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Bringing Together the Schwinger and Hawking Effect 
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Outline 

 

 

• Particle production (Schwinger and Hawking) 

• Formalism from quantum effective actions 

• Application to electric and gravitational fields 

• Application to general mass distributions 

• Discussion & conclusions 

 

Can you put the Schwinger and Hawking effect on equal footing? 
 

How Do Particles Arise from Vacuum Fluctuations? 
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Vacuum Fluctuations 

• The quantum vacuum state is populated by short-lived excitations, staying undetectable 
according to the Heisenberg uncertainty relation, ∆E ∆t ≥ ℏ/2. 

• The simulation on the right shows gluons in quantum chromodynamics (QCD)  
arising, interacting, and annihilating. 
(lattice QCD simulation, box size: 2.4 × 2.4 × 3.6 fm3). 

http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/ImprovedOperators/index.html [last access: 10 January 2025]. 

Classical vacuum Quantum vacuum 
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Vacuum Fluctuations 

• Diagrammatic language for a vacuum fluctuation: closed loop.  
Creation of a particle–anti-particle pair followed by recombination. 

• In static flat spacetime, there is no obstruction to annihilation. 
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Electric Schwinger Effect  
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Electric field needs to be strong enough (~1018 V/m) to create e--e+ pairs (massive!). 

Reannihilation of particle–anti-particle pair suppressed by Coulomb force. 

Credit: H. Falcke 
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Electric Schwinger Effect 

• Particle production in a homogeneous electric field 𝐸 (Schwinger effect). 

• Here: Free complex scalar field of charge q and mass m. 

 

• Does a vacuum state evolve into a non-vacuum state? 

 

 

 

• The probability for particle production reads 

 

 

• Effective Lagrangian for a constant homogeneous electric background field: 

H.H. Euler, W. Heisenberg, Zeitschr. Physik 98 (1936) 714; J.S. Schwinger, Phys. Rev. 82 (1951) 664. 

𝒟𝜙: Integral over all field configs. 
S: classical action (depends on 𝜙 & 

el. field) 
W: effective action (integrated over 

all field configurations 𝜙, only 
depends on el. field) 

𝔏eff: eff. Lagrangian (temporal & 
spatial density related to eff. 
action) 

𝔍: Imaginary part 
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Tunneling of a Mass Shell (a la Parikh-Wilczek) 

 

• Spherically symmetric mass shell  
(positive-energy s-wave particle configuration) 
tunneling out of the horizon.  

• WKB approximation for tunneling: 

 

 

 

 

 

• Decrease of black-hole size (backreaction) 
implemented by conservation of ADM mass. 
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Tidal Forces & Grav. Particle Production 
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Reannihilation of particle–anti-particle pair suppressed by tidal forces. 

Credit: H. Falcke 
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Description of Particle Production 

• Central question: Does a vacuum state evolve into a non-vacuum state? 

• For a classical field 𝜙, the time evolution follows from the equations of motion.  

For a quantum field 𝜙, all possible evolutions need to be considered,  

“weighted” by their non-stationarity.  

• The vacuum-to-vacuum amplitude: 

 

 

• Overall probability for particle creation: 

 

 

• Creation event rate density: 

Wondrak, van Suijlekom, Falcke, PRL 130 (2023) 221502 

𝒟𝜙: Integral over all field configs. 
S: classical action (depends on 𝜙 

& metric) 
W: effective action (integrated 

over all field configurations 𝜙, 
only depends on metric) 

𝔏eff: eff. Lagrangian (temporal & 
spatial density related to eff. 
action) 

𝔍: Imaginary part 

Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502 
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Euclidean Effective Action 

• Free scalar field, coupling parameter 𝜉 irrelevant for Ricci-flat spacetimes. 

 

 

 
 

• Euclidean (one-loop) effective action: 

 

 

 

 

  

  

Wondrak, van Suijlekom, Falcke, PRL 130 (2023) 221502 

SE: Euclidean Action 
𝜉 = 0 (minimal coupling, graviton) 
𝜉 = 1/6 (conformal coupling, photon) 

 

Effective action thus has, an exponential of 𝜙2, leading to Gauss 

integral with this solution involving det H  (ln det H = Tr ln H).  
𝓁 is the UV regularization scale. Schwinger 

representation in 
1st quantization 
𝜙 → x(t), i.e. 
localized field 
excitations 

heat kernel: calculates probability that localized 
particle appears at initial location again after time s 

(i𝜖 regularization for m→0) 
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Particle Production in Curved Spacetimes 

Destructive interference of particle and antiparticle  
 no contribution to particle production 

Constructive interference of particle and antiparticle   
 contribution to particle production 

particle antiparticle 

starting point 

particle antiparticle 

starting point 

meeting point meeting point 
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Barvinsky-Vilkovisky Curvature Expansion 

Expansion of the heat kernel to arbitrary order in s, but only 2nd order in curvature 

• Staying in position space and to second order derivatives, integration of the heat 

trace over s reveals upon renormalization a term ln(m2𝓁 2-iϵ). 

• The imaginary part of the effective action implies particle production! 

 

 

 

 

  

Barvinsky, Vilkovisky, Nucl. Phys. B333 (1990) 471; 
Codello, Zanusso, J. Math. Phys. 54 (2013) 013513 

For charged scalar fields, coupling to e.m. field appears, 
which gives an analogous curvature contribution. 

(now in Lorentzian signature) 

(still in Euclidean signature) 

Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502 
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Application to Electric Fields (Schwinger Effect) 

• Imaginary part of the effective action: 

 
 
 
 
 
 

 

• Complex scalar in electric background field in flat spacetime.  
Only contributing term:  

 

 

• Formal limit of closed-form Schwinger: 

 

 

  
Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502 
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Geometric Optics Around Black Holes 

Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502 

Schwarzschild black hole. 
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Comparison with Hawking Effect 

 

 

 

 

 

 

 

• The predictions correspond to each other up to a relative factor ~ 1.9. 

• Emission from the region between event horizon and photon orbit  
(min. 1 particle absorbed by the black hole)  
comparable to Hawking predictions. 

Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502 



Radboud University 

Source Profile for Escaping Particles 
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Escape cone  
closing towards the  

event horizon. 

Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502 

Curvature  
decreasing with 
distance. 
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Source Profile for Escaping Particles 
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Escape cone  
closing towards the  

event horizon. 

Curvature  
decreasing with 
distance. 

Falcke, Wondrak, van Suijlekom, 2410.14734 [gr-qc] 
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Geometric Optics Around General Massive Objects 

Optically thick, non-rotating, spherically symmetric objects of mass M and radius Rm. 

4 6 

interior 

& re-radiated 

Falcke, Wondrak, van Suijlekom, 2410.14734 [gr-qc] 
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Total Power 

Total of all radiation components: 

Adjustment terms: 

Falcke, Wondrak, van Suijlekom, 2410.14734 [gr-qc] 
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Power Spectrum 

• Contributions: 
• Escaping external emission: Planck at local curvature energy scale. 

• Surface emission: Redshifted greybody. 

 

graviton-like (minimally coupled) 
 

Interior contributions dominate. 

photon-like (conformally coupled) 

Planck at local curvature energy scale 
Redshifted greybody 

Falcke, Wondrak, van Suijlekom, 2410.14734 [gr-qc] 
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Characteristic lifetime according to 
total power emitted: 

Characteristic Timescale for Evaporation 

Exponential decay for constant 
density. 

Characteristic mass-density scale from the age of the Universe: 

Falcke, Wondrak, van Suijlekom, 2410.14734 [gr-qc] 
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Limitations 

• Neutral massless scalar field with 1 degree of freedom only  
→ photons and gravitons have two polarizations.  

• For mathematical consistency, we worked in Euclidean signature. In a Lorentzian 
context, application to stationary systems in equilibrium. 

• We use a curvature expansion of the effective action in position space to second 
order only.  

• Magnetic field in Schwinger effect (from the parity-odd term 𝐹𝜇𝜈  𝐹 
𝜇𝜈) requires higher 

orders (Ferreiro, Navarro-Salas, & Pla 2024; WSF2024 reply). 

• Form of Heaviside step function depending on Fourier representation of form factors 
(Boasso, Franchino Viñas, Mazzitelli 2024). 

• Energy/temperature of pairs ∝ curvature (Kretschmann scalar 𝑅𝜇𝜈𝜌𝜎  𝑅
𝜇𝜈𝜌𝜎) was 

not derived stringently, but in analogy to Schwinger. It might miss terms for 
more complex space times. 

• We assumed local emission to be isotropic for static observer, which it might not 
be as curvature & tidal forces are anisotropic.  



Radboud University 

Conclusions and Outlook 

• Proposal to put the Schwinger and Hawking effect on equal footing.  
• Reproduces exact expression for the Schwinger effect for electric fields in massless limit; 

Reproduces Hawking emission within factor ~2. 

• Scalar field as a prototype for general massless fields.  
For a black hole, only emission of massless particles over almost entire lifetime. 

• The presence of a black hole event horizon is no central ingredient.  
Objects curving spacetime would evaporate and gravitational fields would 
eventually “relax”. 

• Potential implications for the information paradox. 

 

• Impact of higher-curvature terms and backreaction. 

• Relation to trace-anomaly description of Hawking radiation (Chernodub 2023). 

• Dynamically assisted Schwinger effect. 
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Heraclitus 

 
Πάντα χωρεῖ καὶ οὐδὲν μένει. 

Everything is in flux and nothing stays. 

Liddell, Scott, Jones, McKenzie, Glare: "A Greek-English Lexicon: 
With a Revised Supplement." Oxford: Clarendon Press. 1996. 

520-460 BC 

m.wondrak@science.ru.nl 
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Heraclitus’ Gift Guide 

Πάντα χωρεῖ καὶ οὐδὲν μένει. 
Everything is in flux and nothing stays. 

Liddell, Scott, Jones, McKenzie, Glare: "A Greek-English Lexicon: 
With a Revised Supplement." Oxford: Clarendon Press. 1996. 

520-460 BC 

Prefer “ordinary” diamonds over  
self-gravitating white dwarfs! 

m.wondrak@science.ru.nl 


