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Motivation: from Dirak equation to signature change

1. Consider a kinetic term of the Dirac equation in an external gravitational field :
Lp =1 E¥ "0, a=0...4

in comparison to the usual Dirac Lagrangian we have here an additional term
with ~° matrix included. This is very natural generalization of the Dirac Lagrangian
for the case of the quintet of the gamma matrices; this type of the rectangular
vierbeins appear also in the condensed matter physics.

2. Consider the metric:

a b
guv = Mgp ey e,

with M, as a dynamical field and arbitrary ¢ and b indexes. The construction
allows to infroduce a metric of arbitrary signature in an unified manner. There is No
any special request on dimension of a and b indexes.
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Rectangular vielbein or funfbiein field appearance

Consider, for example, the Palatini formulation of the Einstein-Cartan gravity for
some D = 5 space-time;

1
S = ~ 5 d°2\/|gap| E4 ESL RAP . Aja =0...4
X1

The metric we have we write with the help of square funfbiein field
Gab = MAB €. ep .

Project the 5-dimensional space-time on some 4 dimensional region defined
through «# coordinate, for example as

2 =22 @P), ..., 23 @H), p=0...3

Formally: we infroduce a rectangular funfbiein (vierbein) fields ef,, E! and

induced metric:

a b
g,LLV — gab eu 61/7
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Rectangular vielbein or funfbiein field appearance

¢ The inverse vfunfbiein lives on the projected space-time

there is no such identity with respect to the a, b indexes. A projection of action
provides in turn:;

b b
S = 2X1 d°z \/|ga| E4% (efblE(/j) EZ (e,}Eb'/) Ra1b1 =
1
_ 2 - d5 /‘gab E,M EB RﬁVB _ _% / d‘{gEﬁE% RﬁVB /dz4 ‘gab’ —

_ _Z/d%mgwwgz@g RAB

We have p = 0 ... 3 Lorentzicnand A = 0 ... 4 infernal indexes belong to 5D
space-fime. The metric of the four-dimensional manifold we is the following one:

Juv = nABeﬁef = nabel‘ieg—l—ZmaAﬁeﬁ—l—nMAiAﬁ = gour +huv, a,b =0...3
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A field in 4-dimensional space-time

The purpose: consider dynamics of Aﬁ field in 4-dimensional space time:
g (A) A Ays = " by = 05 guu(A) g"P(A) = &
There are two possible constraints on the field:
¢ = n"’EN(A)EY(A) AL A, =0, a=0...3

or
Pr = E(’;,L(A)Aﬁ =0, a=0...3

accounted by mulfiplier’s tferm with auxiliary A field:
1 4 1 4 a 4
Sitv = — | dizlelA¢ or Sopp = — [ dixle| A\ @y
2x X

The theory has two different phases: Aﬁ — 0 aka ordinary Einstein-Cartan
formalism and Afb % 0 which describes new Aﬁ field in ordinary space-fime.
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A field in 4-dimensional space-time

@ Action of the framework:

1 1 5
S = - — /d4x|e|EgEgRg§; S /d4x|e|E£#A4] R + Spm
2x X

Taking into account

2le| (EFEY — EYEY) = — e"P7 €qpeq €5 €4

. vpo b c
6le| B = — e’ eqpeae, €€

we obtain:

1

S = —
38X

4 d b 4 v b d 4
d*x e’ eqpeq e, eg Ry, — — | d°x exralr A4] €abed €o €p €g By + S

The new term of the gravity action is linear with respect to A;‘; - it allows remove

some terms from the action by resolving equation for the Aﬁ auxiliary field.
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A field in 4-dimensional space-time

¢ Action and equation of motion is defined for the case of the first order formalism.
For the first constraint:

0S5 ab v 4 A4
05 0 Al EH(A) R (A)
5AZ v < i

and we obtain after the field redefinition:

1

1
Sorg = o [ e et B — b [t oo i) o el

o -p o
For the second consfraint we have correspondingly:

EH(A) AL =0, M < EH(A) R;};i(A)

Supp = — / A VP € qpeq €€ ed ROV (A)
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A field in 4-dimensional space-time

The equation (for the first constraint) we have

0 B (A) EY (A) AL AL = 0
determines a new possible phase of the formalism with AZ .. 7 0.Ingeneral:
Rab — 9 ® — 8w P W% ewr® — WP ewn P Wy T — Wy T g,

and

a4 a4 a c4 a c4
R — 8Mwy - 81/(&)'“ + w’u, CwV - w;/ Cw,u,

We need solutions of w, *;, and w, ** as functions of A%. The S, ;; determines

quantum corrections o the AZ ;. Obtained by the resolution of the constraints.
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Equations of moftion for the connection fields

® Vary the full action with respect to w2b

1
1

G d*z €aped €5, e[c) eg (e“o‘pa A vars pdp ) Wy [4b] Wy ab
X

obtaining
1

) — —— €apcd eg eg (e”“o‘p‘7 AYY . varo A4“’) Wy [4b] = 0
6x

In standard form:

a 1 4 a _b
(D[Ve ) + §A pCUp [b4] G[V eu] -

a b
] (eP A4p) Clv Wl [4b] = 0

O |~

or
(D) = Quu =0

a 1 4 a _b 1 a A4 b
Quu® = = 5 AP wppay € €y — o BP* Apep, wy) pay -
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Equations of moftion for the connection fields

¢ The solution can be written in terms of the Levi-Civita connection and contorsion
tensor:

Wy — ,Yuab + KM ab

with

ab c

Yo = € (Ccab —-C*. +Cbca), Cap © = Eg Ey O)ey,
K,uab — _ez (Qcab_Qabc+cha) — _Quab+QabM_QbMa

The equation of motion for the second connection field:

1
—€"P% €qpea € ecal Wy L €q € <8Mef,l) ePoln AvI4
1 a _c _d opo'[,u,a AI/]4 1 e ¢ _d _apo[p Al/]4 a. . — 0

Need in a weak field expansion for the vierbein fields:

TR

1
= 6% +ef, + 5556?5,,6’;“, EF =5t — EY 4 i(ngbefa,

b
=N nu By, el = EY

TR
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Perturbative solution for the w,, ** connection field

¢ In aflat space-time, first order:
wou “4 = 9, A
In a curved space time, first order:
wiy =AY (Opel,) + Ou (AV%el,) — AP* (0%1u)

It is not enough: does not provide a kinetic term for the quantum part of AZ ol
There is a need in a calculation of

wp o~ w, (A% e1), €% ~ e%(A)

a a
p %

quantities as well as corresponding usual connection field and vierbeins.
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Extended Dirac equation

Consider possible new matter Lagrangian terms arise because of the new vierbein
field. There are three new terms we can write additionally to the Dirac Lagrangian
in the case of a general flat space-time:

Sm = = z/d‘le(Agyf)) O + i/d‘*xAZKuab (Ev"’o“bw) +
z 4 oa b ~c]
+ 4/d x Kape (¢7 A ¢)

with

o = m[

Nl S = Sy

The same action can be written as
Sm X 191 / d‘%@(AZ 75) oy — gs / dx etvro 45 Ai&/Apzl -

S / dia ePT (AG A% (D) Ana) + AT AL (00 Any) — AFAL (94 AL1)) (Eamﬂp)
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Possible supercondactivity-like stafe

¢ Suppose we have (yet not determined) propagator of the A field:

d4p e_zp(m_y)
(2m)*  p2 + e

Do pw (z,y) o< — Ny N44 /
We have for the matter field action:

A= —g3 /d4:v /d4y @4 o 3“¢3>x Dy (2, y) (% o 8”¢1)

Yy

or equivalently

— gt [ats [aty ((0"0a) 7 vac) Dolony) (377 0"01)

Yy

with charge conjugated spinors defined as

Di(y) = u(k)e YR Yy(y) = a(ka)eF2;
Yac(z) = —19® (Y3(2)* = —1e"P3 42w (p3);
Ype(x) = —1(7%9? 2?4(3?))T = —1e Piyl (pg) 20 = 1e " TPATT (py) 47
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Possible supercondactivity-like stafe

¢ Using that plane wave expressions we obtain:

2
Sa = —% /d4:c /d4ye_m(p4_p3)_w(k1_k2)DOW(x—y)PZL k1

(@ (pa) v* 7” ukr)) (@(k2) 7> ~* u*(p3)) =
2

p3 — q)pu kY
= %?744 (2m)*6% (p3 — pa — k1 + ko) ( Ju Ky

q? + 1€
(@ (pa)y*y” u(ka)) (t(k2)v"v* u” (p3))

with

q = p3 — pas = k1 — ko

_ [ Vkoe
k) = ( NI )

and
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Possible supercondactivity-like stafe

The final high-energy limit amplitude:

p3 — q)pu k'
Sa = ginaa (2m)* 6% (p3 — pa — k1 + k2) E” ( q2 +)Ze 1

The non-relativistic expression:

2 7 7
91 o DP3ik] — qik]

M = 1= m" Ny
4 (9)?

In general, the n44 Metric’s component can be positive or negative, depending
on overall signature of 5-d metric, for the negative value of n44 a repulsive
potential appears. The non-zero conftribution, in turn, arises only for the opposite

directions of the spins of the two electrons as in superconductivity states does.
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Conclusion:

The formalism of Einstein-Cartan gravity with rectangular vierbbein has a rich
stfructure consists different phases. Yet, it is not clear if the new field infroduced is a
dynamical one. Further calculations are required in order to clarify the details of
the microscopic interactions through the new field. It can be that the field is a
dynamical one only in a curved space-time.

New vierbein field (vector field) provides new tferm in the Dirac Lagrangian and
allows direct construction of the superconductivity-like states in the gravity
interactions with corresponding type of interactions between fermions. The new
interactions can be positive or negative in general and may produce some
corrections in the regular gravity interactions, all that can be verified in principal.

Additional calculations including gravity-matter inferactions must be performed in
order to understand the overall picture. It is inferesting to explore the possible
interconnection of the formalism with condensed maftter physics.

Rectangular —p. 16



	small Motivation: from Dirak equation to signature change
	small Rectangular vielbein or f"{u}nfbiein field appearance
	small Rectangular vielbein or f"{u}nfbiein field appearance
	small ${�lue A_{4}^{mu }}$ field in 4-dimensional space-time
	small ${�lue A_{4}^{mu }}$ field in 4-dimensional space-time
	small ${�lue A_{4}^{mu }}$ field in 4-dimensional space-time
	small ${�lue A_{4}^{mu }}$ field in 4-dimensional space-time
	small Equations of motion for the connection fields 
	small Equations of motion for the connection fields 
	small Perturbative solution for the ${�lue omega _{mu },^{a 4}}$ connection field 
	small Extended Dirac equation 
	small Possible supercondactivity-like state 
	small Possible supercondactivity-like state 
	small Possible supercondactivity-like state 
	small Conclusion:

