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Motivation: from Dirak equation to signature change

1. Consider a kinetic term of the Dirac equation in an external gravitational field :

LD = ı ψ Eµ
a γ

a ∂µ ψ , a = 0 . . . 4

in comparison to the usual Dirac Lagrangian we have here an additional term

with γ5 matrix included. This is very natural generalization of the Dirac Lagrangian

for the case of the quintet of the gamma matrices; this type of the rectangular

vierbeins appear also in the condensed matter physics.

2. Consider the metric:

gµν = Mab e
a
µe

b
ν

with Mab as a dynamical field and arbitrary a and b indexes. The construction

allows to introduce a metric of arbitrary signature in an unified manner. There is no

any special request on dimension of a and b indexes.
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Rectangular vielbein or fünfbiein field appearance

• Consider, for example, the Palatini formulation of the Einstein-Cartan gravity for

some D = 5 space-time:

S = − 1

2χ1

∫

d5z
√

|gab|Ea
A E

b
B RAB

ab , A, a = 0 . . . 4

The metric we have we write with the help of square fünfbiein field

gab = ηAB eAa e
B
b .

Project the 5-dimensional space-time on some 4 dimensional region defined

through xµ coordinate, for example as

z4 = z4(z0(xµ), . . . , z3(xµ)) , µ = 0 . . . 3

Formally: we introduce a rectangular fünfbiein (vierbein) fields eaµ, E
µ
b

and

induced metric:

gµν = gab e
a
µ e

b
ν ,
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Rectangular vielbein or fünfbiein field appearance

• The inverse vfünfbiein lives on the projected space-time

eaµ E
µ
b

= δab

there is no such identity with respect to the a, b indexes. A projection of action

provides in turn:

S = − 1

2χ1

∫

d5z
√

|gab|Ea
A

(

ea1
µ Eµ

a

)

Eb
B

(

eb1ν Eν
b

)

RAB
a1b1

=

= − 1

2χ1

∫

d5z
√

|gab|Eµ
A
Eν

B RAB
µν = − 1

2χ1

∫

d4z E
µ
A
Eν

B RAB
µν

∫

dz4
√

|gab| =

= − 1

2χ

∫

d4x

√

|gµν |Eµ
A
Eν

B RAB
µν

We have µ = 0 . . . 3 Lorentzian and A = 0 . . . 4 internal indexes belong to 5D

space-time. The metric of the four-dimensional manifold we is the following one:

gµν = ηAB eAµ e
B
ν = ηab e

a
µ e

b
ν +2 η4a A

4
µ e

a
ν + η44 A

4
µ A

4
ν = g0µν +hµν , a, b = 0 . . . 3
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A
µ
4 field in 4-dimensional space-time

• The purpose: consider dynamics of A4
µ field in 4-dimensional space time:

gµν(A)A4
µ Aν4 = gµν hµν = 0 ; gµν(A) g

νρ(A) = δρµ

There are two possible constraints on the field:

φ = ηab Eµ
a (A)E

ν
b (A)A

4
µ A

4
ν = 0 , a = 0 . . . 3

or

φ4a = Eµ
a (A)A

4
µ = 0 , a = 0 . . . 3

accounted by multiplier’s term with auxiliary λ field:

S1LM =
1

2χ

∫

d4x |e|λφ or S2LM =
1

χ

∫

d4x |e|λa4 φ4a

The theory has two different phases: A4
µ = 0 aka ordinary Einstein-Cartan

formalism and A4
µ 6= 0 which describes new A4

µ field in ordinary space-time.
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A
µ
4 field in 4-dimensional space-time

• Action of the framework:

S = − 1

2χ

∫

d4x |e|Eµ
a E

ν
b R

ab
µν − 1

χ

∫

d4x |e|E[µ
a A

ν]
4 Ra4

µν + SLM

Taking into account

2 |e|
(

Eµ
a E

ν
b − Eν

a E
µ
b

)

= − ǫµνρσ ǫabcd e
c
ρ e

d
σ

6 |e|Eµ
a = − ǫµνρσ ǫabcd e

b
ν e

c
ρ e

d
σ

we obtain:

S =
1

8χ

∫

d4x ǫµνρσ ǫabcd e
c
ρ e

d
σ R

ab
µν − 1

6χ

∫

d4x ǫαρσ[µ A
ν]
4 ǫabcd e

b
α e

c
ρ e

d
σ R

a4
µν +SLM

The new term of the gravity action is linear with respect to A4
µ - it allows remove

some terms from the action by resolving equation for the A4
µ auxiliary field.
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A
µ
4 field in 4-dimensional space-time

• Action and equation of motion is defined for the case of the first order formalism.

For the first constraint:

δS

δλ
= 0 −→ ηab Eµ

a (A)E
ν
b (A)A

4
µ A

4
ν = 0

δS

δA
µ
4

= 0 −→ λA4
ν ∝ Eµ

a (A)R
a4
µν(A)

and we obtain after the field redefinition:

Seff =
1

8χ

∫

d4x ǫµνρσ ǫabcd e
c
ρ e

d
σ R

ab
µν − 1

6χ

∫

d4x ǫαρσ[µ A
ν]
4 ǫabcd e

b
α e

c
ρ e

d
σ R

a4
µν

For the second constraint we have correspondingly:

Eµ
a (A)A

4
µ = 0 , λ4ν ∝ Eµ

a (A)R
a4
µν(A)

Seff =
1

8χ

∫

d4x ǫµνρσ ǫabcd e
c
ρ e

d
σ R

ab
µν(A)
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A
µ
4 field in 4-dimensional space-time

• The equation (for the first constraint) we have

ηab Eµ
a (A)E

ν
b (A)A

4
µ A

4
ν = 0

determines a new possible phase of the formalism with Aa
µ cl. 6= 0. In general:

Rab
µν = ∂µων

ab − ∂νωµ
ab + ωµ

a
c ων

cb − ων
a
c ωµ

cb + ωµ
a
4 ων

4b − ων
a
4 ωµ

4b

and

Ra4
µν = ∂µων

a4 − ∂νωµ
a4 + ωµ

a
c ων

c4 − ων
a
c ωµ

c4

We need solutions of ωµ
a
b and ων

a4 as functions of Aa
µ. The Seff determines

quantum corrections to the Aa
µ cl. obtained by the resolution of the constraints.
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Equations of motion for the connection fields

• Vary the full action with respect to ωab
ν

δωS =
1

2χ

∫

d4x ǫµνρσ ǫabcd e
c
ρ

(

Dνe
d
σ

)

δωµ
ab −

− 1

6χ

∫

d4x ǫapcd e
p
α e

c
ρ e

d
σ

(

ǫµαρσ A4ν − ǫναρσ A4µ
)

ων [4b] δωµ
ab

obtaining

1

2χ
ǫµνρσ ǫabcd

(

Dνe
d
σ

)

− 1

6χ
ǫapcd e

p
α e

d
σ

(

ǫµαρσ A4ν − ǫναρσ A4µ
)

ων [4b] = 0

In standard form:

(

D[νe
a
µ]

)

+
1

9
A4ρ ωρ [b4] e

a
[ν e

b
µ] − 1

9

(

eaρ A
4ρ

)

eb[ν ωµ] [4b] = 0

or
(

D[νe
a
µ]

)

− Qνµ
a = 0

Qνµ
a = − 1

9
A4ρ ωρ [b4] e

a
[ν e

b
µ] − 1

9
Eρa A4

ρ e
b
[ν ωµ] [b4] .
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Equations of motion for the connection fields

• The solution can be written in terms of the Levi-Civita connection and contorsion

tensor:

ωµ
ab = γµ

ab + Kµ
ab

with

γµ
ab = ecµ

(

Cc
ab − Cab

c + Cb
c
a
)

, Cab
c = Eµ

a E
ν
b ∂[µe

c
ν]

Kµ
ab = − ecµ

(

Qc
ab −Qab

c + Qb
c
a
)

= −Qµ
ab + Qab

µ − Qb
µ

a

The equation of motion for the second connection field:

1

2
ǫµνρσ ǫabcd e

c
ρ e

d
σ ωµ

[a4] − ǫbacd e
a
α e

c
ρ

(

∂µe
d
σ

)

ǫαρσ[µ Aν]4 −

− 1

3
ǫbacd e

a
α e

c
ρ e

d
σ ǫ

αρσ[µ ∂µA
ν]4 +

1

3
ǫaecd e

e
α e

c
ρ e

d
σ ǫ

αρσ[µ Aν]4 ωµ
a
b = 0

Need in a weak field expansion for the vierbein fields:

eaµ = δaµ + ea1µ +
1

2
δνb e

a
1ν e

b
1µ, Eµ

a = δµa − E
µ
1a +

1

2
δbν E

µ
1b E

ν
1a ,

eaµ = ηab ηµν E
ν
b , eµa = Eµ

a
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Perturbative solution for the ωµ
a4 connection field

• In a flat space-time, first order:

ω0µ
a4 = ∂µA

a4

In a curved space time, first order:

ω1µ
a4 = Ab 4

(

∂be
a
1µ

)

+ ∂µ
(

Aν 4ea1ν
)

− Ab 4
(

∂ae1µb
)

It is not enough: does not provide a kinetic term for the quantum part of Aa
µ cl.

There is a need in a calculation of

ωµ
a4 ∼ ωµ

a4(A2, e1) , eaµ ∼ eaµ(A)

quantities as well as corresponding usual connection field and vierbeins.
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Extended Dirac equation

• Consider possible new matter Lagrangian terms arise because of the new vierbein

field. There are three new terms we can write additionally to the Dirac Lagrangian

in the case of a general flat space-time:

Sm = ı

∫

d4xψ
(

A
µ
4 γ

5
)

∂µψ +
1

4

∫

d4xA
µ
4 Kµ ab

(

ψ γ5 σab ψ
)

+

+
ı

4

∫

d4xKabc

(

ψ γa γ[b γc] ψ
)

with

σab = ı γ[aγb] , j5µ = ψ γµ γ
5 ψ

The same action can be written as

Sm ∝ ı g1

∫

d4xψ
(

A
µ
4 γ

5
)

∂µψ − g21

∫

d4x ǫµνρσ j5σ A
4
µ∂νAρ4 +

+ g31

∫

d4x ǫµνρσ
(

Aα
4 A

4
µ (∂ν Aα4) +Aα

4A
4
ν (∂αA4µ)−Aα

4A
4
α (∂µAν4)

)

(

ψσρσψ
)
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Possible supercondactivity-like state

• Suppose we have (yet not determined) propagator of the A field:

D0µν(x, y) ∝ − ηµν η44

∫

d4p

(2π)4
e−ıp(x−y)

p2 + ıǫ

We have for the matter field action:

SA = − g21

∫

d4x

∫

d4y
(

ψ4 γ
5 ∂µψ3

)

x
Dµν(x, y)

(

ψ2 γ
5 ∂νψ1

)

y

or equivalently

SA = − g21

∫

d4x

∫

d4y
((

∂µψ4c

)

γ5 ψ3c

)

x
D0µν(x, y)

(

ψ2 γ
5 ∂νψ1

)

y

with charge conjugated spinors defined as

ψ1(y) = u(k1)e
−ıyk1 , ψ2(y) = u(k2)e

ıyk2 ;

ψ3c(x) = −ı γ2 (ψ3(x))
∗ = −ı eıxp3 γ2 u∗(p3) ;

ψ4c(x) = −ı
(

γ0 γ2 ψ4(x)
)T

= − ı e−ıxp4 uT (p4) γ
2 γ0 = ı e−ıxp4 u∗(p4) γ

2 .
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Possible supercondactivity-like state

• Using that plane wave expressions we obtain:

SA = −g
2
1

4

∫

d4x

∫

d4y e−ıx(p4−p3)− ıy(k1−k2)D0µν(x− y) pµ4 k
ν
1

(

u∗(p4) γ
2 γ5 u(k1)

) (

u(k2) γ
5 γ2 u∗(p3)

)

=

=
g21
4
η44 (2π)

4δ4(p3 − p4 − k1 + k2)
(p3 − q)µ k

µ
1

q2 + ıǫ
(

u∗(p4)γ
2γ5 u(k1)

) (

u(k2)γ
5γ2 u∗(p3)

)

with

q = p3 − p4 = k1 − k2

and

u(k) =





√
k σ ξs

√
k σ̄ ξs




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Possible supercondactivity-like state

• The final high-energy limit amplitude:

SA = g21 η44 (2π)
4 δ4(p3 − p4 − k1 + k2)E

2 (p3 − q)µ k
µ
1

q2 + ıǫ

The non-relativistic expression:

ıM = ı
g21
4
m2 η44

p3 ik
i
1 − qik

i
1

(~q)2

In general, the η44 metric’s component can be positive or negative, depending

on overall signature of 5-d metric, for the negative value of η44 a repulsive

potential appears. The non-zero contribution, in turn, arises only for the opposite

directions of the spins of the two electrons as in superconductivity states does.
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Conclusion:

• The formalism of Einstein-Cartan gravity with rectangular vierbein has a rich

structure consists different phases. Yet, it is not clear if the new field introduced is a

dynamical one. Further calculations are required in order to clarify the details of

the microscopic interactions through the new field. It can be that the field is a

dynamical one only in a curved space-time.

• New vierbein field (vector field) provides new term in the Dirac Lagrangian and

allows direct construction of the superconductivity-like states in the gravity

interactions with corresponding type of interactions between fermions. The new

interactions can be positive or negative in general and may produce some

corrections in the regular gravity interactions, all that can be verified in principal.

• Additional calculations including gravity-matter interactions must be performed in

order to understand the overall picture. It is interesting to explore the possible

interconnection of the formalism with condensed matter physics.
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