Weyl Geometry in Weyl Semimetals

Giandomenico Palumbo

Dublin Institute for Advanced Studies, Ireland

DIAS

Institidid Ard-Léinn | Dublin Institute for
Bhaile Atha Cliath | Advanced Studies

Avenues of Quantum Field Theory In Curved Spacetime 2025, Tours, France

January 24, 2025



P Introduction to Weyl semimetals
» Introduction to Weyl geometry

> Weyl connection in Weyl semimetals with vacancies
(G. P., arXiv:2412.04743)

» Conclusions and Outlook
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Abelian Berry Connection

Bloch wave-vector: |u(k)) = (u*(k), u?(k), ..., uR(k))T.
The gauge redundancy in a non-degenerate Bloch state is encoded
in the arbitrary phase in |u)

ju) — &M]u),

where a(k) is a momentum-dependent function.
We can build an Abelian gauge connection in momentum space as
follows

Aj = i(u|dj|lu), A; — Aj — dja,

with 9; = Ok, while the gauge-invariant Berry curvature is given by

.7:)'/( = (9J'.Ak — (9;(./41'.



Weyl fermions and momentum-space monopoles

Low-energy Weyl Hamiltonian (H. Weyl, 1929)

Hip = ko™ + kyo + k.07,

where k = (ky, ky, k;) are the momenta and o*¥>* are the Pauli
matrices.

The Berry curvature around the Weyl point is given by
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which is the topological charge (first Chern number) of a
momentum-space Dirac monopole.



3D Weyl Semimetals

In Weyl semimetals, the valence and conductance bands in the
energy spectrum touch each other at special nodal points, which
behave as magnetic monopoles in momentum space.
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Weyl fermions coupled to curved background

An effective curved background in Weyl semimetals can be induced
by introducing strain or linear dislocations and disclinations.
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theory of dislocations and disclinations

gauge theory of linear and point defects

(Table from A. V. Grachev et al., The Gauge Theory of Point Defects, 1989).



From vacancies to non-metricity

Vacancies (point defects) in crystals give rise to an effective
non-metricity tensor Q),, in the continuum low-energy regime.
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Q/\;u/ = v)\gm/-

In particular, in absence of torsion (no linear dislocations), the

non-metricity is uniquely characterized by a vector field, known as
Weyl connection.




Weyl geometry and conformal transformations

The most general metric-affine connection is given by

M =T (&) + K (T) + L, (Q).
In Weyl geometry, torsion is null and the non-metricity tensor reads

Q)\/uz = v)\g,ul/ = _W)\g,uu-

It transforms in a covariant way under the following
transformations of the metric tensor and Weyl connection

8uv — Euv = eA(X)g,w/a Wy — VT/)\ = Wy + O\A,
which identify conformal transformations (H. Weyl, 1918).
Third Bianchi identity and curvature

R(aﬁ)/u/ = ga/BF;lAV/’ FMMI// = a,u Wl/ - 81/ W,u,-



Gauging SU(2,2)

Relativistic fermions do not minimally couple to the Weyl
connection, because W, is not part of the Lorentz-invariant spin
connection. We should then consider a spinor field that transforms
under the SU(2,2), namely the double covering of the SO(4,2)
conformal group. lts gauge connection reads

1
A= &P = Swil Jap + N Ka + W,D.

Here, eﬁ is the dreibein related to g, wzb is the Levi-Civita spin
connection, A7, are the gauge fields associated to K, while W), is
the Weyl connection.

The irreducible SU(2,2) spinorial representation reads

1 1
Pa - _7’73(]- - 75)7 Jab - 7[’}/37’}%]7
2 4
1

1
K, = E'Ya(]- +75), D= —57s:



Fermions in Weyl geometry

We can build the following conformal covariant derivative
c .
Vi =0y — Ay
In the flat limit, we have
a a ab a a

e, — 0, wy =0, AL =07,
such that only the Weyl connection remains non zero and we get

Lw = Q[)"y“(lau — 5 W# + )w,
which is invariant under the following gauge transformations

W, — W, + 0,\(x),

v — ei/\(><)75¢7 @ N 1; N5



Weyl semimetals and chiral anomaly

Hy (k, W) 0
H(k, W) = ( "o H_(k,W)>’

with k = (k, ky, k;) the momenta and W = (W, W,, W,) the
space components of the Weyl connection. The total Hamiltonian
decomposes into two 2 x 2 block-diagonal Weyl Hamiltonians with
opposite chirality (Nielsen-Ninomiya theorem)

H:t(k,W) = :i:VFO' . (k :i:W),

with vg the Fermi velocity.
Possible consistent chiral anomaly related to the axial-vector field

é’2

Ot = 0u(i% —J2) = ¢ E" Biy,

i _ kW w _ W
Bw—G‘IFij, Ei —F,'o.



Quantum oscillations of the DC conductivity

It has been recently shown the existence of quantum oscillations of
the DC conductivity in presence of vacancies but without magnetic
fields and torsion (Santos Pires et al., PRL 2022).
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They are known as Shubnikov-de Haas oscillations in metals.



Conclusions and Outlook

» | have briefly discussed a natural application of Weyl geometry
in topological matter: quantum oscillations and chiral
anomaly induced by Weyl connection.

> It would be interesting to study the interplay of torsion
(dislocations) and non-metricity (vacancies) at both zero and
finite temperature.

P [t is important to rigorously derive the chiral anomaly in Weyl
semimetals in presence of non-metricity and dynamical
vacancies.



