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Particle production (Schwinger and Hawking)
Formalism from quantum effective actions
Application to electric and gravitational fields
Application to general mass distributions
Discussion & conclusions

Can you put the Schwinger and Hawking effect on equal footing?

How Do Particles Arise from Vacuum Fluctuations?



Vacuum Fluctuations
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Classical vacuum Quantum vacuum

« The quantum vacuum state is populated by short-lived excitations, staying undetectable
according to the Heisenberg uncertainty relation, AE At > a/2.

« The simulation on the right shows gluons in quantum chromodynamics (QCD)
arising, interacting, and annihilating.

(lattice QCD simulation, box size: 2.4 x 2.4 x 3.6 fm3).

http://www.physics.adelaide.edu.au/theory/staff/leinweber/VisualQCD/ImprovedOperators/index.html [last access: 10 January 2025].
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« Diagrammatic language for a vacuum fluctuation: closed loop.
Creation of a particle—anti-particle pair followed by recombination.

 In static flat spacetime, there is no obstruction to annihilation.
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Electric Schwinger Effect %

Reannihilation of particle-anti-particle pair suppressed by Coulomb force.
Electric field needs to be strong enough (~1018V/m) to create e-e* pairs (massive!).
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Electric Schwinger Effect %
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- Particle production in a homogeneous electric field E (Schwinger effect).
* Here: Free complex scalar field of charge g and mass m.

» Does a vacuum state evolve into a non-vacuum state? D¢: Integral over all field configs.
: i i S: classical action (depends on ¢ &
(Oasl0n) = [ D exp( 5 S0, A1) = exp ; WlA]) el. field)
: : W: effective action (integrated over
W = [d*x /=g Lef: effective action; A: e.m. background field all field configurations ¢, only
depends on el. field)
- The probability for particle production reads et eff. Lagrangian (temporal &
spatial density related to eff.
1 — [{Oout|0i)[2 = 1 — exp(—2/ESWIA]). action)

» Effective Lagrangian for a constant homogeneous electric background field:

)nJrl 2

=2 o
N B (gE) (—1 nmTm
"S(EEfF) - 16T|’3h Z n2 exp _, ZE_‘z
n=1 [} q

H.H. Euler, W. Heisenberg, Zeitschr. Physik 98 (1936) 714; ].S. Schwinger, Phys. Rev. 82 (1951) 664.
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Tunneling of a Mass Shell (a la Parikh-Wilczek) %
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« Spherically symmetric mass shell

(positive-energy s-wave particle configuration)
tunneling out of the horizon.

« WKB approximation for tunneling:

Im S =Im / . P, dr

M—w prout d] +Ww prrout " ,
—Imﬁj f dH_Ime f \/m (—dw)

« Decrease of black-hole size (backreaction)
implemented by conservation of ADM mass.
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Description of Particle Production %
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« Central question: Does a vacuum state evolve into a non-vacuum state?

For a classical field ¢, the time evolution follows from the equations of motion.
For a quantum field ¢, all possible evolutions need to be considered,
“weighted” by their non-stationarity.

The vacuum-to-vacuum amplitude:

i .
<Oout|oin> — /D(I5 €Xp (— S[@, 9]) = eXp(IW[Q]/h) D¢: Integral over all field configs.
h S: classical action (depends on ¢
& metric)

Overall probability for particle creation: W: effective action (integrated
over all field configurations ¢,

2 only depends on metric)
5= |<Oout|01n>| =1 —exp (_Q%W/h) L. eff. Lagrangian (temporal &
spatial density related to eff.
action)
+ Creation event rate density: P = 23 L.g/h 3 Imaginary part

Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502
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* Free scalar field, coupling parameter ¢ irrelevant for Ricci-flat spacetimes.

1 1
Se6,95] = 5 f d'z /gy (R* 0,0 0"6+m*¢* + W ER?) = 5 / 'z /g H
=h2A+m? +h%ER Sg: Euclidean Action

¢ = 0 (minimal coupling, graviton)
¢ = 1/6 (conformal coupling, photon)
« Euclidean (one-loop) effective action:

h 9 9 Effective action thus has, an exponential of ¢2, leading to Gauss
WE = —Trln Hf /h integral with this solution involving det H (In det H = Tr In H).
2 £ is the UV regularization scale. Schwinger

representation in

h >~ d 1
_ _Dp-2z f lfz /d438 N Dz (7) exp (—— Se[x(’r)o 1st quantization
: 0 #(0)=2(s) h

¢ — x(t), i.e.
o0 localized field
— _ij €—2z ds Ty (e—s(A+$R)) e_S(mz/hQ—iE) excitations
2 0 Sl_z (ie regularization for m—0)

heat kernel: calculates probability that localized )
particle appears at initial location again after time s Wondrak, van Suijlekom, Faicke, PRL 130 (2023) 221502
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Destructive interference of particle and antiparticle Constructive interference of particle and antiparticle
- no contribution to particle production - contribution to particle production
meeting point meeting point

antiparticle particle antiparticle particle

starting point starting point
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Barvinsky-Vilkovisky Curvature Expansion %
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Expansion of the heat kernel to arbitrary order in s, but only 2" order in curvature

Tre—$(A+E) ~ 1 /0143j 7 |1—s(e— l R (still in Euclidean signature)
(4dms)? = 6
+ 8% (Cuwpo fo(SA) CHP7 + R fr(sA) R+ Qu fa(sA) Q)| + ...

« Staying in position space and to second order derivatives, integration of the heat
trace over s reveals upon renormalization a term In(m?2¢2-ie).

« The imaginary part of the effective action implies particle production!

h 1 /m? 1 2 (now in Lorentzian signature)
W) = 55 [atav=i |5 (G + (6 5) B)
1 ] 0 =<0
vpo v v O(x) = 1 =
+ w55 (Rupo R = Ry RMY) + EQ,%Q” ]9(—m2) . S p ki

For charged scalar fields, coupling to e.m. field appears,

Barvinsky, Vilkovisky, Nucl. Phys. B333 (1990) 471; which gives an analogous curvature contribution.
Codello, Zanusso, J. Math. Phys. 54 (2013) 013513 Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502
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Application to Electric Fields (Schwinger Effect) %
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« Imaginary part of the effective action:

i m? 1\ )\, 1 T v ’
I(W) = 3o d*z/—g [ ( (f = —) ) + 130 (Ruvpo R*P7 — Ry R*) T 1 quﬂu ]9( m*) +...

« Complex scalar in electric background field in flat spacetime.
Only contributing term:

é:.
2(8E)2 (6E)2 e"‘+

0,0 = — S(Log) =
n A2 SLett) = 1957 %

+

« Formal limit of closed-form Schwinger:

(eE) 2 ——(— 1)”+1 nrm?\ m2—o0 (eE)Q
< — =
S(Lest) = 16m3h Z n2 SXP heE 1927h
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Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502



Geometric Optics Around Black Holes

Schwarzschild black hole.

®&— escaping to infinity
&— captured

./V
° r"/' annihilated
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[ Hawking, num. [Elster 1983]

[ Hawking, geom. opt. ]
[7] WSF, 2 ptcle, r > 3 GM
W WSF, 1 ptcle, r> 3 GM
W WSF, 1 ptcle, r< 3 GM

Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502



Comparison with Hawking Effect %

4, N
MiNe<©

Radboud University

PANy
Crre™

WSF Hawking effect
_ 12.3 x 1074 (GM) ! 6.51 x 10~4(GM)~*
Particle Flux
2505~ (Mg /M) 132571 (Mg /M)
12.8 X 1075 1 (GM) ™2 6.99 x 10~ 1 (GM) 2

Energy Flux
5.57 x 10728 Js~ 1 (My/M)?  3.04 x 1028 Js—1 (Mg /M)?

Local temperature

164 nK 138 nK
(r=2.5GM, M = M)

« The predictions correspond to each other up to a relative factor ~ 1.9.

« Emission from the region between event horizon and photon orbit
(min. 1 particle absorbed by the black hole)
comparable to Hawking predictions.

Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502



Source Profile for Escaping Particles %

Particles per time

per shell of unit thickness

dzNobser\.red [ dtdr [ (GNIW)_2
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Wondrak, van Suijlekom, Falcke, Phys. Rev. Lett. 130 (2023) 221502
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Falcke, Wondrak, van Suijlekom, 2410.14734 [gr-qc]



Geometric Optics Around General Massive Objects %
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Optically thick, non-rotating, spherically symmetric objects of mass M and radius R,,.

e escaping to infinity | ® >  interior
&— captured & re-radiated
o— annihilated

Falcke, Wondrak, van Suijlekom, 2410.14734 [gr-qc]



Total Power
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Total of all radiation components:

i o —2 —9/2 . 1/4
Fiot = 2.4 x 10722 erg/s @ a(&,ﬁ) ( M ) ( P ) Toffo = (Etot/47rR12n Us)

0.38 “\ R, 1.44 M, 6 R, ) /
o i 1/4 -1 —13/8
_ o JE) (R M p \¥? _ s (L&) (Bm M R
= 24> 10" Terg/s rag O‘(Rg ’5) LA4M,, (,(m,) 253 10K (a5 @ R, 6 1.44 M, 6 Ry,
i ¢=0 Adjustment terms:

985 } 29/253/4 285 + 29/2 53/4
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Falcke, Wondrak, van Suijlekom, 2410.14734 [gr-qc]
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» Contributions:
« Escaping external emission: Planck at local curvature energy scale.
+ Surface emission: Redshifted greybody.

£=0 £=1/6
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- I 1.5 — 12225
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S 1 s -
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
w!c (GM)™ w/c® (GM)™
graviton-like (minimally coupled) photon-like (conformally coupled)

Interior contributions dominate. Falcke, Wondrak, van Suijlekom, 2410.14734 [gr-qc]



Characteristic Timescale for Evaporation :%5:
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Characteristic lifetime according to 1p1=0 Dark-matter halo
total power emitted: o Local Interstallar Cloud

M 10 Supermassive black hole

Bt Human body

. 70

— 8 L f(‘f) - ! B, - M s Bm o2 - 10 Moon

= 34x10%y (W) O‘(Rg 'g) (144“»1) (Gﬁ’g) > White dwarf

= 3.4 x 10%yr (@)lﬂ(ﬁ 5)1 (L) . ~ 107 Neutron star

©\0.38 Ry’ PNS I .~ <] Stellar-mass black hole
10° Proton
Exponential decay for constant B
density. 17> Planck density
1070 101 10 16%* 10* 1070 10
p ! gecm™

Characteristic mass-density scale from the age of the Universe:

pmax = 3 x 10% g/em® ~ 10% pxg ~ 10740 ppy

Falcke, Wondrak, van Suijlekom, 2410.14734 [gr-qc]
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Limitations %

« Neutral massless scalar field with 1 degree of freedom only
— photons and gravitons have two polarizations.

« For mathematical consistency, we worked in Euclidean signature. In a Lorentzian
context, application to stationary systems in equilibrium.

« We use a curvature expansion of the effective action in position space to second
order only.

- Magnetic field in Schwinger effect (from the parity-odd term F,,, F*¥) requires higher
orders (Ferreiro, Navarro-Salas, & Pla 2024; WSF2024 reply).

« Form of Heaviside step function depending on Fourier representation of form factors
(Boasso, Franchino Vifas, Mazzitelli 2024).
- Energy/temperature of pairs « curvature (Kretschmann scalar R,,,, R*'P?) was

not derived stringently, but in analogy to Schwinger. It might miss terms for
more complex space times.

« We assumed local emission to be isotropic for static observer, which it might not
be as curvature & tidal forces are anisotropic.
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« Proposal to put the Schwinger and Hawking effect on equal footing.

» Reproduces exact expression for the Schwinger effect for electric fields in massless limit;
Reproduces Hawking emission within factor ~2.

» Scalar field as a prototype for general massless fields.
For a black hole, only emission of massless particles over almost entire lifetime.

The presence of a black hole event horizon is no central ingredient.

Objects curving spacetime would evaporate and gravitational fields would
eventually “relax”.

Potential implications for the information paradox.

Impact of higher-curvature terms and backreaction.
Relation to trace-anomaly description of Hawking radiation (Chernodub 2023).
Dynamically assisted Schwinger effect.
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Mavto xwpeel kol OVOEV HEVEL.
Everything is in flux and nothing stays.

L —

Liddell, Scott, Jones, McKenzie, Glare: "A Greek-English Lexicon:
With a Revised Supplement." Oxford: Clarendon Press. 1996.

520-460 BC

m.wondrak@science.ru.nl
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Heraclitus’ Gift Guide %

Mavto xwpeel kol OVOEV HEVEL.
Everything is in flux and nothing stays.

L —

Liddell, Scott, Jones, McKenzie, Glare: "A Greek-English Lexicon:
With a Revised Supplement." Oxford: Clarendon Press. 1996.

Prefer “ordinary” diamonds over
self-gravitating white dwarfs!

520-460 BC

m.wondrak@science.ru.nl




