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I.   Chiral gauge theories



Why ? 

Macro and Molecular level Nature:  

e.g.,    D
NA

Parity violation   Microscopic world very precisely described by                            

 GUT  models   SU(5),   SO(10) …   ? 

 (ii), (iii)  are chiral gauge theories,  but are weakly coupled, 
 well understood in perturbation theory 

Perfectly good physics theories  —  as LE effective actions

(ii)

 nontrivial chiral properties

(i)

(iii)

Gauge-anomaly 

cancellation 

As such, they leave      masses, families, neutrinos, axions, dark matter, 
the origin of the electroweak symmetry breaking, naturalness, etc. etc. 
    unexplained

*  Lorentz group   

♦︎

♦︎

 UV completion lacking 2/21



Earlier studies

🔵 Tumbling (MAC)

🔵 Complementarity

Confinement ~  Higgs 

🔵 ’t Hooft’s  anomaly matching constraints 

🔵 Appelquist-Cohen-Schmaltz  criterion  (free energy),   

🔵 “a”  theorem   (RG flow)

🔵 Large N

No truly significant progress ….

on chiral gauge theories

 Renewed efforts and new ideas 

☞

♦︎

’80 -  
’t Hooft,   Raby-Dimopoulos,      

Susskind,  Bars-Yankielowicz, 

Goity, Peccei, Zeppenfeld, Eicheten, 

Preskill, Appelquist, Cohen, Schmaltz, 

Duan, Sannino, Shi, Shock,  

Shifman, Unsal, Armoni, Poppitz,  

…  … 

☞

Komargodski, Schwimmer
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N =2 susy gauge theories (w/ advanced mathematics),  

Solid knowledge about strongly-coupled asymptotically-free gauge theories

QCD     SU(3)  Yang Mills theory  with quarks 

♦︎ Surprisingly little has been known until recently about strongly-coupled (AF) chiral 
gauge theories,  after many years of studies

A challenge for theorists: understand them better!
Nature may be making use of them in a so-far unknown (to us) way

monopoles and duality

SCFT, XSB  and confinement

AF,  confinement, XSB, 

🔵

🔵

♦︎

In comparison

♦︎ Clearer picture is however finally beginning to emerge

Seiberg-Witten

These are all vectorlike theories

1974-

1994-



 SU(N)  gauge theories w fermions

(iii) The third line is the pure flavor U (1)3 and (U⌘(N + 4))3 anomalies. They are
there even if no 1-form gauging is done.

(iv) The fourth line, present also for B = 0, would show that, if the first two
lines were absent, U ⌘(1),  = N+2, , ⌘ = N�2 would all be unbroken as
1

8⇡2

R
trF̃ 2 2 .

(v) The second line also shows that in the presence of the external A and A⌘ fields
(which are needed in order to have the color-flavor locked center symmetry),
the 1-form gauge symmetry is broken. This is another manifestation of the
failure of the gauging of the 1-form center symmetry.

We conclude, in view of the new anomalies induced by gauging of the 1-form
color-flavor center symmetry, that the chirally symmetric confined phase of Sec. 3.3
cannot be realized in the infrared, as neither breaking of U ⌘(1) nor of Z = ZN+2

can be appropriately described, without having vacuum degeneracies/NG bosons.
Thus the color-flavor locked Higgs phase discussed in Sec. 3.4 seems to be strongly
favored as a way of dynamically realizing the symmetries in the infrared.

4 (N , N�) = (0, 1) model

This model was also studied by by Appelquist-Duan-Sannino, by Poppitz and by
ourselves. The matter fermions are

�[ij] , ⌘̃
B j

, B = 1, 2, . . . , (N � 4) , (4.1)

or
¯

+ (N � 4) . (4.2)

The symmetry is
SU(N)c ⇥ SU(N � 4)f ⇥ U(1) , (4.3)

where the anomaly free U(1) charge is

� : N � 4 ; ⌘̃
B j : �(N � 2) . (4.4)

b0 = 11N � (N � 2)� (N � 4) = 9N + 6 . (4.5)

There are also discrete symmetries

� = N�2 ⇢ U (1) , ⌘ = N�4 ⇢ U⌘(1) . (4.6)

The symmetries of the system is summarized in Table 9.
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(i)

in those theories.2

A key ingredient of these developments is the idea of "gauging a discrete symmetry",
i.e., identifying the field configurations related by the 1-form (or a higher-form) symmetries,
and eliminating the consequent redundancies, effectively modifying the path-integral sum-
mation rule over gauge fields [36, 37]. Since these generalized symmetries are symmetries
of the models considered, even though they act differently from the conventional ones, it is
up to us to decide to "gauge" these symmetries. Anomalies we encounter in doing so, are
indeed obstructions of gauging a symmetry, i.e., a ’t Hooft anomaly by definition. And as
in the usual application of the ’t Hooft anomalies such as the "anomaly matching" between
UV and IR theories, a similar constraint arises in considering the generalized symmetries
together with a conventional ("0-form") symmetry, which has come to be called in recent
literature as a "mixed ’t Hooft anomaly". Another term of "global inconsistency" was also
used to describe a related phenomenon.

In this paper we take a few, simplest chiral gauge theories as exercise grounds, and
ask whether these new theoretical tools can be usefully applied to them, and whether they
provide us with new insights into the infrared dynamics and global symmetry realizations
of these models.3

For clarity of presentation, we focus the whole discussion here on a single class of
models ( ⌘ models [8, 9]). In Sec. 2 we review the symmetry and earlier results on the
possible phases of these theories. In Sec. 3 the symmetry group of the systems is discussed
more carefully, by taking into account its global aspects. Sec. 4 and Sec. 5 contain the
derivation of the anomalies in odd N and even N theories, respectively. In Sec. 6 we
discuss the UV-IR matching constraints of certain 0-form and 1-form mixed anomalies, and
their consequences on the IR dynamics in even N theories. In Sec. 7 the mixed anomalies are
reproduced without using the Stora-Zumino descent procedure adopted in Sec. 6. Summary
of our analysis and Discussion are in Sec. 8. We shall come back to more general classes of
chiral theories in a separate work.

2 The model and the possible phases

The model we consider in this work is an SU(N) gauge theory with Weyl fermions

 {ij} , ⌘Bi , (i, j = 1, 2, . . . , N , B = 1, 2, . . . , N + 4) , (2.1)

in the direct-sum representation

� (N + 4)
¯

(2.2)

of SU(N). This model was studied in [14, 15], [8, 9].4 This is the simplest of the class of
chiral gauge theories known as Bars-Yankielowicz models [12]. The first coefficient of the

2
A careful exposition of these ideas can be found e.g., in [30].

3
In a recent work we discussed mixed anomalies for a class of chiral gauge theories for which a sub-group

of the center of the gauge group does not act on fermions [34].
4
A recent application of this class of chiral gauge theories is found in [35].
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For the symmetric and antisymmetric representations,

T ( )

T ( )
= N + 2 ,

T ( )

T ( )
= N � 2 . (1.5)

The conjugate representations have the same Dynkin index.

The symmetric traces appearing in the triangle anomalies are defined by

d(R) = Tr taRt
b
Rt

c
R + (b $ c) . (1.6)

For the symmetric and antisymmetric representations,

d( )

d( )
= N + 4 ,

d( )

d( )
= N � 4 . (1.7)

Furthermore, for a pair of conjugate representations

d(R⇤) = �d(R) . (1.8)

These are all we need in our analysis.

2 Revisiting the (N , N�) = (1, 1) (“ �⌘”) model

We first review the analysis of the model with left-handed fermion matter fields

 
{ij}

, �[ij] , ⌘
A
i , A = 1, 2, . . . 8 , (2.1)

a symmetric tensor, an anti-antisymmetric tensor and eight anti-fundamental multiplets of

SU(N), and add a few new comments with respect to [1].4 It is asymptotically free, the

first coe�cient of the beta function being,

b0 =
1

3
[11N � (N + 2)� (N � 2)� 8] =

9N � 8

3
. (2.2)

It is a very strongly coupled theory in the infrared and unlikely to flow into an infrared-

fixed point CFT. A nonvanishing instanton amplitude

h  . . . �� . . .�⌘...⌘i 6= 0 (2.3)

involves N + 2  ’s, N � 2 �’s and 8 ⌘’s.

4
Earlier studies on this model can be found in [6, 7, 11].
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Bolognesi, KK  ’19

Bolognesi, KK, Luzio  ’20-’23

Bolognesi, KK, Luzio,Orso  ’24

(ii)

(iii)

(iv)

Bars, Yankielowicz  (BY)

Georgi-G
lashow (GG)

symmetries involved must be broken. The pattern of the symmetry breaking predicted by

the assumption of dynamical Abelianization is found to fit nicely with these expectations.

2  �⌘ model and its symmetries

The  �⌘ model was studied earlier in [5,6,12] and more recently in [15,16]. It is an SU(N)

gauge theory with left-handed fermion matter fields

 
{ij}

, �[ij] , ⌘
A
i , A = 1, 2, . . . 8 , (2.1)

a symmetric tensor, an anti-antisymmetric tensor and eight anti-fundamental multiplets of

SU(N), or

�

¯

� 8⇥
¯

. (2.2)

The model has a global SU(8) symmetry. It is asymptotically free, the first coe�cient of

the beta function being,

b0 =
1

3
[11N � (N + 2)� (N � 2)� 8] =

9N � 8

3
. (2.3)

Such a � function suggests that it is a very strongly coupled theory in the infrared: it is

unlikely that it flows into an infrared-fixed CFT. But then some very nontrivial dynamical

phenomenon must take place towards the infrared: confinement, tumbling (dynamical

gauge symmetry breaking), or something else. The option that the system confines, with

no global symmetry breaking and with some massless “baryons” saturating the ’t Hooft

anomalies, does not appear to be plausible [5, 6, 12], as it would require an order / N of

the underlying fermions to form gauge-invariant baryons. The wish to understand what

happens in the (after all, simple) systems such as the  �⌘ model, was the driving motivation

for the renewed studies on this model [15, 16]. Several possible dynamical scenarios have

been found which are all compatible with ’t Hooft’s anomaly matching conditions, but the

results of the analysis remained not quite conclusive.

The system has three U(1) symmetries, U(1) , U(1)�, U(1)⌘, of which two combinations

are anomaly-free. For convenience we will take them below as

Ũ(1) :  ! e
2i↵
 , �! e

�2i↵
� , ⌘ ! e

�i↵
⌘ , (2.4)

and

U(1) � :  ! e
iN�2

N⇤ �
 , �! e

�iN+2
N⇤ �

� , ⌘ ! ⌘ , (2.5)

where

N
⇤ = GCD(N + 2, N � 2) and ↵, � 2 (0, 2⇡) . (2.6)

Any combination of the three classical U(1) symmetries which cannot be expressed as a

4

The system is asymptotically free and continues to evolve towards the infrared. We shall

not pursue further such a tumbling-like scenario, but it is possible that at the end the

system flows into the full dynamical Abelianization, studied in Sec. 3.

Even though we have focused our attention in this work on the  �⌘ theory for definite-

ness, there are other chiral gauge theories in which a bifermion condensate in the adjoint

representation might occur and in which dynamical Abelianization might be decisive in

determining the infrared physics. Possible examples are

(i) SU(N) theory (with N even), with odd number of fermions in the self-adjoint anti-

symmetric order N/2 tensor representation, studied in [17,27] ;

(ii) A generalization of the SU(N)  �⌘ model with a matter fermion content,

 
{ij},m

, �[ij] , ⌘
B
j , m = 1, 2, B = 1, 2, . . . , N + 12 , (5.3)

or

2 +

¯

+ (N + 12)
¯

. (5.4)

studied in [16] , and

(iii) SU(N) theories with fermions in the complex representation, N�4
k  

{ij}’s and N+4
k

�̄[ij],

N � 4

k
�

N + 4

k

¯

, (5.5)

(k being a common devisor of N � 4 and N + 4) studied recently [17, 37].

In all of them, the conventional ’t Hooft anomaly matching analysis is consistent with

dynamical Abelianization hypothesis, and in some cases, the preliminary analysis involving

the generalized symmetries and the mixed anomalies appears to give further support [17,37]

for it. Still, in some of this class of models, the symmetry breaking pattern may be di↵erent

from dynamical Abelianization, allowing for a more general types of infrared gauge theories.

We will come back to the discussion of these models in a separate investigation.

Acknowledgment

This work is supported by the INFN special initiative grant, GAST (“Gauge and String

Theories”).

24

forms, even though the bi-fermion condensate itself (5.14) breaks the discrete symmetry

more strongly,
 
2(N±2) �!

 
2 . (5.15)

6 Chiral models with N�4
k

 
{ij}’s and N+4

k
�̄[ij]’s

Let us consider now SU(N) gauge theories with Weyl fermions in the complex representa-

tion, N�4
k  

{ij}’s and N+4
k �̄[ij],

N � 4

k
� N + 4

k

¯

, (6.1)

where k is a common divisor of (N � 4, N + 4) and N � 5. With this matter content the

gauge anomaly cancels. Asymptotic freedom requirement

11N � 2

k
(N2 � 8) > 0 , (6.2)

leaves a plenty of possibilities for (N, k). Two particularly simple models which we analyze

in the following are:

(i) (N, k) = (6, 2): SU(6) theory with

� 5

¯

; (6.3)

(ii) (N, k) = (8, 4): SU(8) model with

� 3

¯

. (6.4)

6.1 SU(6) theory with 21� 5⇥ 15⇤

Classical continuous flavor symmetry group is

SU(5)⇥ U(1) ⇥ U(1)� . (6.5)

25

<latexit sha1_base64="Rwf2/HskDCSQcZSc6vywUF8oPxA=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIRAsoIGsogkYeUWNH5sglHzvbpbg8pWPkHWqjoEC1/Q8G/YBsXkDDVaGZXOzuBksKg6346paXlldW18nplY3Nre6e6u9c2sdUcWjyWse4GzIAUEbRQoISu0sDCQEInmFxlfucBtBFxdItTBX7IxpEYCc4wldr9WElrBtWaW3dz0EXiFaRGCjQH1a/+MOY2hAi5ZMb0PFehnzCNgkuYVfrWgGJ8wsbQS2nEQjB+kqed0SNrGMZUgaZC0lyE3xsJC42ZhkE6GTK8M/NeJv7n9SyOLvxERMoiRDw7hEJCfshwLdIagA6FBkSWJQcqIsqZZoigBWWcp6JNe6mkfXjz3y+S9kndO6uf3pzWGpdFM2VyQA7JMfHIOWmQa9IkLcLJPXkiz+TFeXRenTfn/We05BQ7++QPnI9vinCT0w==</latexit>�

<latexit sha1_base64="URxWku0/lk6Is20Tc9k6HIh2GbY="></latexit>

 �⌘
model

<latexit sha1_base64="iuxmjgfPOjzF95NfxY8jq4dLB/8=">AAACC3icdVA9SwNBEN2L3/EramFhsxgECwl3IZqkC9pYRjAayIUwtxnjkt27Y3dOkCM/wV9hq5Wd2PojLPwvXmIEFX3V470ZZt4LYiUtue6bk5uZnZtfWFzKL6+srq0XNjYvbJQYgS0Rqci0A7CoZIgtkqSwHRsEHSi8DIYnY//yBo2VUXhOtzF2NQxCeSUFUCb1Ctt+bKWPBP6Bf5D6RnMd9VGNeoWiW6rXyoe1OndL7gQZqdbLNa/KvalSZFM0e4V3vx+JRGNIQoG1Hc+NqZuCISkUjvJ+YjEGMYQBdjIagkbbTScBRnwvsUARj9FwqfhExO8bKWhrb3WQTWqga/vbG4t/eZ2ErmrdVIZxQhiK8SGSCieHrDAyawZ5XxokgvHnyGXIBRggQiM5CJGJSVZVPuvjKzT/n1yUS95RqXJWKTaOp80ssh22y/aZx6qswU5Zk7WYYCN2zx7Yo3PnPDnPzsvnaM6Z7myxH3BePwDUSJsc</latexit>

 ⌘ model

<latexit sha1_base64="qL9KAjuRXPcKmr+TOBm3rTW7mM8=">AAACC3icdVA9SwNBEN2L3/EramFhsxgEixDuQjRJF7SxjGBUyIUwt5nokt27Y3dOkCM/wV9hq5Wd2PojLPwvXmIEFX3V470ZZt4LYiUtue6bk5uZnZtfWFzKL6+srq0XNjbPbZQYgW0RqchcBmBRyRDbJEnhZWwQdKDwIhgej/2LGzRWRuEZ3cbY1XAVyoEUQJnUK2z74lr6SOCX/FLqG8111Ec16hWKbrlRrxzUG9wtuxNkpNao1L0a96ZKkU3R6hXe/X4kEo0hCQXWdjw3pm4KhqRQOMr7icUYxBCusJPREDTabjoJMOJ7iQWKeIyGS8UnIn7fSEFbe6uDbFIDXdvf3lj8y+skNKh3UxnGCWEoxodIKpwcssLIrBnkfWmQCMafI5chF2CACI3kIEQmJllV+ayPr9D8f3JeKXuH5epptdg8mjazyHbYLttnHquxJjthLdZmgo3YPXtgj86d8+Q8Oy+fozlnurPFfsB5/QCs85sE</latexit>

�⌘ model

(v)

However our conclusion is not modified: (3.13) is actually equivalent to

 
3 �! 1 , (3.15)

in the vacuum with unbroken color�flavor
2 . This feature must be kept in mind in all our

analysis below: the crucial point is that in this paper we gauge only a subgroup of discrete

color center group, which does not act on the fermions 8.

The breaking  
6 !  

2 implies a threefold vacuum degeneracy, if the system confines

(with mass gap) and if in IR there are no massless fermionic degrees of freedom on which
 
6 /

 
2 can act 9. A possible explanation naturally presents itself. As the interactions

become strong in the infrared, it is reasonable to assume that bifermion condensate

h  i ⇠ ⇤3 6= 0 (3.16)

forms. As the field  is in 20 of the gauge group SU(6), a Lorentz invariant bifermion

composite can be in one of the irreducible representations of SU(6), appearing in the

decomposition

⌦ = � �+ . . . . (3.17)

The most natural candidate would be the first, 1, but it can be readily verified that such

a condensate vanishes by the Fermi-Dirac statistics. Another possibility is that   in

the adjoint representation gets a VEV, signaling a sort of dynamical Higgs mechanism

[24, 25, 26]. Even though such a condensate should necessarily be regarded as a gauge

dependent expression of some gauge invariant VEV (see below), it unambiguously signals
10 the breaking of global, discrete chiral symmetry as

 
6 !  

2 , (3.18)

with broken  
6 /

 
2 acting on the degenerate vacua. Four-fermion, gauge-invariant con-

densates such as

h    i 6= 0 , or h ̄ ̄  i 6= 0 , (3.19)

might also form, first of which also breaks  
6 in the same way. The condensate (3.16) thus

leads to threefold vacuum degeneracy, consistently with (3.13) implied by the  
6 � C

3

8The situation is subtler if one tries to gauge the full color center group, see [20].
9Here, as in the rest of the paper, we do not consider the more “exotic” possibility that discrete anomaly

matching may be achieved with a topological field theory or by a CFT in the IR.
10Note that the global symmetry group  

6 commutes with the color SU(6): there is no way a gauge

transformation eliminates the nontrivial properties of the condensate under  
6 .

9
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 0s ⇠ (N= even) 

(  +   p pairs                   )  

The one-gluon exchange strength turns out to be, in the six cases above, proportional
to

A :
2(N2 � 4)

N
� (N + 2)(N � 1)

N
� (N + 2)(N � 1)

N
= �2(N + 2)

N
;

B :
2(N + 1)(N � 4))

N
� (N + 1)(N � 2)

N
� (N + 1)(N � 2)

N
= �4(N + 1)

N
;

C :
(N + 1)(N � 2))

N
� N

2 � 1

2N
� N

2 � 1

2N
= �N + 1

N
;

D :
N

2 � 1

2N
� N

2 � 1

2N
� (N + 1)(N � 2)

N
= �(N + 1)(N � 2)

N
;

E : N � (N + 2)(N � 1)

N
� (N + 1)(N � 2)

N
= �N

2 � 4

N
;

F :
N

2 � 1

2N
� N

2 � 1

2N
� (N + 2)(N � 1)

N
= �(N + 2)(N � 1)

N
,

G : 0� N
2 � 1

2N
� N

2 � 1

2N
= �N

2 � 1

N

respectively. We note that the �̃ ( �) and � ( ⌘) condensates considered by us (cases
E and F, respectively) correspond precisely to the two most attractive channels,
at large N : their attraction strength scales as O(N) in contrast to the other four
channels which scale as O(1).

 L, 
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II.      Generalized symmetries and Anomalies 
    



🔵

From 0-form symm. (acting on local operators)
to k-form symmetries (acting on line, surface, etc operators)

e.g.  the center ZN   symmetry in SU(N) YM 

Gaiotto, Kapustin, Seiberg, Willet,

Gaiotto, Kapustin, Komargodski, Seiberg,

Aharony, Seiberg, Tachikawa, 

Poppitz,  K
ikuchi, Tanizaki, Sakai, Shimizu, Yonekura, 

’05  -  

ei
H
� A ! ⌦N ei

H
� A , ⌦N = e2⇡i/N 2 N

2

Wilson loop

Polyakov loop

♦︎

Generalized symmetries

♦︎ “Gauging” the 1-form discrete ZN  symmetry    

 ⌘ q q̃

N ⇢ SU(N) 4⇡
N �2⇡

N
2⇡
N �2⇡

N

Ũ(1) N+4
2 � �N+2

2 � N+2
2 � �N+2

2 �
U0(1) � �� � �

Table 2: The choice � = 2⇡
N and � = ±⇡ reproduces indeed N .

3 Gauging 1-form N symmetry: mixed anomalies

We consider now the gauging of the 1-form N symmetry in the X-ray model, lying in the

intersection (see Table 2)

N = SU(N)c \ (Ũ(1)⇥ U0(1)) (3.1)

where Ũ(1) and U0(1) are defined in Table 1 7. In other words, our theory is described by

the connection
SU(N)c ⇥ Ũ(1)⇥ U0(1)

N
, (3.3)

rather than by the simple product principal bundle

SU(N)⇥ Ũ(1)⇥ U0(1) . (3.4)

Accordingly, we introduce the gauge fields

1. Ã: Ũ(1) 1-form gauge field,

2. A0: U0(1) 1-form gauge field,

3. B(2)
c : N 2-form gauge field,

in addition to the dynamical color gauge SU(N) field, a.

The gauging of 1-form discrete ZN symmetry proceeds by introducing a pair of 2-form

and 1-form gauge fields [15]- [36] �
B(2)

c , B(1)
c

�
(3.5)

satisfying

NB(2)
c = dB(1)

c , (3.6)

and coupling to them the SU(N) gauge fields a and Ũ(1)⇥U0(1) gauge fields, Ã and A(1)
0 ,

appropriately. For the SU(N) gauge field a, this is done by embedding it into a U(N)

7Also, as

U(1) ⌘ ⌦ UV (1) = Ũ(1) ; Q ⌘ +
N + 2

2
QV = Q̃ (3.2)

it is possible to gauge the 1-form N symmetry together with U(1) ⌘, UV (1) and U0(1). Here we choose
to proceed with gauging N lying in the intersection (3.1).

8

gauge field ea as

ea = a+
1

N
B(1)

c (3.7)

and requiring the invariance under the 1-form gauge transformation,

B(2)
c ! B(2)

c + d�c , B(1)
c ! B(1)

c +N�c ,

ea ! ea+ �c . (3.8)

The Ũ(1) and U0(1) gauge fields must also transform simultaneously:

Ã ! Ã� �c , A0 ! A0 +
N

2
�c . (3.9)

�c is the (1-form) Abelian gauge function such that

I
�c =

2⇡`

N
, (` 2 ) . (3.10)

The relation (3.6) indicates that one has now an SU(N)

N
connection rather than SU(N). It

implies that there are nontrivial fractional ’t Hooft fluxes carried by the gauge fields

1

2⇡

Z

⌃2

B(2)
c =

n1

N
, n1 2 N , (3.11)

in a closed two-dimensionl subspace, ⌃2.

The fact that we are gauging the (color-flavor locked) 1-form N lying in the intersection

SU(N)c \ (Ũ(1) ⇥ U0(1)) means that the nontrivial color N holonomy at the boundary

of ⌃2, I

L

B(1)
c = 2⇡n1 , n1 2 N , (3.12)

is accompanied by the Aharonov-Bohm flavor holonomies (see Table 2)

I

L

Ã =
2⇡n1

N
,

I

L

A0 =
2⇡n1

2
. (3.13)

This can be reformulated as a generalized cocycle condition associated with the color-flavor

locked SU(N)⇥Ũ(1)⇥U0(1)

N
transition functions [25].

The fermion kinetic term with the background gauge fields is determined by the minimal

9

gauge field ea as

ea = a+
1

N
B(1)

c (3.7)

and requiring the invariance under the 1-form gauge transformation,

B(2)
c ! B(2)

c + d�c , B(1)
c ! B(1)

c +N�c ,

ea ! ea+ �c . (3.8)

The Ũ(1) and U0(1) gauge fields must also transform simultaneously:

Ã ! Ã� �c , A0 ! A0 +
N

2
�c . (3.9)

�c is the (1-form) Abelian gauge function such that

I
�c =

2⇡`

N
, (` 2 ) . (3.10)

The relation (3.6) indicates that one has now an SU(N)

N
connection rather than SU(N). It

implies that there are nontrivial fractional ’t Hooft fluxes carried by the gauge fields

1

2⇡

Z

⌃2

B(2)
c =

n1

N
, n1 2 N , (3.11)

in a closed two-dimensionl subspace, ! 2.

The fact that we are gauging the (color-flavor locked) 1-form N lying in the intersection

SU(N)c \ (Ũ(1) ⇥ U0(1)) means that the nontrivial color N holonomy at the boundary

of ! 2, I

L

B(1)
c = 2⇡n1 , n1 2 N , (3.12)

is accompanied by the Aharonov-Bohm flavor holonomies (see Table 2)

I

L

Ã =
2⇡n1

N
,

I

L

A0 =
2⇡n1

2
. (3.13)

This can be reformulated as a generalized cocycle condition associated with the color-flavor

locked SU(N)! Ũ(1)! U0(1)

N
transition functions [25].

The fermion kinetic term with the background gauge fields is determined by the minimal

9

where
NB (2) = dB(1) ,

B (1) ! B (1) + N ! , B (2) ! B (2) + d! .

1
8" 2

!

! 4

tr F 2 "!
1

8" 2

!

! 4

tr ( ÷F (÷a) " B (2)
c )2 (4.16)

=
1

8" 2

!
tr ( ÷F (÷a))2 "

N
8" 2

!
(B (2)

c )2 = "
N

(4.17)

1
8" 2

!

! 4

tr F 2 =
1

32" 2

!
d4x F A

µ!
÷F A

µ! # (4.18)

a $ aµdxµ , F (a) $ da+ a2 , F µ! = #µa! " #! aµ " [aµ, a! ] ;

a2 $ a %a , a # su(N ) a ! g! 1ag+ g! 1dg , g# SU(N )

÷a # u(N ) , ! $ ! µdxµ # u(1)

a ! g! 1ag+ g! 1dg , g(x + L) = e2" i/N g(x) , (4.19)

expi
"

L
a ! e2" i/N expi

"

L
a (4.20)

The Dirac operators are

d + A ÷a + A# , d + ÷a + A$ . (4.21)

In order for these to be invariant, we need

A ÷a ! A ÷a + 2! . (4.22)

It means that the gauge invariant combinations are

A ÷a "
2
N

B (1) , A# "
2
N

B (1) , A$ +
1
N

B (1) , is (4.23)

Ð 30 Ð

fractional  1/N   ’t Hooft
Flux

CP/T broken at 
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! = "
 (SU(N) YM)

Gaiotto, Kapustin, 

Komargo
dski, Seiberg, ‘1

7

6/21

(even N)

 2

The anomaly matching a double vacuum degeneracy !! Di Vecchia, Veneziano,  ‘80

KK  ’96

Evans, Hsu, Schwetz ’9
6
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a ! tcAc
µ (x) dxµ
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F 2 ! F " F =
1
2

F µ! F "# dxµ dx! dx" dx# =
1
2

! µ !"# F µ ! F "# d4x = F µ! ÷Fµ! d4x
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F = da + a2



Generalizations

♦︎ Adjoint QCD:    SU(N) with NF   Weyl fermions      

Nonanomalous discrete chiral symmetry

becomes anomalous after 1-form gauging

♦︎ QCD:  SU(N) with NF  quarks,  NF  =N,   or   gcd(NF  , N)= k    

⭐︎   standard center symmetry is absent

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ" "

$" (x)%, $ø#(x)#(x)%

1
8!

!
(F & B (2) ) # (F & B (2) ) "

N
, NB (2) = dB(1)

$ ' $ + 2! &! $ ' $ + 2N !

" L Y M =
$

8!

!
F # F

$ = !

Z2NF Nc ; %! e2! i/ 2NF Nc %

i" S =
2! i
Nc

2

⭐︎   color-flavor locked 1-form symmetry is present

N.B.  k-form sym
metries 

Abelian except k=0 

⭐︎    “gauging”   

QCD:  SU(N) with NF  quarks,  arbitrary  NF  ♦︎

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ" "

$" (x)%, $ø#(x)#(x)%

1
8!

!
( ÷F & B (2) ) # ( ÷F & B (2) ) "

N
, NB (2) = dB(1)

$ ' $ + 2! &! $ ' $ + 2N !

" L Y M =
$

8!

!
F # F

$ = !

2NF Nc ; %! e2! i/ 2NF Nc %

i" S =
2! i
Nc

N ( C
N ) F

N , F
N ( UV (NF )

2

Anber, Poppits    
   ‘18

Kikuchi, Tanizaki, Misui, Sakai, 

Shimizu, Yonekura,

Kitano,Suyama, Yamada,     
 ’18

Tanizaki  ’18

Shimizu, Yonekura  ‘1
8

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ" "

$" (x)%, $ø#(x)#(x)%

1
8!

!
( ÷F & B (2) ) # ( ÷F & B (2) ) "

N
, NB (2) = dB(1)

$ ' $ + 2! &! $ ' $ + 2N !

" L Y M =
$

8!

!
F # F

$ = !

2NF Nc ; %! e2! i/ 2NF Nc %

i" S =
2! i
Nc

N ( C
N ) F

N , F
N ( UV (NF )

Axial
2NF

: #L ! e2! i/ 2NF #L ; #R ! e! 2! i/ 2NF #R

k ( Nc ) Nf , N f ( UV (Nf )

2

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ" "

$" (x)%, $ø#(x)#(x)%

1
8!

!
( ÷F & B (2) ) # ( ÷F & B (2) ) "

N
, NB (2) = dB(1)

$ ' $ + 2! &! $ ' $ + 2N !

" L Y M =
$
8!

!
F # F

$ = !

2N F N c ; %! e2! i/ 2N F N c %

i" S =
2! i
Nc

N ( C
N ) F

N , F
N ( UV (NF )

Axial
2N F

: #L ! e2! i/ 2N F #L ; #R ! e! 2! i/ 2N F #R

k ( N c ) N f , N f ( UV (Nf )

2

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ" "

$" (x)%, $ø#(x)#(x)%

1
8!

!
( ÷F & B (2) ) # ( ÷F & B (2) ) "

N
, NB (2) = dB(1)

$ ' $ + 2! &! $ ' $ + 2N !

" L Y M =
$

8!

!
F # F

$ = !

2NF Nc ; %! e2! i/ 2NF Nc %

i" S =
2! i
Nc

N ( C
N ) F

N , F
N ( UV (NF )

Axial
2NF

: #L ! e2! i/ 2NF #L ; #R ! e! 2! i/ 2NF #R

k ( Nc ) Nf , N f ( UV (Nf )

2

broken by mixed anomaly

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ" "

$" (x)%, $ø#(x)#(x)%

1
8!

!
( ÷F & B (2) ) # ( ÷F & B (2) ) "

N
, NB (2) = dB(1)

$ ' $ + 2! &! $ ' $ + 2N !

" L Y M =
$

8!

!
F # F

$ = !

2NF Nc ; %! e2! i/ 2NF Nc %

i" S =
2! i
Nc

Nc

N ( C
N ) F

N , F
N ( UV (NF )

Axial
2NF

: #L ! e2! i/ 2NF #L ; #R ! e! 2! i/ 2NF #R

k ( Nc ) Nf , N f ( UV (Nf )

2

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ" "

$" (x)%, $ø#(x)#(x)%

1
8!

!
( ÷F & B (2) ) # ( ÷F & B (2) ) "

N
, NB (2) = dB(1)

$ ' $ + 2! &! $ ' $ + 2N !

" L Y M =
$
8!

!
F # F

$ = !
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Gauging 1-form (color-flavor locked)  ZN   center symmetry

1-form (color-flavor locked)  ZN    🔵

fermions present are all in the adjoint representation ofSU(N )). However the situation
changes if some global, nonanomalousU(1) symmetries, Ui (1), i = 1, 2, . . ., are present,
such that whenUi (1) are gauged (in the usual sense, by the introduction of external gauge
ÞeldsAµ

i ), the color N ! SU(N ) and the Ui (1) transformations can compensate each
other for the fermions.

As one encircles a closed loopL in spacetime, the Þelds transform as

Pei
!

L a " e
2! i
N Pei

!
L a ; ! k " e

2! i N k
N ! k , N ! SU(N ) ; (2.11)

! i ei
!

L A i "
!

e2! i
"

i,k q( i )
k

"
! i ei

!
L A i ; ! k " e2! i

"
i,k q( i )

k ! k , Ui (1) ; (2.12)

wherea # aA
µ tA dxµ is the SU(N ) gauge Þeld;Nk is the N -ality of the kth fermion, q(i )

k is
the charge of! k under Ui (1). The factor ei

!
L A i is the Aharonov-Bohm phase for thei -th

fermion.

We recall that that the center symmetry is formally deÞned as a path-ordered sequence
of local SU(N ) gauge transformations along the loop, hence the fermions must also trans-
form in order to keep the action invariant. After encircling the loop and coming back to
the original point, the gauge Þeld is transformed by a nontrivial periodicity with a N fac-
tor, dragging the fermions Þelds to transform as in (2.11). It would violate their periodic
boundary condition (i.e., their uniqueness at each spacetime point). This is the reason
why the presence of a fermion, e.g., in the fundamental representation, breaks the center
symmetry itself 5.

When the conditions #

i

q(i )
k = $ N k

N , %k (2.13)

are satisÞed, however, a new, color-ßavor locked center symmetry (2.11), (2.12), can be
deÞned, accompanying the colorN center transformations with appropriateUi (1) gauge
transformations.

As the ordinary N center transformation, such a color-ßavor combined N center
symmetry is still just a global 1-form symmetry.

A more powerful idea is to introduce thegauging of this 1-form symmetryand studying
possible topological obstructions in doing so (generalized Õt HooftÕs anomalies) [15]- [36].
As in the case of conventional gauging of 0-form symmetries, the idea of gauging is that
of identifying the Þeld conÞgurations connected by the given symmetry transformations,
and of eliminating the double counting in the sum over Þeld conÞgurations. However,
as one is now dealing with a 1-form symmetry, the associated gauge transformations are
parametrized by a 1-form Abelian gauge function6 " = " µ(x)dxµ, see (3.8), (3.9) below.

5In the case of the Polyakov loop deÞned in the Euclidean spacetime, the fermions are required to
satisfy antiperiodic boundary condition, but the conclusion is the same.

6Here we remember the crucial aspect of higher form symmetries: they are all Abelian. This is the
reason why the color-ßavor locked 1-form symmetries are possible.
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🔵 Gauging it

 ⌘ q q̃

N ⇢ SU(N) 4⇡
N �2⇡

N
2⇡
N �2⇡

N

Ũ(1) N+4
2 � �N+2

2 � N+2
2 � �N+2

2 �
U0(1) � �� � �

Table 2: The choice � = 2⇡
N and � = ±⇡ reproduces indeed N .

3 Gauging 1-form N symmetry: mixed anomalies

We consider now the gauging of the 1-form N symmetry in the X-ray model, lying in the

intersection (see Table 2)

N = SU(N)c \ (Ũ(1)⇥ U0(1)) (3.1)

where Ũ(1) and U0(1) are defined in Table 1 7. In other words, our theory is described by

the connection
SU(N)c ⇥ Ũ(1)⇥ U0(1)

N
, (3.3)

rather than by the simple product principal bundle

SU(N)⇥ Ũ(1)⇥ U0(1) . (3.4)

Accordingly, we introduce the gauge fields

1. Ã: Ũ(1) 1-form gauge field,

2. A0: U0(1) 1-form gauge field,

3. B(2)
c : N 2-form gauge field,

in addition to the dynamical color gauge SU(N) field, a.

The gauging of 1-form discrete ZN symmetry proceeds by introducing a pair of 2-form

and 1-form gauge fields [15]- [36] �
B(2)

c , B(1)
c

�
(3.5)

satisfying

NB(2)
c = dB(1)

c , (3.6)

and coupling to them the SU(N) gauge fields a and Ũ(1)⇥U0(1) gauge fields, Ã and A(1)
0 ,

appropriately. For the SU(N) gauge field a, this is done by embedding it into a U(N)

7Also, as

U(1) ⌘ ⌦ UV (1) = Ũ(1) ; Q ⌘ +
N + 2

2
QV = Q̃ (3.2)

it is possible to gauge the 1-form N symmetry together with U(1) ⌘, UV (1) and U0(1). Here we choose
to proceed with gauging N lying in the intersection (3.1).
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gauge field ea as

ea = a+
1

N
B(1)

c (3.7)

and requiring the invariance under the 1-form gauge transformation,

B(2)
c ! B(2)

c + d�c , B(1)
c ! B(1)

c +N�c ,

ea ! ea+ �c . (3.8)

The Ũ(1) and U0(1) gauge fields must also transform simultaneously:

Ã ! Ã� �c , A0 ! A0 +
N

2
�c . (3.9)

�c is the (1-form) Abelian gauge function such that

I
�c =

2⇡`

N
, (` 2 ) . (3.10)

The relation (3.6) indicates that one has now an SU(N)

N
connection rather than SU(N). It

implies that there are nontrivial fractional ’t Hooft fluxes carried by the gauge fields

1

2⇡

Z

⌃2

B(2)
c =

n1

N
, n1 2 N , (3.11)

in a closed two-dimensionl subspace, ⌃2.

The fact that we are gauging the (color-flavor locked) 1-form N lying in the intersection

SU(N)c \ (Ũ(1) ⇥ U0(1)) means that the nontrivial color N holonomy at the boundary

of ⌃2, I

L

B(1)
c = 2⇡n1 , n1 2 N , (3.12)

is accompanied by the Aharonov-Bohm flavor holonomies (see Table 2)

I

L

Ã =
2⇡n1

N
,

I

L

A0 =
2⇡n1

2
. (3.13)

This can be reformulated as a generalized cocycle condition associated with the color-flavor

locked SU(N)⇥Ũ(1)⇥U0(1)

N
transition functions [25].

The fermion kinetic term with the background gauge fields is determined by the minimal
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1-form gauge fn

SU(N)  ->  U(N)

beta function is
b0 = 11N ! (N + 2) ! (N + 4) = 9 N ! 6 . (2.3)

The fermion kinetic term is given by

!" µ !
# + R S(a)

"
µPL ! +

N +4#

B =1

$B " µ !
# + R F! (a)

"
µPL $B , (2.4)

with an obvious notation. In order to emphasize that this is the chiral gauge theory, we
explicitly write the chiral projector PL = 1! ! 5

2 in the fermion kinetic terms. The symmetry
group is

SU(N )c " SU(N + 4) " U(1)"# , (2.5)

where U(1)"# is the anomaly-free combination ofU(1)" and U(1)#,

U(1)"# : ! # ei( N +4) $ ! , $ # e! i( N +2) $ $ . %$ . (2.6)

The group (2.5) is actually not the true symmetry group of our system, but its covering
group. It captures correctly the local aspects, e.g., how the group behaves around the
identity element, and thus is su! cient for the consideration of the conventional, perturbative
triangle anomalies associated with it, reviewed below in this section.

Its global structures however contain some redundancies, which must be modded out
appropriately in order to eliminate the double counting. They furthermore depend crucially
on whether N is odd or even. These questions will be studied more carefully in Sec.3, as
they turn out to be central to the main theme of this work: the determination of the mixed
anomalies and the associated, generalized Õt Hooft anomaly matching conditions.

2.1 Chirally symmetric phase

It was noted earlier [8, 14, 15] that the standard Õt Hooft anomaly matching conditions
associated with the continuous symmetry groupU(1)"# " SU(N + 4) allowed a chirally
symmetric, conÞning vacuum in the model. Let us indeed assume that no condensates
form, the system conÞnes, and the ßavor symmetry is unbroken. The candidate massless
composite fermions ("baryons") are:

B[AB ] = ! ij $A
i $B

j , A, B = 1 , 2, . . . , N + 4 , (2.7)

antisymmetric in A % B . All the SU(N + 4) " U(1)"# anomaly triangles are saturated by
B[AB ] as can be seen by inspection of Table1. 5

2.2 Color-ßavor locked Higgs phase

As the theory is very strongly coupled in the infrared (see (2.3)), it is also natural to consider
the possibility that a bifermion condensate

&! { ij } $B
i ' = c! 3&jB (= 0 , j, B = 1 , 2, . . . N , c ) O(1) (2.8)

5There are discrete unbroken symmetries ! and ! which will be deÞned later (3.5), ( 3.6) which
are already contained in the covering space (2.5). The discrete anomalies ! SU(N )2, ! SU(N + 4) 2,

" SU(N )2 and " SU(N ! 4)2 are also matched as a direct consequence.

Ð 4 Ð

U(1)!"

U(1)"

U(1)!

U(1)!

U(1)"

U(1)"!

Figure 2 . The torus U(1)! ! U(1)" (for N = 2 on the left and N = 4 on the right) and its unbroken
subgroup U(1)!" ! ( 2)F (red line for U(1)!" ! { 1} and blue line for U(1)!" ! { " 1} ) passing through all
the points of the lattice ( N +2 )! ! ( N +4 )" . The dots indicate the elements of the group ( N ), diamonds
indicate the elements of ( 2)F . (Z2)F is deÞned below, Eq. (3.19).

Let us consider the fermion parity deÞned by

! ! " ! , " ! " " , (3.19)

which is equivalent to a 2# space rotation. It is clear that (Z2)F is not violated by the Õt
Hooft vertex, so let us check if this is not a part ofU(1)!" . If it were included, there would
be $ such that

ei N +4
2 # = e! i N +2

2 # = " 1 . (3.20)

Multiplying these equations, we getei# = 1 , which is a contradiction.7

It can be checked that any discrete transformation keeping Õt Hooft vertex invariant
can be made ofU(1)!" # (Z2)F . For example, (ZN +2 )! generated by! ! e

2# i
N +2 ! can also

be given by
!
$ = 2$

N +2 , " 1
"

$ U(1)!" # (Z2)F . Similarly for (ZN +2 )" .

For even N , we thus Þnd that the symmetry group is

Gf =
U(1)!" # SU(N + 4) # (Z2)F

ZN # ZN +4
. (3.21)

The division by ZN in Eq. (3.21) is because the center of the colorSU(N ) is shared by
elements inU(1)!" # (Z2)F . Indeed, the gauge transformation withe

2# i
N $ ZN % SU(N ),

! ! e
4# i
N ! , " ! e! 2# i

N " , (3.22)

can be written equally well as the following(Z2)F # U(1)!" transformation:

! ! (" 1) ei N +4
2

2#
N ! = e! i N

2
2#
N ei N +4

2
2#
N ! , " ! (" 1) e! i N +2

2
2#
N " = ei N

2
2#
N e! i N +2

2
2#
N " .
(3.23)

Note that the odd elements ofZN belong to the disconnected component ofU(1)!" # (Z2)F

while the even elements belong to the identity component.

7Here we observe a crucial di! erence with the case of an oddN theory. There, the requirement ei( N +4) $ =
e! i( N +2) $ = " 1 leads to e2i $ = 1 , i.e., ! = 0 , " , showing that (Z2)F # U(1)!" .

Ð 9 Ð
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!" model

Gauge inv. kin. terms

coupling procedure as

!" µ

!
# + R S("a) +

N + 4
2

÷A + A0

#

µ

PL !

+ $" µ

!
# + R F! ("a) !

N + 2
2

÷A ! A0

#

µ

PL$ .

+ q" µ

!
# + R F("a) +

N + 2
2

÷A + A0

#

µ

PLq

+ ÷q" µ

!
# + R F! ("a) !

N + 2
2

÷A + A0 ! B (1)
c

#

µ

PL ÷q (3.14)

(with an obvious notation).

The (1-form) gauge invariant Dirac operators are accordingly

d + R S(÷ac !
1
N

B (1)
c ) +

N + 4
2

( ÷A +
1
N

B (1)
c ) + A0 !

1
2

B (1)
c , (3.15)

acting on ! ,

d ! (÷ac !
1
N

B (1)
c ) !

N + 2
2

( ÷A +
1
N

B (1)
c ) ! (A0 !

1
2

B (1)
c ) , (3.16)

acting on $,

d + (÷ac !
1
N

B (1)
c ) +

N + 2
2

( ÷A +
1
N

B (1)
c ) + ( A0 !

1
2

B (1)
c ) , (3.17)

acting on q, and

d ! (÷ac !
1
N

B (1)
c ) !

N + 2
2

( ÷A +
1
N

B (1)
c ) + ( A0 !
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B (1)
c ) , (3.18)

acting on ÷q. Note that we have rewritten each fermion kinetic terms in (3.14) such that the
invariance under the 1-form gauge transformations, (3.8), (3.9), is manifest. The gauge-
ßavor Þeld tensors acting on the fermions are accordingly:
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2
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c ,
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Note that by turning o! the 1-form gauge Þelds
$
B (2)

c = 0, B (1)
c = 0

%
, one goes back to the

standard SU(N ) " ÷U(1) " U0(1) gauge theory.
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♦︎4

{ ! k} . In general, the color center N symmetry is broken by the fermions (unless the
fermions present are all in the adjoint representation ofSU(N )). However the situation
changes if some global, nonanomalousU(1) symmetries, Ui (1), i = 1, 2, . . ., are present,
such that whenUi (1) are gauged (in the usual sense, by the introduction of external gauge
ÞeldsAµ

i ), the color N ! SU(N ) and the Ui (1) transformations can compensate each
other for the fermions.

As one encircles a closed loopL in spacetime, the Þelds transform as

Pei
!

L a " e
2! i
N Pei

!
L a ; ! k " e

2! i N k
N ! k , N ! SU(N ) ; (2.11)

! i ei
!

L A i "
!

e2! i
"

i,k q( i )
k

"
! i ei

!
L A i ; ! k " e2! i

"
i q( i )

k ! k , Ui (1) ; (2.12)

wherea # aA
µ tA dxµ is the SU(N ) gauge Þeld;Nk is the N -ality of the kth fermion, q(i )

k is
the charge of! k under Ui (1). The factor ei

!
L A i is the Aharonov-Bohm phase for thei -th

fermion.

We recall that that the center symmetry is formally deÞned as a path-ordered sequence
of local SU(N ) gauge transformations along the loop, hence the fermions must also trans-
form in order to keep the action invariant. After encircling the loop and coming back to
the original point, the gauge Þeld is transformed by a nontrivial periodicity with a N fac-
tor, dragging the fermions Þelds to transform as in (2.11). It would violate their periodic
boundary condition (i.e., their uniqueness at each spacetime point). This is the reason
why the presence of a fermion, e.g., in the fundamental representation, breaks the center
symmetry itself 6.

When the conditions #

i

q(i )
k = $ N k

N , %k (2.13)

are satisÞed, however, a new, color-ßavor locked center symmetry (2.11), (2.12), can be
deÞned, accompanying the colorN center transformations with appropriateUi (1) gauge
transformations.

As the ordinary N center transformation, such a color-ßavor combined N center
symmetry is still just a global 1-form symmetry.

A more powerful idea is to introduce thegauging of this 1-form symmetryand studying
possible topological obstructions in doing so (generalized Õt HooftÕs anomalies) [15]- [36].
As in the case of conventional gauging of 0-form symmetries, the idea of gauging is that
of identifying the Þeld conÞgurations connected by the given symmetry transformations,
and of eliminating the double counting in the sum over Þeld conÞgurations. However,
as one is now dealing with a 1-form symmetry, the associated gauge transformations are
parametrized by a 1-form Abelian gauge function7 " = " µ(x)dxµ, see (3.8), (3.9) below.

6In the case of the Polyakov loop deÞned in the Euclidean spacetime, the fermions are required to
satisfy antiperiodic boundary condition, but the conclusion is the same.

7Here we remember the crucial aspect of higher form symmetries: they are all Abelian. This is the

7

N-ality

Aharonov-Bohm



                 anomaly

All BY and GG models  have a non anomalous            symmetry  (fermion parity)♦︎

1 Introduction

The dynamics of two wide classes of chiral gauge theories - the so-called Bars-Yankielowicz
(BY) and generalized Georgi-Glashow (GG) models [1] - [6] - has been re-examined recently
[7Ð9], in the light of a gauged color- N 1-form symmetry, and of the stronger forms of
Õt Hooft anomaly matching constraints following from that. In particular certain mixed
anomalies involving a 2 symmetry were found to imply that chirally symmetric conÞning
vacua in these models, where the global symmetries in the infrared are saturated by the
hypothetical massless composite fermions (the baryons), are inconsistent. Dynamical Higgs
vacua characterized by color-ßavor locked bifermion condensates, are instead found to be
compatible with the indications coming from the pattern of the mixed anomalies [7Ð9].

An independent study [10], relying on the appropriate infrared realization of the so-
called strong anomalies, provides a further support to those conclusions.

The arguments based on the mixed 2 ! N anomalies have been put in question
in [11]. Apart from the details of the arguments adopted there, the problem boils down to
the singular nature of the external Ò2 gauge ÞeldÓA2, introduced in [7Ð9] to construct the
color-ßavor 1-form N symmetry which resides in the intersection1 SU(N )" { 2# U!" (1)} .
The 2 gauge Þeld needs to wind

!

L
A2 =

2! m
2

, m $ , (1.1)

along a closed loopL, to parametrize the holonomy2

" % ! " , # % ! # , (1.2)

and to give the color-ßavor-locked 1-form N symmetry. Such a Þeld contains necessarily
a singularity (i.e., a singular 2 vortex) somewhere inside the closed 2D space! 2 bounded
by L.

The authors of [11] show that, by choosing instead a (regular, hence legitimate) Ò2
gauge ÞeldÓA2 such that (cfr. (1.1))

"

! 2

dA2 = 2! , (1.3)

(a formula in the line below Eq. (2.13) of [11]), the ßux carried by the N gauge ÞeldB (2)
c

becomes "

! 2

N B (2)
c = 4! k , k $ , (1.4)

1For deÞniteness, here we consider the case of the Ò!" modelÓ studied in [7] and in [11], and adopt the
notation used there.

2We recall that an appropriate U!" (1) holonomy [7] together with this 2 transformation, lead to a N

transformation of the fermions Þelds, undoing their N & SU(N ) gauge transformations.
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! i ! " ! i

instanton #

♦︎ In these models,  the symmetry group has a disconnected component :  

The situation is analogous in a large class of chiral gauge theories, to be discussed in
Sec.4 below. Clearly, the conventional Õt Hooft anomaly matching requirement is not
powerful enough to discriminate among possible (conÞning or dynamical Higgs) vacua.

To go beyond the conventional (perturbative) Õt Hooft anomaly analyses, it is necessary
to consider the global properties of the symmetry groups, not only the algebra. For even
N the true symmetry group of the model is found to be [69]:

SU(N )color ! Gf , Gf =
SU(N + 4) ! U(1)!" ! (Z2)F

ZN ! ZN +4
, (2.21)

and not (2.20), where (Z2)F is the fermion parity, ! , " " # ! , # " .

Indeed, as promised, there is a subgroup ofSU(N )c ! SU(N + 4) ! U(1)!" ! ( 2)F ,

N = SU(N ) $ { U(1)!" ! (Z2)F } , (2.22)

which leaves the matter Þelds invariant.6 The gauge transformation with e
2! i
N % ZN &

SU(N ),
! " e

4! i
N ! , " " e! 2! i

N " , (2.23)

can be undone by the following (Z2)F ! U(1)!" transformation:

! " (# 1) ei N +4
2

2!
N ! = e! i N

2
2!
N ei N +4

2
2!
N ! , " " (# 1) e! i N +2

2
2!
N " = ei N

2
2!
N e! i N +2

2
2!
N " .

(2.24)
A relevant fact is that the odd elements ofZN belong to the disconnected component
of U(1)!" ! (Z2)F whereas the even elements belong to the connected component of the
identity.

The presence of a subgroup which acts trivially means that there is a 1-form global sym-
metry. Again, in the discrete language introduced before, it acts on transition functions.
In particular, if gc

ij , uij and qij are the transition functions forSU(N ), U(1)!" and ( 2)F ,
one may introduce some N transitions functions (a N gauge Þeld),zij , and transform

gij " zij gij , uij " (zij )! 1uij , and qij " (zij )! N
2 qij . (2.25)

If one drops the cocycle condition forzij , one gauges the 1-form symmetry. In this case
one must introduce also the 2-form connection7, described by the new dataBijk % N ,
which are read from the transition functions

gij gjk gki = Bijk , uij ujk uki = ( Bijk )! 1 , qij qji qki = ( Bijk )! N
2 . (2.26)

6There is another independent subgroup, N +4 , which does not act on matter Þled, leading to another
N +4 1-form center symmetry. In [69] the e! ects of gauging this ßavor center symmetry and the resulting

mixed anomalies in the !" model have also been taken into account. None of the main results however
were found to depend on it. Here for simplicity we consider only the gauging of the color-ßavor locked
center symmetry N , together with U(1)!" and ( 2)F .

7Again, an element ofH 2(M, N ), Bijk % N .
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:  in type I models  (*) (e.g.,  even N                      ),                
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! L !
+

Type I  models (*) :

 all BY and GG models 

with N, p even;   

Type II: others  

♦︎ In type II BY and GG models,  no Z2    and      
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! S =
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i

ci !
1

8! 2

"

! 4

tr i Fµ ! ÷F µ! ! (± ! ) = 2 ! Z
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No new results w.r.t.  the conventional ’t Hooft anomaly algorithm
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 ⌘ model

Odd N
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G =
SU(N ) ! SU(N + 4) ! U!" (1) ! Z2

ZN

Bolognesi, KK, Luzio  ‘19

because 

with !
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ZN ! SU(N ) " { U!" (1) # Z2}CF locked center symmetry:
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♦︎♦︎ Type I models:   gauging of the 1-form  color-flavor locked ZN   symmetry  
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= ± !

The confining, symmetric vacuum  (&)   is inconsistent

(%)

($)
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1/N 2

Master formula for BY, GG

Bolognesi, KK, Luzio, ’21, ’22 

In IR,  the massless baryons do not support the Z2   - (ZN )2  anomaly

c2(! ) = 1, c2(" ) = ! 1, see (2.35).

Now

tr R

! "
F (÷a)

#2
$

= tr R

! "
F (÷a) ! B (2)

c + B (2)
c

#2
$

= tr
! "

R R
"
F (÷a) ! B (2)

c

#
+ N (R)B (2)

c d(R)

#2
$

= tr
!
R R

"
F (÷a) ! B (2)

c )2 + N (R)2
"
B (2)

c

#2
d(R)

$
. (2.38)

R R is the matrix form for the representationR and N (R) its N -ality, and we used the fact
that

tr R
"
F (÷a) ! B (2)

c

#
= 0 , (2.39)

valid for an SU(N ) element in a general representation. d(R) is the d(R) " d(R) unit
matrix ( d(R) is the dimension of the representationR). One Þnds

tr R

! "
F (÷a)

#2
$

= D(R) tr F

! "
F (÷a) ! B (2)

c

#2
$

+ d(R)N (R)2
"
B (2)

c

#2
=

= D(R) tr F [F (÷a)]2 +
%
! D(R) áN + d(R)N (R)2

& "
B (2)

c

#2
, (2.40)

whereD(R) is twice the Dynkin index TR, (2.14). Note that

1
8#2

'

! 4

tr F
%
F (÷a)2

&
# : (2.41)

the Þrst term in Eq. (2.40) corresponds to the conventional instanton contribution to
the ( 2)F anomaly. In all models of interest here, however, thesum of the instanton
contribution from the fermions is of th form,

(an even integer)"
1

8#2

'

! 4

tr F
%
F (÷a)2

&
" (± #) = 2 # , (2.42)

which is trivial.

The fact that ( 2)F anomaly is absent in the standard instanton analysis because of a
(nonvanishing)evencoe! cient, and of the quantized instanton ßux, butnot because of an
algebraic cancellation from di" erent fermions,is of utmost importance. Indeed, the gauging
of the 1-form N by the introduction of the 2-form gauge ÞeldsB (2)

c basically amounts to
the fractionalization of the instanton ßux à la Õt Hooft, (2.34), and as a consequence, a
nonvanishing mixed anomaly involving ( 2)F can appear.

Thus the non-vanishing mixed ( 2)F ! [ N ]2 anomaly comes only from the second term
of Eq. (2.40), containing the 2-form gauge Þeld,

# S(Mixed anomaly) = ( ± #) á
(

fermions

)
d(R)N (R)2 ! N áD(R)

* 1
8#2

'

! 4

"
B (2)

c

#2
. (2.43)
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☞
Vice versa, the dynamical Higgs phase with                      is consistent.               

☞
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``Anomaly matching”  
  UV:   topological obstruction in gauging  Z2   and  ZN      simultaneously;

  IR:                  spontaneously broken,   so is the color-flavor locked 1-form ZN

A mixed    Z2   - (ZN )2    anomaly: 
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matching condition.

(ii) SU(8) ÷U(1)2: again only ! a
i contribute both in the UV and in the IR. The matching is

trivial.

(iii) ÷U(1)3: In the UV, all of " , #, ! give contributions,

8 á
N (N + 1)

2
! 8 á

N (N ! 1)
2

! 8N = 0 ; (3.44)

in the IR, " ii and ! a
i contribute:

8 áN ! 8 áN = 0 . (3.45)

(iv) ÷U(1): In the UV, " , #, ! give

2 á
N (N + 1)

2
! 2 á

N (N ! 1)
2

! 8 áN = ! 6N ; (3.46)

whereas in the IR," ii and ! a
i give

2 áN ! 8N = ! 6N . (3.47)

Þelds SU(8) ÷U(1)
" N (N +1)

2 á(á) N (N +1)
2 á(2)

# N (N ! 1)
2 á(á) N (N ! 1)

2 á(! 2)

! A N á 8N á(! 1)
("#" )ii " " ii N á(á) N á(2)

"#! A " ! A N á 8N á(! 1)

Table 3: Full dynamical Abelianization in the"#! model, in Subsection 3.5

4 (N" , N#) = (1, 0) model: a review

Let us review the (N! , N" ) = (1 , 0) model. The matter fermions are in

" { ij } , ! B
i , B = 1, 2, . . . , N + 4 , (4.1)

or
+ ( N + 4)

ø
. (4.2)
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The (continuous) symmetry of this model is

SU(N )c ! SU(N + 4) f ! U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U" (1), with

Q! : N + 4; , Q" : " (N + 2) . (4.4)

The discrete group is 2 if N is even; none ifN is odd.

4.1 Chirally symmetric phase of (N! , N" ) = (1 , 0) model

Let us Þrst examine the possibility that no condensates form, the system conÞnes and the
ßavor symmetry is unbroken. The candidate massless baryons are:

B [AB ] = ! ij " A
i " B

j , A, B = 1, 2, . . . , N + 4 , (4.5)

antisymmetric in AB . All the SU(N + 4) f ! U(1) anomalies are saturated by those by
B [AB ], as shown by Appelquist-Duan-Sannino, and as can be seen by inspection of the
Table 4.

Þelds SU(N )c SU(N + 4) ÷U(1)

! N (N +1)
2 á(á) N + 4

" A (N + 4) á
ø

N á " (N + 2)

B [AB ] (N +4)( N +3)
2 á(á) " N

Table 4: Chirally symmetric phase of the (1, 0) model

4.2 Color-ßavor locked Higgs phase

It is also possible that a color-ßavor locked phase appears, with

#! { ij " B
i $= C #jB , j, B = 1, 2, . . . N , (4.6)

in which the symmetry is reduced to

SU(N )cf ! SU(4)f ! U!(1) . (4.7)

As this forms a subgroup of the full symmetry group, (4.3), it is quite easily seen, by
making the decomposition of the Þelds in the subgroup, that a subset of the same baryons
saturate all of the triangles associated with the reduced symmetry group. See Table 5.

15

(A) Confining,  SU(N+4)x U(1) symmetric phase seems consistent (no condensates)

massless baryons  ~  

The (continuous) symmetry of this model is

SU(N )c ! SU(N + 4) f ! U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U" (1), with

Q! : N + 4; , Q" : " (N + 2) . (4.4)

The discrete group is 2 if N is even; none ifN is odd.

4.1 Chirally symmetric phase of (N! , N" ) = (1 , 0) model

Let us Þrst examine the possibility that no condensates form, the system conÞnes and the
ßavor symmetry is unbroken. The candidate massless baryons are:

B [AB ] = ! ij " A
i " B

j , A, B = 1, 2, . . . , N + 4 , (4.5)

antisymmetric in AB . All the SU(N + 4) f ! U(1) anomalies are saturated by those by
B [AB ], as shown by Appelquist-Duan-Sannino, and as can be seen by inspection of the
Table 4.

Þelds SU(N )c SU(N + 4) ÷U(1)

! N (N +1)
2 á(á) N + 4

" A (N + 4) á
ø

N á " (N + 2)

B [AB ] (N +4)( N +3)
2 á(á) " N

Table 4: Chirally symmetric phase of the (1, 0) model

4.2 Color-ßavor locked Higgs phase

It is also possible that a color-ßavor locked phase appears, with

#! { ij " B
i $= C #jB , j, B = 1, 2, . . . N , (4.6)

in which the symmetry is reduced to

SU(N )cf ! SU(4)f ! U!(1) . (4.7)

As this forms a subgroup of the full symmetry group, (4.3), it is quite easily seen, by
making the decomposition of the Þelds in the subgroup, that a subset of the same baryons
saturate all of the triangles associated with the reduced symmetry group. See Table 5.

15

CF locked (Higgs) phase also consistent 

The (continuous) symmetry of this model is

SU(N )c ! SU(N + 4) f ! U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U" (1), with

Q! : N + 4; , Q" : " (N + 2) . (4.4)

The discrete group is 2 if N is even; none ifN is odd.

4.1 Chirally symmetric phase of (N! , N" ) = (1 , 0) model

Let us Þrst examine the possibility that no condensates form, the system conÞnes and the
ßavor symmetry is unbroken. The candidate massless baryons are:

B [AB ] = ! ij " A
i " B

j , A, B = 1, 2, . . . , N + 4 , (4.5)

antisymmetric in AB . All the SU(N + 4) f ! U(1) anomalies are saturated by those by
B [AB ], as shown by Appelquist-Duan-Sannino, and as can be seen by inspection of the
Table 4.

Þelds SU(N )c SU(N + 4) ÷U(1)

! N (N +1)
2 á(á) N (N +1)

2 á(N + 4)

" A (N + 4) á
ø

N á N (N + 4) á(" (N + 2))

B [AB ] (N +4)( N +3)
2 á(á) (N +4)( N +3)

2 á(" N )

Table 4: Chirally symmetric phase of the (1, 0) model

4.2 Color-ßavor locked Higgs phase

It is also possible that a color-ßavor locked phase appears, with

#! { ij " B
i $= C #jB , j, B = 1, 2, . . . N , (4.6)

in which the symmetry is reduced to

SU(N )cf ! SU(4)f ! U!(1) . (4.7)

As this forms a subgroup of the full symmetry group, (4.3), it is quite easily seen, by
making the decomposition of the Þelds in the subgroup, that a subset of the same baryons
saturate all of the triangles associated with the reduced symmetry group. See Table 5.

15

The (continuous) symmetry of this model is

SU(N )c ! SU(N + 4) f ! U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U" (1), with

Q! : N + 4; , Q" : " (N + 2) . (4.4)

The discrete group is 2 if N is even; none ifN is odd.

4.1 Chirally symmetric phase of (N! , N" ) = (1 , 0) model

Let us Þrst examine the possibility that no condensates form, the system conÞnes and the
ßavor symmetry is unbroken. The candidate massless baryons are:

B [AB ] = ! ij " A
i " B

j , A, B = 1, 2, . . . , N + 4 , (4.5)

antisymmetric in AB . All the SU(N + 4) f ! U(1) anomalies are saturated by those by
B [AB ], as shown by Appelquist-Duan-Sannino, and as can be seen by inspection of the
Table 4.

Þelds SU(N )c SU(N + 4) ÷U(1)

! N (N +1)
2 á(á) N (N +1)

2 á(N + 4)

" A (N + 4) á
ø

N á N (N + 4) á(" (N + 2))

B [AB ] (N +4)( N +3)
2 á(á) (N +4)( N +3)

2 á(" N )

Table 4: Chirally symmetric phase of the (1, 0) model

4.2 Color-ßavor locked Higgs phase

It is also possible that a color-ßavor locked phase appears, with

#! { ij " B
i $= C #jB , j, B = 1, 2, . . . N , (4.6)

in which the symmetry is reduced to

SU(N )cf ! SU(4)f ! U!(1) . (4.7)

As this forms a subgroup of the full symmetry group, (4.3), it is quite easily seen, by
making the decomposition of the Þelds in the subgroup, that a subset of the same baryons
saturate all of the triangles associated with the reduced symmetry group. See Table 5.

15

Appelquist, Duan, Sannino, ‘00  

The anomaly matching OK, 
(see later)

Þelds SU(N )cf SU(4)f U!(1)

! N (N +1)
2 á(á) N (N +1)

2 á(1)

" A 1
ø

!

ø

N 2 á(á) N 2 á(" 1)

" A 2 4 á
ø

N á 4N á(" 1
2)

B [A 1B 1]

ø
N (N " 1)

2 á(á) N (N " 1)
2 á(" 1)

B [A 1B 2] 4 á
ø

N á 4N á(" 1
2)

Table 5: Color-ßavor locked phase in the (1, 0) model, discussed in Subsection 4.2.A1 or
B1 stand for A, B = 1, 2, . . . , N . A2 or B2 the rest of the ßavor indices.

It is not known which of the possibilities, 4.1 or 4.2, is realized in the (1, 0) model.
The low-energy degrees of freedom are(N +4)( N +3)

2 massless baryons in the former case, and
N 2+7 N

2 massless baryons together with 8N + 1 Nambu-Goldstone bosons, in the latter.

Let us check thea theorem and the ACS criterion for both.

f UV = 2( N 2 " 1) +
7
4

!
N (N + 1)

2
+ ( N + 4) N

"
=

1
8

(37N 2 + 63N " 16) . (4.8)

In the infrared, for the unbroken-symmetry Subsection 4.1 :

f IR =
7
4

(N + 4)( N + 3)
2

=
7
8

(N 2 + 7N + 12) (4.9)

So
f UV " f IR =

1
4

(15N 2 + 7N " 50) # 0 , N # 2 . (4.10)

For the color-ßavor locking scenario Subsection 4.2 with partially broken symmetries:

f IR =
7
4

!
N (N " 1)

2
+ 4N

"
+ 8N + 1 =

1
8

(7N 2 + 113N + 8) (4.11)

so that
f UV " f IR =

1
4

(15N 2 " 25N " 12) # 0 , N # 3 . (4.12)

These results are already discussed in the papers ACSS and ADS, where it was noted that
the symmetric phase 4.1 has a lowerf IR .
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(B)

in those theories.2

A key ingredient of these developments is the idea of "gauging a discrete symmetry",
i.e., identifying the field configurations related by the 1-form (or a higher-form) symmetries,
and eliminating the consequent redundancies, effectively modifying the path-integral sum-
mation rule over gauge fields [36, 37]. Since these generalized symmetries are symmetries
of the models considered, even though they act differently from the conventional ones, it is
up to us to decide to "gauge" these symmetries. Anomalies we encounter in doing so, are
indeed obstructions of gauging a symmetry, i.e., a ’t Hooft anomaly by definition. And as
in the usual application of the ’t Hooft anomalies such as the "anomaly matching" between
UV and IR theories, a similar constraint arises in considering the generalized symmetries
together with a conventional ("0-form") symmetry, which has come to be called in recent
literature as a "mixed ’t Hooft anomaly". Another term of "global inconsistency" was also
used to describe a related phenomenon.

In this paper we take a few, simplest chiral gauge theories as exercise grounds, and
ask whether these new theoretical tools can be usefully applied to them, and whether they
provide us with new insights into the infrared dynamics and global symmetry realizations
of these models.3

For clarity of presentation, we focus the whole discussion here on a single class of
models ( ⌘ models [8, 9]). In Sec. 2 we review the symmetry and earlier results on the
possible phases of these theories. In Sec. 3 the symmetry group of the systems is discussed
more carefully, by taking into account its global aspects. Sec. 4 and Sec. 5 contain the
derivation of the anomalies in odd N and even N theories, respectively. In Sec. 6 we
discuss the UV-IR matching constraints of certain 0-form and 1-form mixed anomalies, and
their consequences on the IR dynamics in even N theories. In Sec. 7 the mixed anomalies are
reproduced without using the Stora-Zumino descent procedure adopted in Sec. 6. Summary
of our analysis and Discussion are in Sec. 8. We shall come back to more general classes of
chiral theories in a separate work.

2 The model and the possible phases

The model we consider in this work is an SU(N) gauge theory with Weyl fermions

 {ij} , ⌘Bi , (i, j = 1, 2, . . . , N , B = 1, 2, . . . , N + 4) , (2.1)

in the direct-sum representation

� (N + 4)
¯

(2.2)

of SU(N). This model was studied in [14, 15], [8, 9].4 This is the simplest of the class of
chiral gauge theories known as Bars-Yankielowicz models [12]. The first coefficient of the

2
A careful exposition of these ideas can be found e.g., in [30].

3
In a recent work we discussed mixed anomalies for a class of chiral gauge theories for which a sub-group

of the center of the gauge group does not act on fermions [34].
4
A recent application of this class of chiral gauge theories is found in [35].

– 3 –

Massless baryons and (NG) bosons in L.E.♦︎
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Þelds SU(N )cf SU(4)f U!(1)

UV ! N (N +1)
2 á(á) 1

" A 1
ø

!

ø

N 2 á(á) " 1

" A 2 4 á
ø

N á " 1
2

IR B [A 1B 1]

ø
N (N " 1)

2 á(á) " 1

B [A 1B 2] 4 á
ø

N á " 1
2

Table 6: Color-ßavor locked phase in the (1, 0) model, discussed in Subsection 3.2.A1 or B1 stand for
A, B = 1 , 2, . . . , N , A2 or B2 the rest of the ßavor indices.

The discrete anomaly ! is broken by the condensate!" . There is (for genericN )
no combination between ! and " which survives, therefore there is no discrete anomaly
matching condition.

It is not known which of the possibilities, 3.1 or 3.2, is realized in the (1, 0) model.
The low-energy degrees of freedom are(N +4)( N +3)

2 massless baryons in the former case, and
N 2+7 N

2 massless baryons together with 8N +1 Nambu-Goldstone bosons, in the latter. Thus
the complementarity [18], as noted in [1], does not work here even though the (dynamical)
Higgs scalars!" are in the fundamental representation of color.

4 (N! , N#) = (2, 0)

This is a straightforward generalization of the!" model above. The matter fermions are

! { ij, m } , " B
i , m = 1, 2 , B = 1, 2, . . . , 2(N + 4) , (4.1)

or
2 + 2( N + 4)

ø
. (4.2)

The (continuous) symmetry of this model is

SU(N )c # SU(2)f # SU(2N + 8) f # U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U" (1),

U(1) : ! $ ei # / 2(N +2) ! , " $ e" i # / 2(N +4) " . (4.4)

The Þrst coe! cient of the beta function is

b0 =
1
3

[11N " 2(N + 2) " 2(N + 4)] =
7N " 12

3
, (4.5)
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whereU(1) is an anomaly-free combination ofU! (1) and U" (1), with

Q! : N + 4 , Q" : ! (N + 2) . (3.5)

There are also discrete symmetries

! = N +2 " U! (1) , " = N +4 " U" (1) . (3.6)

3.1 Chirally symmetric phase in the (1, 0) model

Let us Þrst examine the possibility that no condensates form, the system conÞnes and the
ßavor symmetry is unbroken [3]. The candidate massless baryons are:

B [AB ] = ! ij " A
i " B

j , A, B = 1, 2, . . . , N + 4 , (3.7)

antisymmetric in A # B. All the SU(N + 4) f $ U(1) anomalies are saturated byB [AB ]

as can be seen by inspection of the Table 5. The discrete anomaly! SU(N )2 is also
matched, as can be easily checked.

Þelds SU(N )c SU(N + 4) U(1)

UV ! N (N +1)
2 á(á) N + 4

" A (N + 4) á
ø

N á ! (N + 2)

IR B [AB ] (N +4)( N +3)
2 á(á) ! N

Table 5: Chirally symmetric phase of the (1, 0) model. As in other Tables of the text, the multiplicity,
charges and the representation are shown for each set of fermions. (á) stands for a singlet representation.

3.2 Color-ßavor locked Higgs phase

It is also possible that a color-ßavor locked phase appears [9, 1], with

%! { ij } " B
i &= c! 3#jB , j, B = 1, 2, . . . N , (3.8)

in which the symmetry is reduced to

SU(N )cf $ SU(4)f $ U!(1) . (3.9)

As this forms a subgroup of the full symmetry group, (3.4), it is quite easily seen, by making
the decomposition of the Þelds in the direct sum of representations in the subgroup, that
a subset of the same baryons saturate all of the triangles associated with the reduced
symmetry group, see Table 6.
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Propose: use No  Z2   anomaly  !!!?    

….   But  (*) is a trivial  Z2    holonomy  
                                               !!

(*)

twice those used in [7], and accordingly the anomalies found there would disappear. How-
ever, (1.3) means that their background 2 gauge Þeld corresponds to the holonomy

! ! ! , " ! " , (1.5)

i.e., no transformation (a trivial element of 2). The fact that one Þnds no anomaly for this
background is certainly correct (and consistent), but the signiÞcance of such an observation
is not entirely clear.

Note that a phrase, Òthere is no 2 anomalyÓ, is intrinsically ambiguous. It is not
clear whether one is claiming that there is no 2 symmetry, or that there is one but
not anomalous; whether one is talking about a 0-form or 1-form symmetry, and even by
limiting ourselves to the last case, whether one is dealing with a global or gauged 1-form

2 symmetry.

In order to grasp correctly the main issue it is indeed necessary to distinguish the
concepts of theglobal 1-form N symmetry from the gauged version of it. The former,
a color-ßavor locked N symmetry, is a generalization of the familiar center symmetry of
pure SU(N ) Yang-Mills theory. This symmetry certainly exists in the!" and other models
studied in [7Ð9], but in itself it does not lead to any consistency condition. It is another
story if one tries to gaugethis 1-form N symmetry, by introducing the N gauge Þeld
B (2)

c with a proper N ßux (cfr. (1.4)) [12Ð14]
!

! 2

N B (2)
c = 2#k , k " . (1.6)

Such a gauging may encounter a topological obstruction (a Õt Hooft anomaly). If it does,
then there are new, nontrivial UV-IR matching conditions [15]- [36]. This is indeed what
was found in [7Ð9]. The question is whether the anomalies and their consequences discussed
there are to be trusted, in view of the fact that the argument made use of a singular external
(non-dynamical) A2 gauge Þeld, (1.1).

The aim of the present work is to clarify the sense of the anomalies found in [7Ð9], by
considering an extended model with an extra Dirac pair of fermions in the fundamental
representation, which act as a sort of regulator Þelds. When a gauge-invariant, complex
scalar Þeld coupled to them through a Yukawa potential term gets a nonvanishing vacuum
expectation value (VEV), v, this extended model (which we call the X-ray model) reduces,
at mass scales belowv, to the previously considered!" model3. The generalized anomalies
found in the X-ray model (which are free from the subtleties [11] encountered in the original
!" model) justify and fully conÞrm the conclusion of [7Ð9]. These discussions allow to
illuminate better the signiÞcance of the mixed 2 # ( N )2 anomaly found in the BY and
GG models [7Ð9], and to explain why it is present only in theories with evenN .

This work is organized as follows. In Sec.2 we introduce the X-ray model and dis-

3We take v such that v $ ! !" , where ! !" is the dynamical scale of the!" model.
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! ! " = v # ! !"

SU(N )c SU(N + 4) U(1)!" U(1)V U0(1) ÷U(1)

! (á) N +4
2 0 1 N +4

2

"
ø

! N +2
2 0 ! 1 ! N +2

2

q (á) 0 1 1 N +2
2

÷q
ø

(á) 0 ! 1 1 ! N +2
2

# (á) (á) 0 0 ! 2 0

Table 1: The Þelds and charges of theX -ray model with respect to the nonanomalous symmetries.

of which three of theU(1) symmetries are independent, see Table1. Only three out of the
four U(1)Õs listed are actually independent.

The Yukawa coupling breaks explicitly part of the global symmetry of the original
model, (2.1), (2.2). The implications of the conventional Õt Hooft anomaly matching con-
ditions, with respect to the unbroken global symmetry, therefore remain the same as in
the original generalized Bars-Yankielowicz model, (2.1),(2.2): they allow both dynamical
Higgs phase (with bifermion condensates) and conÞning, chirally symmetric phase (with
no condensate formation). See App. A.

We assume that the potential for the# Þeld is such that it acquires a nonvanishing vev,

"##= v $ ! !" . (2.7)

The system at mass scalesµ below v

"## $ µ (2.8)

reduces exactly to the!" model, studied in [7] - [9], as the fermionsq and ÷q get mass and
decouple. The globalU(1) symmetries indeed reduce as

÷U(1) % U(1)!" ; U0(1) % 2 ; UV % , (2.9)

where 2 acts as
! % ! ! , " % ! " . (2.10)

We refer to this model as the X-ray theory.

As U0(1) and ÷U(1) symmetries are free of (strong) anomalies, one may introduce exter-
nal regular gauge Þelds,A0 and ÷A, respectively.

2.1 Color-ßavor locked 1-form N symmetry

As the idea of color-ßavor locked N 1-form symmetry is central below, let us brießy review
it. Let us consider anSU(N ) gauge theory with a set of the massless matter Weyl fermions
{ ! k} . In general, the color center N symmetry is broken by the fermions (unless the

6

! " q ÷q
N ! SU(N ) 4!

N " 2!
N

2!
N " 2!

N
÷U(1) N +4

2 # " N +2
2 # N +2

2 # " N +2
2 #

U0(1) $ " $ $ $

Table 2: The choice! = 2!
N and " = ± # reproduces indeed N .

3 Gauging 1-form N symmetry: mixed anomalies

We consider now the gauging of the 1-formN symmetry in the X -ray model, lying in the
intersection (see Table2)

N = SU(N )c # ( ÷U(1) $ U0(1)) (3.1)

where ÷U(1) and U0(1) are deÞned in Table1 7. In other words, our theory is described by
the connection

SU(N )c $ ÷U(1) $ U0(1)

N
, (3.3)

rather than by the simple product principal bundle

SU(N ) $ ÷U(1) $ U0(1) . (3.4)

Accordingly, we introduce the gauge Þelds

1. ÷A: ÷U(1) 1-form gauge Þeld,

2. A0: U0(1) 1-form gauge Þeld,

3. B (2)
c : N 2-form gauge Þeld,

in addition to the dynamical color gaugeSU(N ) Þeld, a.

The gauging of 1-form discreteZN symmetry proceeds by introducing a pair of 2-form
and 1-form gauge Þelds [15]- [36] !

B (2)
c , B (1)

c

"
(3.5)

satisfying
NB (2)

c = dB(1)
c , (3.6)

and coupling to them theSU(N ) gauge Þeldsa and ÷U(1) $ U0(1) gauge Þelds,÷A and A(1)
0 ,

appropriately. For the SU(N ) gauge Þelda, this is done by embedding it into aU(N )

7Also, as

U(1)"# %UV (1) = ÷U(1) ; Q"# +
N + 2

2
QV = ÷Q (3.2)

it is possible to gauge the 1-form N symmetry together with U(1)"# , UV (1) and U0(1). Here we choose
to proceed with gauging N lying in the intersection (3.1).
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four lines of (3.21) only:

A 6D =
1

24! 2

!

! 6

" N (N + 1)
2

[
N + 4

2
(d ÷A + B (2)

c ) + dA0 !
N
2

B (2)
c ]3

+ ( N + 4) N [!
N + 2

2
(d ÷A + B (2)

c ) ! (dA0 !
N
2

B (2)
c )]3

+ N [
N + 2

2
(d ÷A + B (2)

c ) + ( dA0 !
N
2

B (2)
c )]3

+ N [!
N + 2

2
(d ÷A + B (2)

c ) + ( dA0 !
N
2

B (2)
c )]3

#
. (3.22)

Below we are going to extract the mixed anomalies, involving theU(1)0 or ÷U(1) gauge
Þelds,A0, ÷A, together with the 1-form N gauge Þeld, (B (2)

c , B (1)
c ). We recall again that

without the latter, UV anomalies simply expresses the conventional Õt Hooft anomaly
triangles involving the U(1)0 " ÷U(1) background Þelds, and by construction those are
matched by the assumed set of the massless baryons of a candidate IR theory such as
the one discussed in AppendixB. What we shall exhibit below is only the new, stronger
anomalies introduced by the gauging of the 1-form N symmetry. As will be discussed
below (Sec.3.3) the consequence of these is that the conÞning, symmetric vacuum is not
consistent.

3.1 ÷A ! (B (2)
c )2 anomaly

To calculate the anomaly in÷U(1) caused by the introduction of the 1-form N gauge Þelds,
let us brießy recall the procedure for calculating the anomalies in 4D theory according to
the Stora-Zumino descent procedure [37Ð39], starting from the 6D anomaly functional,
(3.22), in our case8. One collects the terms of the form, (B (2)

c )2d ÷A, integrate to get a 5D
functional of the form,

#
!

! 5

(B (2)
c )2 ÷A . (3.23)

Now the variation ÷A $ ÷A + " ÷A
" ÷A = d"# (3.24)

yields, by anomaly inßow, the anomalous variation in the (boundary) 4D theory

"S!" =
÷C

8! 2

!

! 4

(B (2)
c )2 "# . (3.25)

By collecting terms we Þnd

÷C = !
N 3(N + 3)

2
%= 0 . (3.26)

8As emphasized in [7] all the calculations can be done staying in 4D, à la Fujikawa. That approach will
give directly (3.25), for instance, from the functional Jacobian.
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The ÷U(1) symmetry is broken (i.e., gets anomalous) by the generalized 1-form gauging of
the N .

3.2 A0 ! (B (2)
c )2 anomaly

An analogous calculation leads to theU0(1) anomaly due to the 1-form gauging of the N

symmetry,

! S!" 0 =
C0

8" 2

!

! 4

(B (2)
c )2 !# 0 , C0 = N 2(N + 3) . (3.27)

This appears to imply that the U0(1) symmetry is also broken by the 1-form gauging of
the N symmetry.

However, the scalar VEV"$#= v breaks spontaneously theU0(1) symmetry to 2. It
means that, in contrast to (3.25), (3.26), the variation (3.27) cannot be used to examine
the generalized UV-IR anomaly matching check. For that purpose, we can use only the
nonanomalous9 and unbroken symmetry operation, i.e., variations corresponding to a
nontrivial 2 trasformation !# 0 = ± " . Taking into account the nontrivial Õt Hooft ßux
(3.11),

1
8" 2

!

! 4

(B (2)
c )2 =

n
N 2

, n $ , (3.28)

and the crucial coe! cient of the anomaly,C0 = N 2(N + 3), it is seen that the partition
function changes sign for evenN . We reproduce exactly the 2 anomaly found in [7].

3.2.1 Remark

As in our earlier work [7Ð9], the nontrivial Õt Hooft N ßux (1.6), (3.11), (3.28), mean that
one is considering the 4D spacetime compactiÞed in e.g., bi-torus,T2 % T2. See Sec.4
below for more remarks on 2 vortices in such a spacetime, implied by (3.13).

3.3 Chirally symmetric vacuum versus dynamical Higgs phase

Now what is the implication of the mixed anomalies found in theX -ray model, (3.25),
(3.28) to the physics in the infrared, that is, the phase of the%&model? We consider
here two, particularly interesting dynamical possibilities, a conÞning, chirally symmetric
vacuum and a dynamical Higgs phase, which are both known to be compatible with the
conventional Õt Hooft anomaly-matching constraints.

If we assume that the infrared system were conÞning, chirally symmetric one, with
no bifermion condensates forming, then the conventional Õt Hooft algorithm would tell us
that the low-energy degrees of freedom is the color-singlet massless composite fermion,
the baryon, B11 & %&&(see AppendixB). Knowing its quantum numbers, there are no
di! culties in constructing the infrared anomaly functional, following the same procedure

9In the sense of the standard strong anomaly.
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The situation is analogous in a large class of chiral gauge theories, to be discussed in
Sec.4 below. Clearly, the conventional Õt Hooft anomaly matching requirement is not
powerful enough to discriminate among possible (conÞning or dynamical Higgs) vacua.

To go beyond the conventional (perturbative) Õt Hooft anomaly analyses, it is necessary
to consider the global properties of the symmetry groups, not only the algebra. For even
N the true symmetry group of the model is found to be [69]:

SU(N )color ! Gf , Gf =
SU(N + 4) ! U(1)!" ! (Z2)F

ZN ! ZN +4
, (2.21)

and not (2.20), where (Z2)F is the fermion parity, ! , " " # ! , # " .

Indeed, as promised, there is a subgroup ofSU(N )c ! SU(N + 4) ! U(1)!" ! ( 2)F ,

N = SU(N ) $ { U(1)!" ! (Z2)F } , (2.22)

which leaves the matter Þelds invariant.6 The gauge transformation with e
2! i
N % ZN &

SU(N ),
! " e

4! i
N ! , " " e! 2! i

N " , (2.23)

can be undone by the following (Z2)F ! U(1)!" transformation:

! " (# 1) ei N +4
2

2!
N ! = e! i N

2
2!
N ei N +4

2
2!
N ! , " " (# 1) e! i N +2

2
2!
N " = ei N

2
2!
N e! i N +2

2
2!
N " .

(2.24)
A relevant fact is that the odd elements ofZN belong to the disconnected component
of U(1)!" ! (Z2)F whereas the even elements belong to the connected component of the
identity.

The presence of a subgroup which acts trivially means that there is a 1-form global sym-
metry. Again, in the discrete language introduced before, it acts on transition functions.
In particular, if gc

ij , uij and qij are the transition functions forSU(N ), U(1)!" and ( 2)F ,
one may introduce some N transitions functions (a N gauge Þeld),zij , and transform

gij " zij gij , uij " (zij )! 1uij , and qij " (zij )! N
2 qij . (2.25)

If one drops the cocycle condition forzij , one gauges the 1-form symmetry. In this case
one must introduce also the 2-form connection7, described by the new dataBijk % N ,
which are read from the transition functions

gij gjk gki = Bijk , uij ujk uki = ( Bijk )! 1 , qij qji qki = ( Bijk )! N
2 . (2.26)

6There is another independent subgroup, N +4 , which does not act on matter Þled, leading to another
N +4 1-form center symmetry. In [69] the e! ects of gauging this ßavor center symmetry and the resulting

mixed anomalies in the !" model have also been taken into account. None of the main results however
were found to depend on it. Here for simplicity we consider only the gauging of the color-ßavor locked
center symmetry N , together with U(1)!" and ( 2)F .

7Again, an element ofH 2(M, N ), Bijk % N .
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B (1)
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!

A0 =
2!
2 BKL ‘19
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In BY and GG models with even N,  UV-IR mismatch of mixed Z2  anomaly  
suggests dynamical symmetry breaking
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 more precisely, CF locked dynamical Higgs phase
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Further developments  :  
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♦︎

Strong anomaly effective action

Dynamical Abelianization 

Tensorial Chiral Gauge Theories 

♦︎ Natural Anomaly Matching
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The system is asymptotically free and continues to evolve towards the infrared. We shall

not pursue further such a tumbling-like scenario, but it is possible that at the end the

system flows into the full dynamical Abelianization, studied in Sec. 3.

Even though we have focused our attention in this work on the  �⌘ theory for definite-

ness, there are other chiral gauge theories in which a bifermion condensate in the adjoint

representation might occur and in which dynamical Abelianization might be decisive in

determining the infrared physics. Possible examples are

(i) SU(N) theory (with N even), with odd number of fermions in the self-adjoint anti-

symmetric order N/2 tensor representation, studied in [17,27] ;

(ii) A generalization of the SU(N)  �⌘ model with a matter fermion content,

 
{ij},m

, �[ij] , ⌘
B
j , m = 1, 2, B = 1, 2, . . . , N + 12 , (5.3)

or

2 +

¯

+ (N + 12)
¯

. (5.4)

studied in [16] , and

(iii) SU(N) theories with fermions in the complex representation, N�4
k  

{ij}’s and N+4
k

�̄[ij],

N � 4

k
�

N + 4

k

¯

, (5.5)

(k being a common devisor of N � 4 and N + 4) studied recently [17, 37].

In all of them, the conventional ’t Hooft anomaly matching analysis is consistent with

dynamical Abelianization hypothesis, and in some cases, the preliminary analysis involving

the generalized symmetries and the mixed anomalies appears to give further support [17,37]

for it. Still, in some of this class of models, the symmetry breaking pattern may be di↵erent

from dynamical Abelianization, allowing for a more general types of infrared gauge theories.

We will come back to the discussion of these models in a separate investigation.
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Anomalies with gauged 1-form  CF locked ZN



III.      Dynamical breaking of symmetries

Dynamical breaking of the color-flavor locked  
 1-form ZN  symmetry



Tensorial Chiral Gauge Theories 

The system is asymptotically free and continues to evolve towards the infrared. We shall

not pursue further such a tumbling-like scenario, but it is possible that at the end the

system flows into the full dynamical Abelianization, studied in Sec. 3.

Even though we have focused our attention in this work on the  �⌘ theory for definite-

ness, there are other chiral gauge theories in which a bifermion condensate in the adjoint

representation might occur and in which dynamical Abelianization might be decisive in

determining the infrared physics. Possible examples are

(i) SU(N) theory (with N even), with odd number of fermions in the self-adjoint anti-

symmetric order N/2 tensor representation, studied in [17,27] ;

(ii) A generalization of the SU(N)  �⌘ model with a matter fermion content,
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or

2 +
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+ (N + 12)
¯

. (5.4)

studied in [16] , and

(iii) SU(N) theories with fermions in the complex representation, N�4
k  
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k

�̄[ij],

N � 4

k
�

N + 4

k

¯

, (5.5)

(k being a common devisor of N � 4 and N + 4) studied recently [17, 37].

In all of them, the conventional ’t Hooft anomaly matching analysis is consistent with

dynamical Abelianization hypothesis, and in some cases, the preliminary analysis involving

the generalized symmetries and the mixed anomalies appears to give further support [17,37]

for it. Still, in some of this class of models, the symmetry breaking pattern may be di↵erent

from dynamical Abelianization, allowing for a more general types of infrared gauge theories.

We will come back to the discussion of these models in a separate investigation.
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e.g.,  SU(5) model with
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☞ An indication that                  is spontaneously broken at low energies,  
e.g.,  by condensates such as  
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♦︎

♦︎

Many other mixed anomalies

….

Q:   Which are the set of condensates and symmetry breaking pattern in L.E.,. 
       that reproduce all of them?    (***)                     NO Anber-Chan  ‘24

♦︎ The right question to ask: 

What is the most likely dynamical scenario (confinement, Higgs, dyn. 
 Abelianization, etc.) , compatible with these mixed anomalies?   Bolognesi, KK, Luzio,  ’24

This question transcends the otherwise reasonable-sounding questions (***).

♦︎♦︎ Natural Anomaly Matching♦︎

Ans:    dynamical symmetry breaking
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IV.    Natural Anomaly Matching



Natural Anomaly Matching

🔵 When the color symmetry gets dynamically broken (Higgs phase) by 
some bifermion condensate,  the anomaly matching with respect to the  
unbroken symmetries, is often automatic, as in the BY model

’80 -  
Raby-Dimopoulos,      

Susskind,  Bars-Yankielowicz, 

Goity, Peccei, Zeppenfeld, Eicheten, 

Preskill, Appelquist, Cohen, Schmaltz, 

Duan, Sannino, Shi, Shock,  

Shifman, Unsal, Armoni, Poppitz, 

🔵 Many chiral gauge theories surveyed:  in some cases such an 
automatic anomaly matching appeared to fail  Bolognesi, KK,  PRD ‘19

☞ Clean up the logics behind, correct some statements 
 made in BK ’19,  and give new examples 

Bolognesi, KK , Luzio, Orso  ‘24



Devide the full set of fermions in two sets

the symmetry is broken as ☞

Fermions         d  do not contribute to the anomaly in the L.E.    

CF locking

🔵

🔵 Also,  for any color/flavor generators 

    For the combinations 

Generators of  

☞ we find

🔵 Solution of the anomaly matching?    Not quite yet!

Fermions can become strongly coupled:  must be replaced by massless baryons

but  it’s the original ’t Hooft problem!  s.t. (*) 
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♦︎ 1 In the CF locked dynamical Higgs phase,  e.g., 

☞
can act as a metric, converting color to flavor 

(*) satisfy         automatically

♦︎ 2 When the LE color       i   is infrared free, 

w.r.t.

satisfy         automatically(*) 

♦︎ 3 In all these cases, the anomalies with respect to unbroken symmetries 
 are all satisfied fully and automatically   
including the conventional, generalized or global (e.g. Witten) anomalies

(*) 



An example: an SU(5) tensorial model w fermions

G =

<latexit sha1_base64="RmNaMBSRZDgQk6j71IiFq+S0NRU=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuilJkKq7ohuXFUwtNCFMppN26OTBzESooV/ixoUibv0Ud/6N08dCWw9cOJxzL/feE2acSWVZ30ZpbX1jc6u8XdnZ3duvmgeHHZnmglCXpDwV3RBLyllCXcUUp91MUByHnD6Eo5up//BIhWRpcq/GGfVjPEhYxAhWWgrMqhsUXiaZR4ZsUrfPArNmNSznquk4SJMZkL1MarBAOzC/vH5K8pgminAsZc+2MuUXWChGOJ1UvFzSDJMRHtCepgmOqfSL2eETdKqVPopSoStRaKb+nihwLOU4DnVnjNVQLntT8T+vl6vo0i9YkuWKJmS+KMo5UimapoD6TFCi+FgTTATTtyIyxAITpbOq6BBWXl4lHadhNxvNu/Na63oRRxmO4QTqYMMFtOAW2uACgRye4RXejCfjxXg3PuatJWMxcwR/YHz+ACn1ksg=</latexit>

U!" (1) gets anomalous   (a mixed        
<latexit sha1_base64="MwCauWeToJE9M1Of98jW6FJlbC0=">AAACDXicbVDLTsJAFJ3iC/GFunQzEU1gIWkJoEuiG5eYWCDS2kyHKUyYPjIzNSFNf8CNv+LGhca4de/Ov3EKLBQ8yU1Ozrk3997jRowKqevfWm5ldW19I79Z2Nre2d0r7h90RBhzTEwcspD3XCQIowExJZWM9CJOkO8y0nXHV5nffSBc0DC4lZOI2D4aBtSjGEklOcUT00msSFALj2haNipnsJxYPpIj14N3qdOo3NcgdIolvao3a816AyoyBTQWSQnM0XaKX9YgxLFPAokZEqJv6JG0E8QlxYykBSsWJEJ4jIakr2iAfCLsZPpNCk+VMoBeyFUFEk7V3xMJ8oWY+K7qzA4Vi14m/uf1Y+ld2AkNoliSAM8WeTGDMoRZNHBAOcGSTRRBmFN1K8QjxBGWKsCCCmHp5WXSqVWNZrV5Uy+1Ludx5MEROAZlYIBz0ALXoA1MgMEjeAav4E170l60d+1j1prT5jOH4A+0zx9qYpne</latexit>

U!" (1) ! (Z5)2 anomaly)

☞ Assume

G  broken to   G’  =    

The massless baryons are

☞
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Anomalies (conventional, generalized mixed)   in  G’   

fully  UV-IR  matched 



Another possible IR phase for SU(5) model: 

condensate

☞

L.E. massless fermions



V.    Summary



♦︎ Investigated the IR dynamics of AF chiral gauge theories:
via anomalies      in 

gauging 1-form (color-flavor locked)  ZN   center symmetry

Stronger constraints than the conventional ’t Hooft 
 anomaly matching algorithm

In wide class of chiral gauge theories, the new mixed-anomaly  
matching suggests dynamical symmetry breaking via 
bi-fermion condensates  (non unique) 

All (conventional, new, and global) anomaly-matching requirement  
w.r.t. unbroken symmetries  automatically fulfilled 
 (natural anomaly matching)

♦︎ Some other hypotheses, confinement without condensates and 
 full global symmetries in the IR,  or confinement but with only 
multi-fermion gauge-invariant condensates, found to be inconsistent
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☞

☞

♦︎ 



 UV completion of

still lacking

The QUEST continues ! 

☞

♦︎ Clearer picture on chiral gauge theories emerging, but



THE END

Thank you  for your  attention !



♦︎

Gauge the 1-form  

Gauging N ! SU(N ) " [U!" (1) # 2]

(i) The relation between 2 and SU(N )# U!" (1) ((3.22) and (3.23)) show that 2 is indeed
included in N # U!" (1) , where the second factor is a particular discrete subgroup
of U!" (1). We saw already that nevertheless 2 is not necessarily non-anomalous for
generic SU(N ) gauge conÞgurations. At the same time, these relations show that
the even elements of N # U!" (1) are trivial: they correspond to

! $ ! , " $ "

(even elements of 2).

(ii) Stated di ! erently, the symmetry of the even N theory can be written alternatively as

G = SU(N ) #
U(1)!" # SU(N + 4)
ZN/ 2 # Z(N +4) / 2 # 2

.

There is nothing wrong with this, but then the 1-form symmetry one may gauge is

ZN/ 2 ! SU(N ) " U!" (1).

or similarly Z(N +4) / 2. You can try to introduce B Þelds, but nothing can be gained.
B Þelds have the integral over" 2 ( ßux ) 2# á2/N (double of Eq. (5.25)) in this case;
and of course, there is no (Z2)F anomaly to talk about.

(iii) If instead we decide (it is up to us) to ÓgaugeÓ the 1-form symmetry

N ! SU(N ) " (U!" (1) # (Z2)F ) ,

using the symmetry of the system written as (3.21):

G = SU(N ) #
U(1)!" # SU(N + 4) # (Z2)F

ZN # ZN +4
,

then one must introduce all gauge Þelds listed at the beginning of Sec. 5.1, including
the continuous A2 Þelds for (Z2)F . Bc and Bf Þelds have ßuxes in (5.11), (5.12),
but only the minimum nontrivial ßuxes have meaning, n1 = m1 = 1 . The said
1-form gauging means that the system must be made invariant under continuous
transformations, (5.5), (5.10). And this includes a continuous (Z2)F (A2) gauge
transformations, see (5.12).

(iv) By the way this is what one does formally in the usual (no B Þelds) theory to compute
the (Z2)F anomaly. See our check, in Sec. 5.3, the Þrst term in Eq. (5.33).

(v) If you discuss the cocycle condition by using theSU(N ) and U!" (1) transformations
only, you get only plus sign in (5.26), (5.27), and you are back to the gauging of N/ 2
- the option (ii) above.

1

♦︎

the true symmetry group of the system turns out to be:   (N=even)

Gauging N ! SU(N ) " [U!" (1) # 2]
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(iii) If instead we decide (it is up to us) to ÓgaugeÓ the 1-form symmetry
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using the symmetry of the system written as (3.21):
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U(1)!" # SU(N + 4) # (Z2)F

ZN # ZN +4
,

then one must introduce all gauge Þelds listed at the beginning of Sec. 5.1, including
the continuous A2 Þelds for (Z2)F . Bc and Bf Þelds have ßuxes in (5.11), (5.12),
but only the minimum nontrivial ßuxes have meaning, n1 = m1 = 1 . The said
1-form gauging means that the system must be made invariant under continuous
transformations, (5.5), (5.10). And this includes a continuous (Z2)F (A2) gauge
transformations, see (5.12).

(iv) By the way this is what one does formally in the usual (no B Þelds) theory to compute
the (Z2)F anomaly. See our check, in Sec. 5.3, the Þrst term in Eq. (5.33).

(v) If you discuss the cocycle condition by using theSU(N ) and U!" (1) transformations
only, you get only plus sign in (5.26), (5.27), and you are back to the gauging of N/ 2
- the option (ii) above.

1

(*)cfr.

🔵 Introduce

5 Mixed anomalies: Even N case

We discuss now the evenN theories. The calculation of the anomalies, 1-form gauging
and anomaly matching checks go through mostly as in the oddN case discussed above, by
taking into account appropriately the di ! erence in theU(1)!" charges of the matter Þelds
and in the center symmetries themselves, as well as the presence of an independent discrete
(Z2)F symmetry. However the conclusion turns out to be qualitatively di! erent.

5.1 Calculation of anomalies

To detect the anomalies of global symmetryGf , Eq. (3.21), we introduce the gauge Þelds

¥ A: U(1)!" 1-form gauge Þeld,

¥ A(1)
2 : (Z2)F 1-form gauge Þeld,

¥ Af : SU(N + 4) 1-form gauge Þeld,

¥ B (2)
c : ZN 2-form gauge Þeld,

¥ B (2)
f : ZN +4 2-form gauge Þeld.

(Z2)F is an ordinary (0-form) discrete symmetry, and we introduced accordingly a 1-form
gauge Þeld

A(1)
2 , ! A(1)

2 =
1
2

d ! A(0)
2 . (5.1)

The (Z2)F variation in the 4D action is described by,

! A(0)
2 = ± 2" , i.e. , # ! ei## = " # , $ ! e! i#$ = " $ . (5.2)

In order to avoid misunderstandings, let us repeat thatA(1)
2 is a gauge Þeld formally in-

troduced to describe an ordinary (0-form) (Z2)F symmetry. In this sense it is perfectly
analogous to theU(1)!" gauge Þeld,A.

!
B (2)

c , B (2)
f

"
are instead introduced to "gauge" the

1-form center (ZN and ZN +4 ) symmetries 9. The procedure was reviewed brießy at the
beginning of Sec.4, in the case of oddN theories.

For evenN theories under consideration here, the construction is similar. We introduce
two pairs of gauge Þelds

!
B (2)

c , B (1)
c

"
and

!
B (2)

f , B (1)
f

"
, satisfying the constraints 10

NB (2)
c = dB(1)

c ; (N + 4) B (2)
f = dB(1)

f . (5.3)

Under the gauged (1-form) center transformations, these Þelds transform as

B (2)
c ! B (2)

c + d %c , B (1)
c ! B (1)

c + N %c , (5.4)

9In order to completely dispel the risk of confusion, it might have been a good idea to put su ! x such as
in (Z2)(0)

F , Z(1)
N , or Z(1)

N +4 , to show explicitly which types of symmetry we are talking about. We refrained
ourselves from doing so in this work, however, in order to avoid cluttered formulae, and conÞding in the
attentiveness of the reader. Another reason is that the symbol ZN , e.g., is used both to indicate the
particular symmetry type and to stand for the cyclic group CN itself.

10 See the discussion at the beginning of Sec.4 for the meaning of these constraints.
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B (2)
f ! B (2)

f + d ! f , B (1)
f ! B (1)

f + ( N + 4) ! f , (5.5)

which respect the constraints (5.3). Now the whole system must be made invariant under
these transformations, and this requires the gauge ÞeldsA, A2, Af , color SU(N ) gauge Þeld
a, as well as the fermions, be all coupled appropriately to

!
B (2)

c , B (1)
c

"
and

!
B (2)

f , B (1)
f

"

Þelds.

To achieve this we Þrst embed the dynamicalSU(N ) gauge Þelda into a U(N ) gauge
Þeld #a as

#a = a +
1
N

B (1)
c , (5.6)

and the SU(N + 4) ßavor gauge Þeld asU(N + 4) gauge Þeld#Af as

#Af = Af +
1

N + 4
B (1)

f . (5.7)

Under the center of SU(N ), the symmetry-group element(ei! , (" 1)n , gf ) # U(1) $ Z2 $
SU(N + 4) is identiÞed as (see Eq. (3.23))

(ei! , (" 1)n , gf ) % (ei( ! ! 2!
N ) , (" 1)nei 2!

N
N
2 , gf ) . (5.8)

This means that U(1)"# gauge ÞeldA has charge" 1, (Z2)F gauge ÞeldA(1)
2 has chargeN

2 ,
and U(N + 4) gauge Þeld#Af has charge0 under the U(1) 1-form gauge transformation! c

for B (2)
c .

Similarly, the division by ZN +4 means that we identify (see Eq. (3.24))

(ei! , (" 1)n , gf ) % (ei( ! ! 2!
N +4 ) , (" 1)nei N +4

2
2!

N +4 , gf e
2! i

N +4 ) , (5.9)

and this determines the charges under! f .

These considerations determine uniquely the way the 1-form gauge Þelds transform
under (5.4) and (5.5):

#a ! #a + ! c ,

A ! A " ! c " ! f ,

A(1)
2 ! A(1)

2 +
N
2

! c +
N + 4

2
! f ,

#Af ! #Af + ! f . (5.10)

The crucial ingredient in our analysis now is the nontrivial Õt Hooft ßuxes carried by
the ( N and N +4 ) 2-form gauge ÞeldsB (2)

c and B (2)
f ,

1
2"

$

! 2

B (2)
c =

n1

N
, n1 # N , (5.11)

1
2"

$

! 2

B (2)
f =

m1

N + 4
, m1 # N +4 , (5.12)
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♦︎

Be more careful about the symmetry: 

a :  SU(N) gauge field



in nontrivial closed two-dimensionl spaces (such as a torus). On topologically nontrivial
four dimensional spacetime of Euclidean signature! 4 compactiÞed on double torus (ˆ la Õt
Hooft), one has then

1
8! 2

!

! 4

(B (2)
c )2 =

n
N 2 ,

1
8! 2

!

! 4

(B (2)
f )2 =

m
(N + 4) 2 , (5.13)

where n ! N and m ! N +4 , and an extra factor 2 with respect to (5.11) is due to the
two possible ways the twoB (2)

c Þelds are distributed on the two torus (similarly for B (2)
f ).

The fermion kinetic term with the background gauge Þeld is obtained by the minimal
coupling procedure as

"# µ
"

$ + R S(#a) +
N + 4

2
A + A2

$

µ
PL "

+ %#µ
"

$ + R F! (#a) + #Af "
N + 2

2
A " A2

$

µ
PL %. (5.14)

Here,A2 represents the coupling to the fermion parity(" 1)F , so its coe! cient is meaningful
only modulo 2, and we Þx the convention here.11 With this assignment of charges, each
covariant derivative turns out to be invariant under 1-form gauge transformations without
introducing extra terms. This is of course a direct reßection of the equivalence, (3.22) and
(3.23), or (5.8), (5.9), i.e., of the requirement that the N # SU(N ) transformation is
canceled byU(1)!" $ 2 (and similarly for the N +4 symmetry).

We compute the anomalies again by applying the Stora-Zumino descent procedure
starting with a 6D anomaly functional. The two-index symmetric fermion " feels the
gauge Þeld strength

R S
%
F (#a)

&
+

N + 4
2

dA + d A2 = R S
%
F (÷a) " B (2)

c

&
+

N + 4
2

'
dA + B (2)

c + B (2)
f

(

+
)
dA(1)

2 "
N
2

B (2)
c "

N + 4
2

B (2)
f

*
, (5.15)

where appropriate 2-form gauge Þelds have been introduced so that each term is now 1-form
gauge invariant. Similarly, the anti-fundamental fermion %feels the gauge Þeld strength

R F!
%
F (#a)

&
+ F ( #Af ) "

N + 2
2

dA " dA2

= " [F (#a) " B (2)
c ] + [ F ( #Af ) " B (2)

f ] "
N + 2

2

'
dA + B (2)

c + B (2)
f

(

"
)
dA(1)

2 "
N
2

B (2)
c "

N + 4
2

B (2)
f

*
. (5.16)

The low energy "baryons" gives

R A
%
F ( #Af )

&
"

N
2

dA " dA2

= R A [F ( #Af ) " B (2)
f ] "

N
2

'
dA + B (2)

c + B (2)
f

(
"

)
dA(1)

2 "
N
2

B (2)
c "

N + 4
2

B (2)
f

*
.

(5.17)
11 If the 2 charges were assigned as(+1 , +1) , rather than (+1 , ! 1), as in Eq. (5.14), some coe! cients in

Eq. (5.20) would change, but the Þnal results would not change.
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8! 2

!

! 4

(B (2)
f )2 =

m
(N + 4) 2 , (5.13)

where n ! N and m ! N +4 , and an extra factor 2 with respect to (5.11) is due to the
two possible ways the twoB (2)

c Þelds are distributed on the two torus (similarly for B (2)
f ).

The fermion kinetic term with the background gauge Þeld is obtained by the minimal
coupling procedure as

"# µ
"

$ + R S(#a) +
N + 4

2
A + A2

$

µ
PL "

+ %#µ
"

$ + R F! (#a) + #Af "
N + 2

2
A " A2

$

µ
PL %. (5.14)

Here,A2 represents the coupling to the fermion parity(" 1)F , so its coe! cient is meaningful
only modulo 2, and we Þx the convention here.11 With this assignment of charges, each
covariant derivative turns out to be invariant under 1-form gauge transformations without
introducing extra terms. This is of course a direct reßection of the equivalence, (3.22) and
(3.23), or (5.8), (5.9), i.e., of the requirement that the N # SU(N ) transformation is
canceled byU(1)!" $ 2 (and similarly for the N +4 symmetry).

We compute the anomalies again by applying the Stora-Zumino descent procedure
starting with a 6D anomaly functional. The two-index symmetric fermion " feels the
gauge Þeld strength

R S
%
F (#a)

&
+

N + 4
2

dA + d A2 = R S
%
F (÷a) " B (2)

c

&
+

N + 4
2

'
dA + B (2)

c + B (2)
f

(

+
)
dA(1)

2 "
N
2

B (2)
c "

N + 4
2

B (2)
f

*
, (5.15)

where appropriate 2-form gauge Þelds have been introduced so that each term is now 1-form
gauge invariant. Similarly, the anti-fundamental fermion %feels the gauge Þeld strength

R F!
%
F (#a)

&
+ F ( #Af ) "

N + 2
2

dA " dA2

= " [F (#a) " B (2)
c ] + [ F ( #Af ) " B (2)

f ] "
N + 2

2

'
dA + B (2)

c + B (2)
f

(

"
)
dA(1)

2 "
N
2

B (2)
c "

N + 4
2

B (2)
f

*
. (5.16)

The low energy "baryons" gives

R A
%
F ( #Af )

&
"

N
2

dA " dA2

= R A [F ( #Af ) " B (2)
f ] "

N
2

'
dA + B (2)

c + B (2)
f

(
"

)
dA(1)

2 "
N
2

B (2)
c "

N + 4
2

B (2)
f

*
.

(5.17)
11 If the 2 charges were assigned as(+1 , +1) , rather than (+1 , ! 1), as in Eq. (5.14), some coe! cients in

Eq. (5.20) would change, but the Þnal results would not change.
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Invariant tensors felt by the fermions 

…….

Stora-Zumino 



Impose invariance under:

5 Mixed anomalies: Even N case

We discuss now the evenN theories. The calculation of the anomalies, 1-form gauging
and anomaly matching checks go through mostly as in the oddN case discussed above, by
taking into account appropriately the di ! erence in theU(1)!" charges of the matter Þelds
and in the center symmetries themselves, as well as the presence of an independent discrete
(Z2)F symmetry. However the conclusion turns out to be qualitatively di! erent.

5.1 Calculation of anomalies

To detect the anomalies of global symmetryGf , Eq. (3.21), we introduce the gauge Þelds

¥ A: U(1)!" 1-form gauge Þeld,

¥ A(1)
2 : (Z2)F 1-form gauge Þeld,

¥ Af : SU(N + 4) 1-form gauge Þeld,

¥ B (2)
c : ZN 2-form gauge Þeld,

¥ B (2)
f : ZN +4 2-form gauge Þeld.

(Z2)F is an ordinary (0-form) discrete symmetry, and we introduced accordingly a 1-form
gauge Þeld

A(1)
2 , ! A(1)

2 =
1
2

d ! A(0)
2 . (5.1)

The (Z2)F variation in the 4D action is described by,

! A(0)
2 = ± 2" , i.e. , # ! ei## = " # , $ ! e! i#$ = " $ . (5.2)

In order to avoid misunderstandings, let us repeat thatA(1)
2 is a gauge Þeld formally in-

troduced to describe an ordinary (0-form) (Z2)F symmetry. In this sense it is perfectly
analogous to theU(1)!" gauge Þeld,A.

!
B (2)

c , B (2)
f

"
are instead introduced to "gauge" the

1-form center (ZN and ZN +4 ) symmetries 9. The procedure was reviewed brießy at the
beginning of Sec.4, in the case of oddN theories.

For evenN theories under consideration here, the construction is similar. We introduce
two pairs of gauge Þelds

!
B (2)

c , B (1)
c

"
and

!
B (2)

f , B (1)
f

"
, satisfying the constraints 10

NB (2)
c = dB(1)

c ; (N + 4) B (2)
f = dB(1)

f . (5.3)

Under the gauged (1-form) center transformations, these Þelds transform as

B (2)
c ! B (2)

c + d %c , B (1)
c ! B (1)

c + N %c , (5.4)

9In order to completely dispel the risk of confusion, it might have been a good idea to put su ! x such as
in (Z2)(0)

F , Z(1)
N , or Z(1)

N +4 , to show explicitly which types of symmetry we are talking about. We refrained
ourselves from doing so in this work, however, in order to avoid cluttered formulae, and conÞding in the
attentiveness of the reader. Another reason is that the symbol ZN , e.g., is used both to indicate the
particular symmetry type and to stand for the cyclic group CN itself.

10 See the discussion at the beginning of Sec.4 for the meaning of these constraints.
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B (2)
f ! B (2)

f + d ! f , B (1)
f ! B (1)

f + ( N + 4) ! f , (5.5)

which respect the constraints (5.3). Now the whole system must be made invariant under
these transformations, and this requires the gauge ÞeldsA, A2, Af , color SU(N ) gauge Þeld
a, as well as the fermions, be all coupled appropriately to

!
B (2)

c , B (1)
c

"
and

!
B (2)

f , B (1)
f

"

Þelds.

To achieve this we Þrst embed the dynamicalSU(N ) gauge Þelda into a U(N ) gauge
Þeld #a as

#a = a +
1
N

B (1)
c , (5.6)

and the SU(N + 4) ßavor gauge Þeld asU(N + 4) gauge Þeld#Af as

#Af = Af +
1

N + 4
B (1)

f . (5.7)

Under the center of SU(N ), the symmetry-group element(ei! , (" 1)n , gf ) # U(1) $ Z2 $
SU(N + 4) is identiÞed as (see Eq. (3.23))

(ei! , (" 1)n , gf ) % (ei( ! ! 2!
N ) , (" 1)nei 2!

N
N
2 , gf ) . (5.8)

This means that U(1)"# gauge ÞeldA has charge" 1, (Z2)F gauge ÞeldA(1)
2 has chargeN

2 ,
and U(N + 4) gauge Þeld#Af has charge0 under the U(1) 1-form gauge transformation! c

for B (2)
c .

Similarly, the division by ZN +4 means that we identify (see Eq. (3.24))

(ei! , (" 1)n , gf ) % (ei( ! ! 2!
N +4 ) , (" 1)nei N +4

2
2!

N +4 , gf e
2! i

N +4 ) , (5.9)

and this determines the charges under! f .

These considerations determine uniquely the way the 1-form gauge Þelds transform
under (5.4) and (5.5):

#a ! #a + ! c ,

A ! A " ! c " ! f ,

A(1)
2 ! A(1)

2 +
N
2

! c +
N + 4

2
! f ,

#Af ! #Af + ! f . (5.10)

The crucial ingredient in our analysis now is the nontrivial Õt Hooft ßuxes carried by
the ( N and N +4 ) 2-form gauge ÞeldsB (2)

c and B (2)
f ,

1
2"

$

! 2

B (2)
c =

n1

N
, n1 # N , (5.11)

1
2"

$

! 2

B (2)
f =

m1

N + 4
, m1 # N +4 , (5.12)
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where
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Fermion kinetic terms

in nontrivial closed two-dimensionl spaces (such as a torus). On topologically nontrivial
four dimensional spacetime of Euclidean signature! 4 compactiÞed on double torus (ˆ la Õt
Hooft), one has then

1
8! 2

!

! 4

(B (2)
c )2 =

n
N 2 ,

1
8! 2

!

! 4

(B (2)
f )2 =

m
(N + 4) 2 , (5.13)

where n ! N and m ! N +4 , and an extra factor 2 with respect to (5.11) is due to the
two possible ways the twoB (2)

c Þelds are distributed on the two torus (similarly for B (2)
f ).

The fermion kinetic term with the background gauge Þeld is obtained by the minimal
coupling procedure as

"# µ
"

$ + R S(#a) +
N + 4

2
A + A2

$

µ
PL "

+ %#µ
"

$ + R F! (#a) + #Af "
N + 2

2
A " A2

$

µ
PL %. (5.14)

Here,A2 represents the coupling to the fermion parity(" 1)F , so its coe! cient is meaningful
only modulo 2, and we Þx the convention here.11 With this assignment of charges, each
covariant derivative turns out to be invariant under 1-form gauge transformations without
introducing extra terms. This is of course a direct reßection of the equivalence, (3.22) and
(3.23), or (5.8), (5.9), i.e., of the requirement that the N # SU(N ) transformation is
canceled byU(1)!" $ 2 (and similarly for the N +4 symmetry).

We compute the anomalies again by applying the Stora-Zumino descent procedure
starting with a 6D anomaly functional. The two-index symmetric fermion " feels the
gauge Þeld strength

R S
%
F (#a)

&
+

N + 4
2

dA + d A2 = R S
%
F (÷a) " B (2)

c

&
+

N + 4
2

'
dA + B (2)

c + B (2)
f

(

+
)
dA(1)

2 "
N
2

B (2)
c "

N + 4
2

B (2)
f

*
, (5.15)

where appropriate 2-form gauge Þelds have been introduced so that each term is now 1-form
gauge invariant. Similarly, the anti-fundamental fermion %feels the gauge Þeld strength

R F!
%
F (#a)

&
+ F ( #Af ) "

N + 2
2

dA " dA2

= " [F (#a) " B (2)
c ] + [ F ( #Af ) " B (2)

f ] "
N + 2

2

'
dA + B (2)

c + B (2)
f

(

"
)
dA(1)

2 "
N
2

B (2)
c "

N + 4
2

B (2)
f

*
. (5.16)

The low energy "baryons" gives

R A
%
F ( #Af )

&
"

N
2

dA " dA2

= R A [F ( #Af ) " B (2)
f ] "

N
2

'
dA + B (2)

c + B (2)
f

(
"

)
dA(1)

2 "
N
2

B (2)
c "

N + 4
2

B (2)
f

*
.

(5.17)
11 If the 2 charges were assigned as(+1 , +1) , rather than (+1 , ! 1), as in Eq. (5.14), some coe! cients in

Eq. (5.20) would change, but the Þnal results would not change.
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Calculation of mixed anomalies ;  generalized ’t Hooft anomaly matching criteria

Results:

6.1 Mixed (Z2)F ! [ZN ]2 anomaly

Collecting all terms of the form

N 2
!

(B (2)
c )2A(1)

2 (6.5)

in the 5D WZW action, one Þnds at UV,

S(5)
UV = 1 á

1
8! 2

!

! 5

N 2(B (2)
c )2 áA(1)

2 . (6.6)

The coe! cient in front of the above expression (6.6) is the result of the sum from various
" and # contributions in ( 5.18) and (5.19):

!
N + 2

N
+

(N + 1)( N + 4) 2

8N
!

(N + 4)( N + 1)
4

+
N (N + 1)

8

+
N + 4

N
!

(N + 4)( N + 2) 2

4N
+

(N + 2)( N + 4)
2

!
N (N + 4)

4
= 1 . (6.7)

The result (6.6) leads to the 4D mixed (Z2)F ! [ZN ]2 anomaly in the UV,

! S(4)
UV = ± i! , $A(1)

2 = d
1
2

$A(0)
2 , $A(0)

2 = ± 2! . (6.8)

In other words, the partition function changes sign under the 2 transformation, " " ! " ,
# " ! #, in appropriate background B (2)

c Þelds19

1
8! 2

!

! 4

N 2(B (2)
c )2 = . (6.9)

On the other hand, in the infrared, assuming the chirally symmetric scenario, Sec.2.1,
the "massless baryons" (5.21) lead to no anomalies of this type:

0 áN 2(B (2)
c )2A(1)

2 = 0 , (6.10)

due to the cancellation

!
(N + 4)( N + 3)

8
!

(N + 4)( N + 3)
8

+
(N + 3)( N + 4)

4
= 0 , (6.11)

among the4th, 6th and 7th terms of (5.21). Actually the absence of the mixedA(1)
2 ! B (2)

c
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🔵

♦︎

♦︎ N.B.   without gauging the 1-form symmetry  

for the twist indices. As already noted in Sec.4, these indicesnij (or mij ) correspond
exactly to the second Stiefel-Whitney class ofSU(N )

N
(or SU(N +4)

N +4
) connections. In other

words, the condition (5.28) translates into the B (2)
c and B (2)

f ßuxes satisfying Eq. (5.25).

5.3 Anomaly matching without the gauging of the 1-form center symmetries

As another little preparation for our calculations, let us Þrst check that our gauge Þelds
and their variations are properly normalized, by considering the anomalies in the ordinary
case, i.e., where the 1-form N and N +4 symmetries are not gauged. In other words, we
set

B (2)
c = B (1)

c = B (2)
f = B (1)

f = 0 . (5.29)

The Þrst three terms (the triangles involving U(1)!" and SU(N + 4) ) of Eq. (5.21) match

exactly those in the UV anomaly, Eq. (5.20), whether or not
!
B (2)

c , B (2)
f

"
Þelds are present.

The second-from-the-last terms in Eq. (5.20) and in Eq. (5.21) describe the nontrivial
[( 2)F ]2 ! U(1)!" anomaly, which are identical in UV and IR, again, whether or not the
1-form gauging of N and N +4 is done.

To compute the ( 2)F anomaly in the UV, one collects the terms
#

! 6

(. . .) dA(1)
2 , (5.30)

and integrate to get the boundary 5D e! ective WZW action
#

! 5
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2 . (5.31)

The ( 2)F transformations of the fermions are formally expressed as the transformation of
the ( 2)F "gauge Þeld" A(1)

2 ,

A(1)
2 " A(1)

2 +
1
2

d(! A(0)
2 ) , ! A(0)
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yielding the anomaly-inßow in 4D
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The Þrst line is the standard chiral anomaly expression associated with the Þeld transfor-
mation

# " ! # , $ " ! $ , ! A(0)
2 = ± 2" (5.34)

due to SU(N ) and SU(N + 4) gauge Þelds. They are actually both trivial (no anomalies)
due to the integer instanton numbers:

1
8" 2

#

! 4

tr[ F (a)]2 = ,
1

8" 2
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! 4

tr[ F (Af )]2 = . (5.35)

Ð 22 Ð

for the twist indices. As already noted in Sec.4, these indicesnij (or mij ) correspond
exactly to the second Stiefel-Whitney class ofSU(N )

N
(or SU(N +4)

N +4
) connections. In other

words, the condition (5.28) translates into the B (2)
c and B (2)

f ßuxes satisfying Eq. (5.25).

5.3 Anomaly matching without the gauging of the 1-form center symmetries

As another little preparation for our calculations, let us Þrst check that our gauge Þelds
and their variations are properly normalized, by considering the anomalies in the ordinary
case, i.e., where the 1-form N and N +4 symmetries are not gauged. In other words, we
set

B (2)
c = B (1)

c = B (2)
f = B (1)

f = 0 . (5.29)

The Þrst three terms (the triangles involving U(1)!" and SU(N + 4) ) of Eq. (5.21) match

exactly those in the UV anomaly, Eq. (5.20), whether or not
!
B (2)

c , B (2)
f

"
Þelds are present.

The second-from-the-last terms in Eq. (5.20) and in Eq. (5.21) describe the nontrivial
[( 2)F ]2 ! U(1)!" anomaly, which are identical in UV and IR, again, whether or not the
1-form gauging of N and N +4 is done.

To compute the ( 2)F anomaly in the UV, one collects the terms
#

! 6

(. . .) dA(1)
2 , (5.30)

and integrate to get the boundary 5D e! ective WZW action
#

! 5

(. . .) A(1)
2 . (5.31)

The ( 2)F transformations of the fermions are formally expressed as the transformation of
the ( 2)F "gauge Þeld" A(1)

2 ,

A(1)
2 " A(1)

2 +
1
2

d(! A(0)
2 ) , ! A(0)

2 = ± 2" , (5.32)

yielding the anomaly-inßow in 4D

! S4
UV = !

2
8" 2

#

! 4

tr[ F (a)]2 ! A(0)
2

2
!

N
8" 2

#

! 4

tr[ F (Af )]2 ! A(0)
2

2

!
1

8" 2

N (N + 4)( N 2 + 3N + 4)
8

#

! 4

[dA]2
! A(0)

2

2
. (5.33)

The Þrst line is the standard chiral anomaly expression associated with the Þeld transfor-
mation

# " ! # , $ " ! $ , ! A(0)
2 = ± 2" (5.34)

due to SU(N ) and SU(N + 4) gauge Þelds. They are actually both trivial (no anomalies)
due to the integer instanton numbers:

1
8" 2

#

! 4

tr[ F (a)]2 = ,
1

8" 2

#

! 4

tr[ F (Af )]2 = . (5.35)

Ð 22 Ð

would have found:  No Z2 anomaly!

6.1 Mixed (Z2)F ! [ZN ]2 anomaly
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The coe! cient in front of the above expression (6.6) is the result of the sum from various
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The result (6.6) leads to the 4D mixed (Z2)F ! [ZN ]2 anomaly in the UV,
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In other words, the partition function changes sign under the 2 transformation, " " ! " ,
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On the other hand, in the infrared, assuming the chirally symmetric scenario, Sec.2.1,
the "massless baryons" (5.21) lead to no anomalies of this type:
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due to the cancellation

!
(N + 4)( N + 3)

8
!

(N + 4)( N + 3)
8

+
(N + 3)( N + 4)

4
= 0 , (6.11)

among the4th, 6th and 7th terms of (5.21). Actually the absence of the mixedA(1)
2 ! B (2)

c

terms can be seen directly from the Þrst line of (5.21). (See footnote 13.)

The conclusion is that the mixed (Z2)F ! [ZN ]2 anomaly is present in the UV but
absent in the IR. They do not match.
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19 Equivalently, in the presence of appropriate fractional Õt Hooft ßuxes.
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No Z2 anomaly
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’t Hooft anomaly does not UV-IR match 

♦︎  Assuming the chirally

symmetric vacuum 

         The chirally symmetric vacuum is inconsistent

Z2 anomaly !
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Axial / chiral anomalies

• No conservation in all channels

• Observable (calculable) effects

• Gauge vertices: 

Gauge symmetry destroyed  (inconsistency)

• External “gauge” fields: 

Abelian / nonAbelian anomalies 

♦︎

♦︎ Anomaly cancellation needed
OK in

 (NOT an inconsistency)
♦︎ observable effects 

• ’t Hooft anomaly matching conditions

etc.   Wess-Zumino-Witten (5D) action

Fukuda-Miyamoto ‘49  Steinberger ‘49,   Schwinger ‘51, 

Adler ‘69,  Bell, Jackiw ‘69, Bardeen ’69, Wess-Zumino, ’71 …

♦︎ Mixed ’t Hooft’s  anomalies 

• Other new anomalies  
Garcia-Etxebarria-Montero ’18,  Wang-Wen-Witten ’18,  Wan-Wang ’19;   

Back to p.9Dai-Freed ‘15

’t Hooft anomaly :

obstruction to gauging



Standard ’t Hooft anomaly matching in the (1,0) model

Þelds SU(N )c SU(N + 4) U(1)

! N (N +1)
2 á(á) N + 4

" A (N + 4) á
ø

N á ! (N + 2)

B [AB ] (N +4)( N +3)
2 á(á) ! N

Table 6: Chirally symmetric phase of the(1, 0) model

Anomaly AUV (! , " ) AIR (B)
SU(N + 4) 3 N N + 4 ! 4

U(1)SU(N + 4) 2 ! (N + 2) áN ! N á(N + 4 ! 2)
U(1)3 (N + 4) 3 N (N +1)

2 ! (N + 2) 3N (N + 4) ! N 3 (N +4)( N +3)
2

U(1) (N + 4) N (N +1)
2 ! (N + 2) N (N + 4) ! N (N +4)( N +3)

2

N +2 SU(N + 4) 2 0 N + 2
N +4 SU(N + 4) 2 N 2 á(N + 4 ! 2)

Table 7: UV-IR Anomaly matching in Chirally symmetric phase

3.4 Color-ßavor locked Higgs phase

It is also possible that a color-ßavor locked phase appears, with

"! ij " B
i #= C #jB , j, B = 1, 2, . . . N , (3.32)

in which the symmetry is reduced to

SU(N )cf $ SU(4)f $ U!(1) . (3.33)

As this forms a subgroup of the full symmetry group, (3.4), it is quite easily seen, by
making the decomposition of the Þelds in the subgroup, that a subset of the same baryons
saturate all of the triangles associated with the reduced symmetry group. See Table 8.

Þelds SU(N )cf SU(4)f U!(1)

! N (N +1)
2 á(á) 1

" A 1
ø

%

ø

N 2 á(á) ! 1

" A 2 4 á
ø

N á ! 1
2

B [A 1B 1]

ø
N (N " 1)

2 á(á) ! 1

B [A 1B 2] 4 á
ø

N á ! 1
2

Table 8: Color-ßavor locked phase in the(1, 0) model, discussed in Subsection 3.4.A1 or
B1 stand for A, B = 1, 2, . . . , N . A2 or B2 the rest of the ßavor indices.
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Bolognesi, Shifman, KK,  ‘18

Color-flavor (CF)  locking   (N    8)* 

(iv) ÷U(1): In the UV, ! , " , # give

2 á
N (N + 1)

2
! 2 á

N (N ! 1)
2

! 8N = ! 6N ; (3.33)

whereas in the IR,! ii and #a
i give

2 áN ! 8N = ! 6N . (3.34)

Þelds SU(8) ÷U(1)
! N (N +1)

2 á(á) N (N +1)
2 á(2)

" N (N ! 1)
2 á(á) N (N ! 1)

2 á(! 2)

#A N á 8N á(! 1)
(!"! )ii " ! ii N á(á) N á(2)

!"# A " #A N á 8N á(! 1)

Table 4: Full dynamical Abelianzation for the!"# model, in Subsection 3.4

4 (N! , N" ) = (1, 0) model: a review

Let us review the (N! , N" ) = (1 , 0) model. The matter fermions are in

! { ij } , #B
i , B = 1, 2, . . . , N + 4 , (4.1)

or
+ ( N + 4)

ø
. (4.2)

The (continuous) symmetry of this model is

SU(N )c # SU(N + 4) f # U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U#(1), with

Q! : N + 4; , Q# : ! (N + 2) . (4.4)

The discrete group is 2 if N is even; none ifN is odd.

14

Þelds SU(N )cf SU(4)f U!(1)

! N (N +1)
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ø
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ø
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2
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ø
N (N " 1)

2 á(á) " 1

B [A 1B 2] 4 á
ø

N á " 1
2

Table 6: Color-ßavor locked phase in the (1, 0) model, discussed in Subsection 4.2.A1 or
B1 stand for A, B = 1, 2, . . . , N . A2 or B2 the rest of the ßavor indices.

In the infrared, for the unbroken-symmetry Subsection 4.1 :

f IR =
7
4

(N + 4)( N + 3)
2

=
7
8

(N 2 + 7N + 12) (4.9)

So
f UV " f IR =

1
4

(15N 2 + 7N " 50) # 0 , N # 2 . (4.10)

For the color-ßavor locking scenario Subsection 4.2 with partially broken symmetries:

f IR =
7
4

!
N (N " 1)

2
+ 4N

"
+ 8N + 1 =

1
8

(7N 2 + 113N + 8) (4.11)

so that
f UV " f IR =

1
4

(15N 2 " 25N " 12) # 0 , N # 3 . (4.12)

These results are already discussed in the papers ACSS and ADS, where it was noted that
the symmetric phase 4.1 has a lowerf IR .

The a coe! cient in the UV is

aUV =
1

360

#
62á(N 2 " 1) +

11
2

!
N (N + 1)

2
+ N (N + 4)

"$

=
281N 2 + 99N " 248

1440
(4.13)

In the symmetric phase 4.1

aIR =
1

360

#
11
2

(N + 4)( N + 3)
2

$
=

11N 2 + 77N + 132
1440

(4.14)

so
aUV " aIR > 0 , N # 2 . (4.15)
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The global symmetry of the! ! " ! # model is

GF = SU(8) " U1(1) " U2(1) " N ! . (3.6)

The possible dynamical scenarios have been analyzed and discussed in [1].

3.1 Partial Color-Flavor locking

For largeN , it was proposed [1] that a possible phase can be described by the nonvanishing
bi-fermion condensates

#$iA $= #! ij #A
j $ ; #÷$i

j $ % #! ik " kj $ . (3.7)

More concretely, the proper realization of the globalSU(8) symmetry has led us [1] to
assume the following form for these condensates:

#$iA $= ! 3

!

"
"
"
#

c18

0N ! 8,8

$

%
%
%
&

, #÷$i
j $= ! 3

!

"
"
"
"
"
"
#

a18

d1
. . .

dN ! 12

b14

$

%
%
%
%
%
%
&

, (3.8)

where

8a +
N ! 12'

i =1

di + 4b= 0 , a, di , b& O(1) . (3.9)

The symmetry breaking pattern is, therefore,

SU(N )c " SU(8)f " U(1)2 ' SU(8)cf " U(1)N ! 11 " SU(4)c . (3.10)

The theory dynamically Abelianizes (in part). SU(8) ( SU(N ) is completely Higgsed but
due to color-ßavor (partial) locking no NG bosons appear in this sector (the would-be NG
bosons make theSU(8) ( SU(N ) gauge bosons massive.) OnlySU(4) ( SU(N ) remains
unbroken and conÞning. The remainder of the gauge group Abelianizes. The baryons

÷B A
j = ! ik " [kj ]#A

i & #A
j , (9 ) j ) N ! 4) (3.11)

and
B { AB } = ! ij #A

i #B
j , (3.12)
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3.3 Color-ßavor locking and dynamical Abelianization: an alter-
native scenario

Another possible phase, forN ! 8, is described by the condensates,

"! iA #= "" ij #A
j # ; " ÷! i

j # $ "" ik $kj # . (3.30)

where

"" ij #A
j #= ! 3

!

"
"
"
#

c18

0N ! 8,8

$

%
%
%
&

i A

, "" ik $kj #= ! 3

!

"
"
"
#

08

d1
. . .

dN ! 8

$

%
%
%
&

i

j

. (3.31)

The symmetry breaking pattern is:

SU(N ) %SU(8) %U(1)2 & SU(8)cf %U(1)N ! 8 . (3.32)

As U(1)N ! 8 is an Abelian subgroup of the colorSU(N ), whereas both nonanomalous
ßavor U(1) are broken by the condensates, we shall consider only theSU(8)3

cf anomalies.
Indicating the color indices up to 8 byi 1 or j 1 while those larger than 8 byi 2 or j 2, one has
the decomposition of the Þelds inSU(8)cf multiplets, see Table 1. The massless baryons
are shown in the lower part of the Table 1. TheSU(8)3 matching works, as in the infrared,

(N ' 8) + (8 ' 4) + (8 ' 4) = N . (3.33)

As for the discrete symmetry, the surviving symmetry is either 2, for N = 4n, n ( ,
or 4 symmetry, for N = 4n + 2, n ( , under which the Þelds" , $, # are charged with
(1, ' 1, ' 1). An inspection of Table 1 shows that all discrete anomaly matching is also
satisÞed in this case, in contrast to the previous case.

3.4 Partial color-ßavor locking for N ) 8

For N < 8 the scenario above is not possible. It is possible however that the color-ßavor
locking still takes place in a di" erent way. Let us assume that

"" ij #A
j #= const. %iA , i, A = 1, 2, . . . , N , (3.34)

and
""$ #= 0 . (3.35)
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Þelds SU(8)cf

! i 1 j 1
ø

! i 1 j 2 (N ! 8) á
ø

! i 2 j 2 (N ! 8)(N ! 7)
2 á(á)

" i 1 ,j 1

" i 1 ,j 2 (N ! 8) á
" i 2,j 2

(N ! 8)(N ! 9)
2 á(á)

#A
j 1

" = #

#A
j 2

(N ! 8) á
÷B A

j 2
$ #A

j 2
(N ! 8) á

B [Aj 1] $ A (#A
j 1

)

öB [i 1 j 1 ] $ " i 1 ,j 1

Table 1: B [AB ] $ ! ij #[A
i #B ]

j and öB [AB ] $ (!# )A,i " ij (!# )B,j . #A
j 2

are weakly coupled due
to the Abelianization of the SU(N ! 8) % U(1) & SU(N ). They can be interpreted as
÷B A

j $ (!"# )A
j . The color indices up to 8 are indicated byi 1 or j 1 while those larger than

8 by i 2 or j 2.

The symmetry breaking pattern is now

SU(N ) %SU(8) %U(1)2 ' SU(N )cf %SU(8 ! N ) % ÷U(1) . (3.36)

The fermions decompose as in Table 2.

The baryons are made of

B [A 1B 1] = ! ij #A 1
i #B 1

j $ , (3.37)

B [A 1B 2] = ! ij #A 1
i #B 2

j $ #B 2 , (3.38)

öB [AB ] $ ! ik #A
k " ij ! j ! #B

! $ " AB . (3.39)

3.5 General N and full Abelianization

The dynamical scenarios (3.10) assumes thatN ( 12, whereas the one in (3.32) requires
N ( 8 and the phase (3.36)N ) 8.

Still another option, consistent for any value ofN , considered in [1], is that the gauge
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dj = 0 ; i, j = 1, 2, . . . , N , (3.40)

with no particular relations amongdj Õs. We also assume that no color-ßavor locking takes
place, i.e.,
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j $= 0 . (3.41)

The symmetry breaking occurs as:
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U! (1) & SU(8)f & ÷U(1) , (3.42)

where ÷U(1) is an unbroken combination of the two nonanomalousU(1)Õs, (3.4), with
charges:

! : 2 , " : ! 2 , # : ! 1 . (3.43)

The Þelds#A
i are all massless and weakly coupled (only to the gauge bosons from the

Cartan subalgebra which we will refer to as the photons; they are infrared free) in the
infrared. Also, some of the fermions! ij do not participate in the condensates. Due to the
fact that ! { ij } are symmetric whereas" [ij ] are antisymmetric, actually only nondiagonal
elements of! { ij } condense and get mass. The diagonal Þelds! { ii } , i = 1, 2, . . . , N remain
massless and weakly coupled. Also there is one NG boson.

The anomaly matching works as follows (see Table 3):

(i) SU(8)3: only #a
i contribute both in the UV and in the IR: they trivially satisfy the
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matching condition.

(ii) SU(8) ÷U(1)2: again only ! a
i contribute both in the UV and in the IR. The matching is

trivial.

(iii) ÷U(1)3: In the UV, all of " , #, ! give contributions,

8 á
N (N + 1)

2
! 8 á

N (N ! 1)
2

! 8N = 0 ; (3.44)

in the IR, " ii and ! a
i contribute:

8 áN ! 8 áN = 0 . (3.45)

(iv) ÷U(1): In the UV, " , #, ! give

2 á
N (N + 1)

2
! 2 á

N (N ! 1)
2

! 8 áN = ! 6N ; (3.46)

whereas in the IR," ii and ! a
i give

2 áN ! 8N = ! 6N . (3.47)

Þelds SU(8) ÷U(1)
" N (N +1)

2 á(á) N (N +1)
2 á(2)

# N (N ! 1)
2 á(á) N (N ! 1)

2 á(! 2)

! A N á 8N á(! 1)
("#" )ii " " ii N á(á) N á(2)

"#! A " ! A N á 8N á(! 1)

Table 3: Full dynamical Abelianization in the"#! model, in Subsection 3.5

4 (N" , N#) = (1, 0) model: a review

Let us review the (N! , N" ) = (1 , 0) model. The matter fermions are in

" { ij } , ! B
i , B = 1, 2, . . . , N + 4 , (4.1)

or
+ ( N + 4)

ø
. (4.2)
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Note

(ii)
Eichten, Peccei, Preskill Zeppenfeld, ‘86

Goity, Peccei, Zeppenfeld, ‘85

🔵

🔵

🔵



(iii)

The a coe! cient in the UV is

aUV =
1

360

!
62á(N 2 ! 1) +

11
2

"
N (N + 1)

2
+ N (N + 4)

#$

=
281N 2 + 99N ! 248

1440
(4.13)

In the symmetric phase 4.1

aIR =
1

360

!
11
2

(N + 4)( N + 3)
2

$
=

11N 2 + 77N + 132
1440

(4.14)

so
aUV ! aIR > 0 , N " 2 . (4.15)

In the less symmetric phase 4.2

aIR =
1

360

!
11
2

"
N (N ! 1)

2
+ 4N

#
+ 8N + 1

$
=

11N 2 + 109N + 4
1440

(4.16)

and
aUV ! aIR > 0 , N " 2 . (4.17)

5 (N! , N" ) = (2, 0)

This is a straightforward generalization of the!# model above [1] but physics is very
di" erent. The matter fermions are in

! { ij, m } , #B
i , m = 1, 2 , B = 1, 2, . . . , 2(N + 4) , (5.1)

or
2 + 2( N + 4)

ø
. (5.2)

The (continuous) symmetry of this model is

SU(N )c # SU(2)f # SU(2N + 8) f # U(1) , (5.3)

whereU(1) is an anomaly-free combination ofU! (1) and U" (1),

U(1) : ! $ ei # / 2(N +2) ! , # $ e! i # / 2(N +4) # . (5.4)

The Þrst coe! cient of the beta function is

b=
1
3

[11N ! 2(N + 2) ! 2(N + 4)] =
7N ! 12

3
, (5.5)
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🔵 Natural generalization of (1,0) model, but no  SU(2N+8) symmetric confining vacuum

🔵 “Color-Flavor-Flavor”  locked phase

5.6 Phase with unbroken SU(2)

A still another, more symmetric phase is the one with an unbrokenSU(2) symmetry.
Assume

! ! { ij , 1} " B
j " = C #i, B , j, B = 1, 2, . . . N , (5.67)

! ! { ij , 2} " B
j " = C #i, B ! N , j = 1, 2, . . . N , B = N + 1, . . . , 2N (5.68)

The symmetry is

SU(N )c # SU(2)f # SU(2N +8) f # U(1)f $ SU(N )cf # ÷U(1) # SU(2)ff # SU(8) , (5.69)

whereSU(2)ff is a linear combination ofSU(2)f and

SU(2) % SU(2N ) % SU(2N + 8) (5.70)

which exhange the Þrst and secondN ßavors. The charges of the unbrokenSU(2) are:

!
! ij, 1

! ij, 2

"
& 2 ;

!
" A" N

i

" N " A" 2N
i

"
& 2# (5.71)

the ÷U(1) charges are as before,

! : 1 ; " B " 2N : ' 1 ; " B> 2N : '
1
2

. (5.72)

The baryons are

B A,C =
#

i,j

(! ij, 1" A" N
i " C

j + ! ij, 2" N<A " 2N
i " C

j ) ; C > 2N ; (5.73)

which is aSU(2) singlet; the others are

B [AB ], 1 = ! ij , 1" A
i " B

j , A, B = 1, 2, . . . , N (5.74)

and
B [AB ], 2 = ! ij , 2" A

i " B
j , A, B = N + 1, N + 2, . . . , 2N (5.75)

which form a doublet. Their ÷U(1) charges are:

B A,C : '
1
2

; B [AB ], m : ' 1 . (5.76)

The SU(2)2 ÷U(1) anomalies are: in the UV

N (N + 1)
2

' N 2 = '
N (N ' 1)

2
. (5.77)
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! ij, 1

! ij, 2

"
& 2 ;

!
" A" N

i

" N " A" 2N
i

"
& 2# (5.71)

the ÷U(1) charges are as before,

! : 1 ; " B " 2N : ' 1 ; " B> 2N : '
1
2

. (5.72)

The baryons are

B A,C =
#

i,j

(! ij, 1" A" N
i " C

j + ! ij, 2" N<A " 2N
i " C

j ) ; C > 2N ; (5.73)

which is aSU(2) singlet; the others are

B [A 1B 1], 1 = ! ij , 1" A 1
i " B 1

j , A1, B1 = 1, 2, . . . , N (5.74)

and
B [A 2B 2], 2 = ! ij , 2" A 2

i " B 2
j , A2, B2 = N + 1, N + 2, . . . , 2N (5.75)

which form a doublet. Their ÷U(1) charges are:

B A,C : '
1
2

; B [AB ], m : ' 1 . (5.76)

The SU(2)2 ÷U(1) anomalies are: in the UV

N (N + 1)
2

' N 2 = '
N (N ' 1)

2
. (5.77)
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massless baryons

massless NG’s (later!)

🔵 Simple color-flavor locking:  No

In the IR, B [AB ], m give SU(2)2 ÷U(1):

!
N (N ! 1)

2
. (5.78)

In order to understand the saturation of anomaly triangles, consider the decomposition of
each Þeld as a direct sum of the representations of the unbroken group,SU(N )cf " ÷U(1) "
SU(2) " SU(8). See Table 6. The anomaly saturation is now quite obvious.

Þelds SU(N )cf SU(8) SU(2) ÷U(1)

! 2 á N (N + 1) á(á) N (N +1)
2 á 1

" A i 2 á(
ø

#

ø

) 2N 2 á(á) N 2 á ! 1

" C 8 á
ø

N á 8N á(á) ! 1
2

B A,C 8 á
ø

N á 8N á(á) ! 1
2

B [A i B i ],m 2 á

ø

N (N ! 1) á(á) N (N ! 1)
2 ! 1

Table 6: An SU(2) ßavor-ßavor locked symmetric phase in the (2, 0) model, discussed
in Subsection 5.6. Ai or Bi (i = 1, 2) indicate the ßavor indices up to 2N ; C the rest,
2N + 1, . . . , 2N + 8.

5.6.1 Remarks on less symmetric phases

The less symmetric phases discussed in Subsection 5.4 and in Subsection 5.5 can be un-
derstood from the most symmetric phase discussed here. Namely, when the bi-fermion
condensates have less special relations, some of the global symmetries are broken, and a
multiplet (irrep) with respect to such a subgroup (e.g.,SU(N )cf or SU(2)) is replaced
by a simple multiplicity of states of similar types, both for elementary fermions and for
composite ones. Clearly the anomaly saturations valid in the most symmetric case imply
similar results by subset of fermions / subgroups in the less symmetric phases.

5.7 Remarks: a theorem

For free theory of bosons and fermions, thea and c coe! cients are given by

a =
1

360
(NS + 11NF + 62NV ) , c =

1
120

(NS + 6NF + 12NV ) , (5.79)

where NS is the number of scalar particles,NF is the number of Dirac fermions (NF $
NF / 2 for Weyl), and NV is the number of vectors.
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Monopole condensation, confinement and Susy breaking

W = ( Aµ , ! ), ! = ( " , # )N=2  susy SU(2) gauge theory 

with

Physics depends on 
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Konishi ’96

Evans, Hsu, Schwetz ’96

Back to
 p.12Similar behavior of the standard QCD vacua

from  Leff   with nonzero  mu , md 
Di Vecchia, Veneziano  ’80  



Model aUV aIR Status
(1, 1) CFL (N ! 8) 135N 2

2 + 44N " 62 106N " 538
(1, 1) CFL (N # 8) 135N 2

2 + 44N " 62 " 2N 2 + 109N
2 + 2

(1, 1) Abelianiz. 135N 2

2 + 44N " 62 223N
2 " 61

(1, 0) No XSB 281N 2+99 N ! 248
4

11N 2+77 N +132
4

(1, 0) 281N 2+99 N ! 248
4

11N 2+109 N +4
4

(2, 0) (symm) 1
2(157N 2 + 99N " 124) 1

2(17N 2 + 141N + 2)
(2, 0) 1

2(157N 2 + 99N " 124) 1
2(17N 2 + 141N + 8)

(3, 0) 347N 2

4 + 297N
4 " 62 65N 2

4 + 519N
4 + 1

(0, 1) 281N 2

4 " 99
4 " 62 11

4 (N " 3)(N " 4)
(0, 2) 1

2(157N 2 " 99N " 124) 1
2(17N 2 " 125N + 228)

(0, 3) 1
4(347N 2 " 297N " 248) 1

4(65N 2 " 487N + 876)
(2, 1) 1

4(303N 2 + 275N " 248) 1
4(33N 2 + 297N + 16)

(1, " 1) 157N 2

2 " 62 15N 2

2 + 2

Table 16: Thea theorem

Model f UV f IR Status
(1, 1) CFL (N ! 8) 15N 2

4 + 14N " 2 4(4N " 7) ; (N ! 8)
(1, 1) CFL (N # 8) 15N 2

4 + 14N " 2 2 + 113N
4 " 2N 2 , (N # 8)

(1, 1) Abelianiz. 15N 2

4 + 14N " 2 71N
4 " 1 , $N

(1, 0) No XSB 1
8(37N 2 + 63N " 16) 7

8(N 2 + 7N + 12)
(1, 0) 1

8(37N 2 + 63N " 16) 1
8(7N 2 + 113N + 8)

(2, 0) symm 1
4(29N 2 + 63N " 8) 1

4(19N 2 + 177N + 4)
(2, 0) 1

4(29N 2 + 63N " 8) 1
4(19N 2 + 177N + 16) ( )

(3, 0) 79N 2

8 + 189N
8 " 2 85N 2

8 + 723N
8 + 8 X

(0, 1) 37N 2

8 " 63N
8 " 2 7

8(N " 3)(N " 4)
(0, 2) 1

4(29N 2 " 63N " 8) 1
8(19N 2 " 145N " 276) ( )

(0, 3) 1
8(79N 2 " 189N " 16) 1

8(85N 2 " 659N + 1212) X
(2, 1) 1

8(51N 2 + 175N " 16) 1
8(21N 2 + 189N + 32)

(1, " 1) 29N 2

4 " 2 15N 2

4 + 2

Table 17: The ACS Criterion
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The “a” theorem
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