visser



Quantum fluids
The analysis of quantum fluids, such as a Bose-Einstein condensates, gives a suitable 

playground for the study of quantum behaviour for perturbations

i∂tΨ̂ = [−
ℏ2

2m
∇2 + V(x) + λΨ̂†Ψ̂] Ψ̂

ArXiv:gr-qc/0005131 
L. Garay, J. R. Anglin, J. I. Cirac, P. Zoller
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s k2
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1
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Hawking radiation with MDR?

v

t

ω2 = c2
s k2
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Hawking radiation with MDR?



Hawking radiation in the lab
t

t

v

v

v

t

ω2 = c2
s k2 ω2 = c2

s k2 (1 + ξ
c2

s k2

Λ2 )
ξ = − 1

ξ = 1

For : κKH ≪ Λ ⟨N̂⟩ =
1

eΩ/TH − 1 ArXiv:1409.6550 
J. Steinhauer
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The Hawking couple is given by the turning mode and the lingering one
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t t
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ξ = 1ξ = − 1

Hawking partners
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Hawking partners
The Hawking couple is given by the turning mode and the lingering one



Approximant
In order to apply the tunneling formalism, we need to find an approximation for the 

partners (cs = 1)

ω2 = k2 (1 + ξ
k2

Λ2 ) ω = Ω − kv

The trajectory of a particle is given by the group velocity

dū = (cgua + sa)dxa = 0 cg(x, α) =
∂ω
∂k

α =
Ω
Λ

ua∂a = ∂t + v(x)∂x



Approximant
t

v

• For : |v | ≪ 1 cout
g = − cin

g



Approximant
t

v

• For : |v | ≪ 1 cout
g = − cin

g

• For : |v | ≫ 1 cpart
g = − cin

g



Approximant

v

t t

v
v

v(xEFH)
v(xEFH)

Let us consider the following trajectory: .(−cin
g ua + sa)dxa = 0

This interpolates between the two particles, peeling at the effective horizon: cin
g = v



Tunneling the effective horizon

v

t t

v

v(xEFH)
v(xEFH)

We can tunnel out across the effective horizon x = xEFH(α)

cin
g (x, α) = v(x)

v



Tunneling the effective horizon

v

At low energy we have

Γ = e−2πΩ/κ(α)
T(α) =

v′￼(1 − ∂vcin
g )

2π
EFH

≃ TH(1 +
3
8

ξα2) + ⋯



Tunneling the effective horizon

v

ξ = 1ξ = − 1

At low energy we have

Γ = e−2πΩ/κ(α)
T(α) =

v′￼(1 − ∂vcin
g )

2π
EFH

≃ TH(1 +
3
8

ξα2) + ⋯

κ(α)
κKH
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Effective horizon vs Killing horizon

v

ξ = 1ξ = − 1

In the subliminal case we can have particle production without an horizon

αα
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Particle production without Killing horizon

v

κ(α)

α
0.0 0.1 0.2 0.3 0.4 0.5

0.05

0.10

0.15

0.20

ε = 0

ε = 0.01

ε = 0.05

ε = 0.1

ε = 0.2

v(x) =
1

2 + ε
(tanh(κx) − 1) v(−∞) = −

2
2 + ε

≥ − 1

• Horizonless emission 

•  

•

|∂ακ(α)/κ(α) | ≫ 1

|Γsupercrit | ≫ |Γsubcrit |

ArXiv:1603.02746 
A. Coutant, S. Weinenfurtner
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Δx(α)

|Δx(α) | >
hcs

Ω
Particles go on-shell at



Approximant validity

Δx(α)

|Δx(α) | >
hcs

Ω
Particles go on-shell at

• Good for 

• Good approximation for steep flows

α → 0

v(x) x

v = − 1ArXiv:1402.2514 
A. Coutant, R. Parentani
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Conclusions

• Hawking radiation is robust against the modification of the dispersion 
relations 

• The tunneling method is a good tool for capturing the deviation from 
thermality at the KH 

• Such a treatment allows to describe spontaneous emission for 
horizonless objects
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Thank you!


