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O- Overview

e In arecent work (Bekaert- Donnay —YH, 2024) we investigated
BMS particles i.e. unitary irreducible representations
of the BMS group. (See Xavier’s talk)

® This presentation aims at giving physical motivations as well as
preliminary background for the construction

mmm) BMS group as asymptotic symmmetry group of gravity

Relations to infrared divergences and soft theorems in QFT

with a twist of rep. theory !
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1- Asymptotics in General Relativity
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Essential Idea

3) Such that the interior (M, §)
of M is isometric to the physical spacetime

4) The physical metric § blows up « at infinity »



Conformal diagram
Minkowski LT
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Definition :
Asymptotic flathess at null infinity s
Penrose (1963) N

A spacetime (M, g), is asymptotically flat if
« There exists a spacetime with boundary (M, g)

- A “boundary defining” function Q: Q|5 =0, dQ|s #0

« The interior of M is isometric to M WithD
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Definition :
Asymptotic flatness at null infinity T
Penrose (1963) (L2

A spacetime (M, g), is asymptotically flat if
« There exists a spacetime with boundary (M, g)

- A “boundary defining” function Q: Q|5 =0, dQ|s #0

« The interior of M is isometric to M WithD

- ~ 1
» @ is Einstein g — 9oz24

» The normal n* =Q72§"V,Q|, isnull | n?=0
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Adapted coordinates :

: (Bondi -- Van der Burg --
BMS coordinates Metzner -- Sachs 62)

One can always choose a coordinate system
(u, 2, 24) (A € {1,2}) such that

§= o { 2dudQ) + hap(x)detdz?

+ Q( Cap(u, z)dz dzB ) +0O(0?)
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Adapted coordinates :

: (Bondi -- Van der Burg --
BMS coordinates Metzner -- Sachs 62)

One can always choose a coordinate system
(u, 2, 24) (A € {1,2}) such that

1 -
§= o { [2dudQ + hap(z)datda® |

+ Q( Cap(u, z)dzAdzB ) +0O(0?)

AN

““asymptotic shear”, encodes the
dynamical part of the geometry

|II

boundary geometry

(hag(x), 7 = 0,)
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Why we care, again:

Asymptotically flat spacetime (in Penrose sense) are a vast class
of objects which ...

 model isolated systems
(“ to which one can associate energy, momentum, etc ")

e are associated to an invariant, nonlinear, notion of gravitational waves

« contain a large class of spacetimes (Minkowksi, Schwarschild, Kerr,
Friedrich (1986), Christodoulou—Klainerman (1993), Chrusciel—Delay (2002), ...)

This is a key concept in General Relativity
.. and quantum field theory!
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2- The BMS group

® The group of asymptotic symmetries
of asymptotically flat spacetime

e The group of conformal symmetries
of null infinity (conformal Carroll symmetries)
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2- The BMS group

® The group of asymptotic symmetries
of asymptotically flat spacetime

e The group of conformal symmetries
of null infinity (conformal Carroll symmetries)

m==) Possible starting point for a holographic duality
Arcioni—Dappiaggi (2004),... Bagchi et al (2016),...
More recently “Celestial (or Carroll) holography”
Strominger, Pasterski, Donnay, ... and many more
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2- The BMS group

® The group of asymptotic symmetries
of asymptotically flat spacetime

e The group of conformal symmetries
of null infinity (conformal Carroll symmetries)

m==) Possible starting point for a holographic duality
Arcioni—Dappiaggi (2004),... Bagchi et al (2016),...
More recently “Celestial (or Carroll) holography”
Strominger, Pasterski, Donnay, .. and many more

mes) But is this a symmetry of the S-matrix in the first place? Yes.
Strominger et al (2014)
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The BMS group BM S, ~ SO(3,1) x C*°(S?)

Is the group of asymptotic symmetry of asymptotically flat space-time

1 -
i= o [ 2dudQ) + hoap(z)detde® + Q( Cap(u, z)de? deB ) + 0(92)}

M0y = (T(z, 2) + 5 (0.V7 +0:D7) )au, +Y%(2,2)0: + Y*(2,2)0:  +0(Q)

generated by (yZ(z,z) =a+ Bz+v2°, T(z, 5)) c SL(2,C) x C*(S5?)
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The BMS group BM S, ~ SO(3,1) x C*°(S?)

Is the group of asymptotic symmetry of asymptotically flat space-time

]_ ~
g = 02 [ 2dudS) + hAB(:C)dCCAdZCB + Q( Cap(u, Cl?)dl‘Adﬂ?B ) T O(Qg)}

§10u = | (T(22) + 5 (-7 +0:7) )0 + V*(2,2)0. + V*(2,2)0= | +0(Q)

(Infinitesimal) diffeomorphism along null infinity

generated by (yZ(z,z) =a+ Bz+v2%, T(z, Z)) € SL(2,C) x C>(5?%)
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The BMS group BM S, ~ SO(3,1) x C*°(S?)

Important remarks

e | The Poincaré group 15S0(3,1) ~ SO(3,1) x R*!

sits inside BMS: 150(3,1) C BM S,
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The BMS group BM S, ~ SO(3,1) x C*°(S?)

Important remarks

e | The Poincaré group 15S0(3,1) ~ SO(3,1) x R*!

sits inside BMS: 150(3,1) C BM S,

R>Y ¢ C*(S5?)

=00
Super-translations: T(z,2) = Z TimYim(2,2)
l.m
. m=1
Translations: TH ~ TV 0(2, 2) + Z T™Y (2, 2)
m=—1
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The BMS group BM S, ~ SO(3,1) x C*°(S?)

Important remarks

e | The Poincaré group 15S0(3,1) ~ SO(3,1) x R*!

sits inside BMS: 150(3,1) C BM S,

e However the inclusion is not unique.

=) Many non equivalent Poincaré groups inside BMS
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3- BMS and the S-matrix:
Asymptotic states

(out|S|in)
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Quantum field theory ?
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Quantum field theory ?

Asymptotically flat spacetimes
give a natural geometrical setup

to the “interaction picture” of
QFT:

Asymptotically free states are
“at infinity ".
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Spin 2 field (of positive helicity):

v K d3p —gxh it v
hy(x)dztdx” = ((27’[’)3 20 Eﬁ)(p) (e FulP) o_(p) + e P“(p)al((p))) )dm“daz
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Spin 2 field (of positive helicity):

v K d3p —gxh it v
hy(x)dztdx” = ((2@3 20 Eﬁ)(p) (e FulP) o_(p) + e P“(p)al((p))) )daz“’daz

0 _ _ _ _
puz(p) — g (¢.0) GO = (1P ¢+8 —i(c=0), 1-[c)
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Spin 2 field (of positive helicity):

v K d3 —zxh it v
h(z)datdz” = ( 57 | oo 2 (P (p) (e PPl a_(p)+e P~<P)al((p))))dx“d$

0 _ _ _ _
puz(p) — g (¢.0) GO = (1P ¢+8 —i(c=0), 1-[c)

(167T / wdw API dCdC e(‘|‘) C C_“) (e—iwm“q,u(gaa a_ (w, ng) + eiwx“q;L(Caé)a}z_(chjé)) )dﬂ?”dﬂjy
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Spin 2 field (of positive helicity):

hy(z)dat dx” =

(16 3 f wdw f d¢d¢ €57 (¢, C) (e—m“%“@ a(w,c,o+ei°“’x"“%“’<>a1(w,cjc>))da:“dw”
70 CP?!

. _ -1 . . .
Introduce BMS coordinates (T— {1 ,u,z,z) on Minkowski space:

X* =u0,0:¢" (2, 2) + rq¢"'(z, 2) ds?® = dX*dX"n,, = —2dudr + 2r3dzdz

52 (2dudQ + 2dzdz)
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Spin 2 field (of positive helicity):

hy(z)dat dx” =

(mWB [t [ acad €. (D 0 (0,60 + e Ol (0,0.0) )dmﬂ

. _ -1 . . .
Introduce BMS coordinates (7“ =4 ,u,z,z) on Minkowski space:

XF = u0,0:¢" (2, 2) + r¢"(z, 2) ds* = dX"dX"n,, = —2dudr + 2rldzdz
1
= o5 (2dudQ + 2dzdz)
.and takethelimit " w00 2 — 0
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Spin 2 field (of positive helicity):

hy(z)dat dx” =

(167’{'3 f (wa ‘[CPI dCdC €(+) C‘ E) ( —Zw:c“CI,u(CC (w C C) zw:p“@lu(c:g)ai(w’cjé)) )dwudajl/

Iy

C,.(u,z2,2z) =

v (x)dzHdx”

~
r—00

K

1872

r C,.(u, 2, 2)d2?

0

o)

wdw (e_i"“’“ ay(w,z,z) —e

+ 0 (7“0)

wugl (w, 2 z))
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h(x)dztdx”  ~ r ( C..(u,z, 2)dz" + c.c.)

r—00

K oo

C..(u,z,2) = Fews) wdw (e_i‘*’“ ay(w,z,2) —e
0

+ 0 (ro)

iwu T

a

(w,z,Z))

Minkowski space:

ds® = —2dudr + 2r’dzdz

Linearized perturbation:

h = T‘(szdz2 + c.c.) +0(r)

_ % (zdudﬂ + 2dzd2) ! ( 0C..dz° +c.c. + O(Qz))

w2
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Adapted coordinates :

: (Bondi -- Van der Burg --
BMS coordinates Metzner -- Sachs 62)

One can always choose a coordinate system
(u, 2, 24) (A € {1,2}) such that

1 -
§= o { [2dudQ + hap(z)datda® |

+ Q( Cap(u, z)dzAdzB ) +0O(0?)

AN

““asymptotic shear”, encodes the
dynamical part of the geometry

|II

boundary geometry

(hag(x), 7 = 0,)
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Quantum field theory ?

Asymptotically flat spacetimes
give a natural geometrical setup
to the “interaction picture” of

QFT:
LG
Asymptotically free states are
“atinfinity ".
C,.(u,2,2) =

oz [ (7 (0,00 - el (0.0, 0)

Gravitational S-matrix, infrared divergences and BMS representations Y. Herfray (IDP Tours)



What did we gain ?
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ko[ Scattering data

C..(u,2,2) = — d (—fiwu =\ iwu T —) X
w22 = 2 ;s a(w,2,2) —eas(w,2.2) )| f 3 massless field

.. is a BMS representation (as afieldon .# = S? x R ).
BMS, = SO(3,1) x C>(5%)
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o0 .
wdw (e_“"“ ar(w,z,z) —e

Scattering data
of a massless field

K

1872

’quaT

C,.(u,z,2) = (w, z, 2))

0

.. is a BMS representation (as afieldon .# = S? x R ).
BMS, = SO(3,1) x C>(5%)

C

(T(z,z), (“’ Z) ) e 0=(52) % SL(2,C)

C..(u,2,2) > szzf(u’,zljz’) u' =u+T(z,2)
BMS, o a-+ bz
c+dz
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Quantum field theory ?

Asymptotically flat spacetimes
give a natural geometrical setup to
the “interaction picture” of QFT :

Asymptotically free states are
“atinfinity ".

C,.(u,z,2) =

oo

wdw (e‘iw“ a4 (CU, C, C) - eiwuat (wa Cv C))

K
7;871'2 0

They form a representation
of the BMS group
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o(u, z,z) = A wdw (e—z’wu a(w, 2, %) — ei‘*’“aT(w, 2, 5)) Scattering data

872/, of a massless field

(field on .Z = S? x R )
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N o it ) Scattering data
Pu,2,2) 872 J, wio (€7 a(w, 2,2) — e al(w, 2,7)) of a massless field

/(field on F =82xR)

Hard Massless BMS (unitary irreducible) representation
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N o it ) Scattering data
Pu,2,2) 872 J, wio (€7 a(w, 2,2) — e al(w, 2,7)) of a massless field

/(field on F =82xR)

Hard Massless BMS (unitary irreducible) representation

(T(z,z), (“ Z) ) c 0=(S%) x SL(2,C)

C

a(w’ 2, 2) > e—in(z,Z)aJ(wf’ Z’, 2!) u/ — u+ T(Z, Z)
a+ bz
BMS4 Z, = —|—|—_d
Sachs (62) ¢ ©
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o Ym o i Scattering data
Huy®) = 2myar e of a massive field
See M. Chantreau’s poster (field on T = H3 % R)
Borthwick—Chantreau—YH (2024)
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o Ym o i Scattering data
Pu-y") 2myar e of a massive field
See M. Chantreau’s poster / (field on T = H3 % R)
Borthwick—Chantreau—YH (2024)

Hard Massive BMS (unitary irreducible) representation
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o Ym o i Scattering data
Huy®) = 2myar e of a massive field
See M. Chantreau’s poster / (field on T = H3 % R)
Borthwick—Chantreau—YH (2024)

Hard Massive BMS (unitary irreducible) representation

(T(z,z), (‘; Z) ) c 0=(S%) x SL(2,C)

a(y®) > e Wa((y*)) U =u+w(y)
BM S, w(y) == /dzdz T_(Z’ %) 2
Longhi--Materassi (99) (q (Za Z) -p(y))
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Hard BMS (unitary irreducible) representation

(T(22), M) € C%(8?) x SL(2,0)

a(p) F— P Ta(p)

g

BMS, ,
Hard massive

<737T> = /dzd/zP(z,z)T(z,z) Hard massless

(p’)ﬂ — M”pr

P(z,2) == m’ (q(z, 2) 'p)—3

supermomentum P(z,2) := wd'? (z — ()

Extended boundaries at Spatial- and Time- infinity

Y. Herfray (IDP Tours)




Beyond hard representations?

Bekaert—Donnay—YH (2024)
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~ pt

Decomposition of supermomenta Bekaert—Donnay—YH (2024)

P(z,2) = P(2,2) + 020N

gm—

——

Hard contribution Soft charges

020N
Hard massive
P(z,%) = (¢(z,2) - p)~° ~ memory effect

~ extra degrees of

Hard massless freedom (in the IR)

P(z,2) := w5(2)(z — ()

Extended boundaries at Spatial- and Time- infinity Y. Herfray (IDP Tours)




4- BMS and the S-matrix:
Infrared divergences

(out|S|in)
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Strominger (2014) showed the following result :
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Strominger (2014) showed the following result :

Weinberg's soft theorems Weinberg (65) ...
... can be understood as Ward identities ...

... for BMS asymptotic symmetries
Bondi—Van der Burg—Metzner-Sachs (62).

=) The gravitational S-matrix is BMS invariant !
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Sketch of the proof (rewritten to fit with rep. theory language)
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Sketch of the proof (rewritten to fit with rep. theory language)

0 = {out| [P(2, 2), 5]

in)
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Sketch of the proof (rewritten to fit with rep. theory language)

0 = {out| [P(2, 2), 5]

in)

A

P(z,2) = P(z,2) + 020:N (2, 2)
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Sketch of the proof (rewritten to fit with rep. theory language)

0 = {out| [P(2, 2), 5]

in)

Expression of BMS charges
Barnich--Troessaert (2011)

+ insight from
Strominger (2014)

A

P(z,2) = P(2,2) + 0°0*N(z, 2)

— /wdwaf(w, z,2)a(w, z,2) + 02 (lim wa(w, z, 5))

w—0
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Sketch of the proof (rewritten to fit with rep. theory language)

0 = (out| [P(z, Z), 5] |in) + lim,,_,o w 82 (out| [a(w, 2, Z), S] |in)
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Sketch of the proof (rewritten to fit with rep. theory language)
0 = (out| [P(z, Z), 5] |in) + lim,,_,o w 82 (out| [a(w, 2, Z), S] |in)

_ (Z P(2,2) - 3 Pz 2)) (out| § fin) + lim w02 (out| [a(w, 2, 7), 3] |in)
f i
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Sketch of the proof (rewritten to fit with rep. theory language)
0 = (out| [P(z, Z), 5] |in) + lim,,_,o w 82 (out| [a(w, 2, Z), S] |in)

_ (Z P(2,2) - 3 Pz 2)) (out| § fin) + lim w02 (out| [a(w, 2, 7), 3] |in)
f i

__ A2 €-Pi € Dy A : A
= 02 (; o 1 ) (out| S'|in) + il_)InOw (out| la(w, z, ), S| |in)
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Sketch of the proof (rewritten to fit with rep. theory language)
0 = (out| [P(z, Z), 5] |in) + lim,,_,o w 82 (out| [a(w, 2, Z), S] |in)

_ (Z P(2,2) - 3 Pz 2)) (out| $ [in) + lim w &2 (out| [a(w, 2, %), S| [in)
f i

0

:ag ( =1 E.pf) out| S |in) + lim w (out aw,z,Z,S’ in
;M o, ) (cutl $lin) + lim w (out|[a(uw, 2, 2), 5] fin)
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Sketch of the proof (rewritten to fit with rep. theory language)
0 = (out| [P(z, Z), 5] |in) + lim,,_,o w 82 (out| [a(w, 2, Z), S] |in)

_ (Z P(2,2) - 3 Pz 2)) (out| § fin) + lim w02 (out| [a(w, 2, 7), 3] |in)
f i

__ A2 €-pi €Dy qL . AT
= 02 (Zf: P ) (out| S |in) + ul}lg%)w (out| la(w, 2z, ), S] |in)

— O Weinberg (65)
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Infrared divergences

® |t is well known that, in presence of gravitational interactions,
all S-matrix elements are infrared divergent at one loop
(due to infrared gravitons running in the loop)

=) “S-matrix coupled with gravity is ill-defined”  S-matrix # Observables

Gravitational S-matrix, infrared divergences and BMS representations Y. Herfray (IDP Tours)



Infrared divergences

® |t is well known that, in presence of gravitational interactions,
all S-matrix elements are infrared divergent at one loop
(due to infrared gravitons running in the loop)

=) “S-matrix coupled with gravity is ill-defined”  S-matrix # Observables

e However, Weinberg (65) showed that inclusive cross sections, where
infinitely many external soft gravitons are included, are finite.

m) “Observables are given by inclusive cross sections”

Gravitational S-matrix, infrared divergences and BMS representations Y. Herfray (IDP Tours)



Infrared divergences

® \Weinberg (65)’'s result boils down to soft theorem

_ 92 €-Di €Dy A1 : N AL
0 =03 (Z o 0 ) (out| S |in) + il_%w (out| [a(w, z, 2), S| |in)

® Strominger et all (2017) : infrared divergences arise due to
non conservation of BMS charges of the usual S-matrix elements

Gravitational S-matrix, infrared divergences and BMS representations Y. Herfray (IDP Tours)



Infrared divergences

® \Weinberg (65)’'s result boils down to soft theorem

0 =02 ( e-pi_G'pf) out| S |in) + lim w (out| [a(w, 2, 2), S] |in
| ijq,pz_ o) (out |>’ lim w (out| [a(w, 2, 2), 5] |in)

|
(pr(z, ) - P 2)) (out| $ [in)

f \ U
# 0 sum and difference of hard supermomenta
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Infrared divergences
(pr(z, 2) = > Pl 2)) (out| $ [in)

f
# 0 \ sum and difference of hard supermomenta

Bekaert—Donnay—YH (2025)
Hard su permomenta cannot ensure conservations of su permometa
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Infrared divergences
(pr(z, 2) = > Pl 2)) (out| $ [in)

f
# 0 \ sum and difference of hard supermomenta

Bekaert—Donnay—YH (2025)
Hard su permomenta cannot ensure conservations of su permometa

=) infrared divergences arise due to the fact that
hard UIR cannot be preserved by interactions

=) any notion of BMS-invariant S-matrix will need to include all other
(hnon hard) BMS UIR representations !
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Infrared divergences
(pr(z, ) - P 2)) (out| $ [in)
f i
# 0 \ sum and difference of hard supermomenta

Bekaert—Donnay—YH (2025)
Hard su permomenta cannot ensure conservations of su permomets
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Conclusion
e Usual asymptotic states of QFT are BMS representations (Hard UIR)

‘ however they cannot by themselves
fulfill supermomentum conservations
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® Weinberg's soft theorems can be read as saying that
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Conclusion
e Usual asymptotic states of QFT are BMS representations (Hard UIR)

‘ however they cannot by themselves
fulfill supermomentum conservations

® Weinberg's soft theorems can be read as saying that

Infrared divergences arise due to non conservation of supermomenta

e A fully BMS invariant extension of QFT has a chance to define infrared
finite S-matrix elements!

‘ will require a generic notion of BMS particles !
Bekaert—Donnay—YH (2025)
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Thank you for your attention!
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