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Introduction and motivations

Determination of the quantum statistical mean value of the stress-energy tensor 
at global thermodynamic equilibrium in a general curved space-time:

Physical content:

Equilibrium conditions:

   β is a time-like Killing vector

is the four-temperature vector

is the proper or comoving temperature

is the ratio between chemical potential and temperature

Σ is an arbitrary
space-like 
3D hypersurface
(see below)



  

A Killing vector is entirely determined by its value and its exterior derivative value 
at some point:

Thermal vorticity can be decomposed into an “electric” and “magnetic” part:

Thermal vorticity
Adimensional in natural units

At global equilibrium (because of Killing equation)

With:

Acceleration field                                  Vorticity field



  

The mean value of a local operator is, in general, a functional of  β , g and the space-
like hypersurface Σ

However, at global equilibrium, we are left with

with an understood dependence on boundary conditions

If  β and the metric tensor are analytic in x

This dependence can be further expanded in a Taylor series for each argument past β,
so:

These terms involve quantum-statistical corrections to the familiar thermodynamic
relations

Analyticity hypothesis



  

For a given quantum field, the analytic part (in zero) of the mean value of any local
operator at global equilibrium as a function of the thermal vorticity and the
derivatives of g, is universal – that is independent of the space-time - except for a
specific vacuum term. 
All terms dependent on the specific boundary conditions are non-analytic in zero.

PROGRAMME

Use exact results known in literature (basically, only for the free neutral massless
scalar field) in various space-times to test this hypothesis 

    Minkowski, de Sitter (dS), Anti-de Sitter (AdS), …..

Extracting the analytic part of a function expressed by series (analytic distillation)

HYPOTHESIS

universal (for a given QFT) coefficients



  

Minkowski space-time
Solution of the Killing equation in Minkowski spacetime:

Pure rotation (Landau Statistical Physics)

Pure acceleration (Unruh-like)



  

Exact and perturbative solutions
(for the Free Real Scalar Massless (FRSM) field)

Perturbative calculations of                  are obtained by expanding the density operator in 

F. Becattini and E. Grossi, Phys. Rev. D 92 (2015) 045037;
M. Buzzegoli, E. Grossi and F. B., JHEP 10 (2017) 091 [Erratum JHEP 07 (2018) 119];
G.Y. Prokhorov, O.V. Teryaev and V.I. Zakharov, Phys. Rev. D 99 (2019) 07190;
G.Y. Prokhorov, O.V. Teryaev and V.I. Zakharov, Phys. Rev. D 100 (2019) 125009.

Exact solutions can be obtained by solving the EOM (Klein-Gordon) in curvilinear coordinates
suitable for the problem (Rindler for the pure acceleration case, cylindrical for the pure rotation)

V.E. Ambrus, Ph.D. Thesis, University of Sheffield, School of Mathematics and Statistics, Sheffield U.K. (2014);
V.E. Ambrus, Phys. Lett. B 771 (2017) 151;
F. B., Phys. Rev. D 97 (2018) 085013;
F. B., D. Rindori, Phys. Rev. D 99 (2019) 12501. 



  

New method 

Calculation of mean values without solving field equations!

- Imaginary thermal vorticity

 - Factorization of the density
Operator

- Algebraic equation for the
expectation values:

- SOLVED by iteration:

is the Wigner rotation

F. B., M. Buzzegoli, A. Palermo, JHEP 02 (2021) 101



  

New method - cont’d

The iterative solution introduces non-analytic contributions which must be
subtracted away before analytically continue the solution to real thermal vorticity
(i.e. real acceleration and vorticity)

ANALYTIC DISTILLATION

For a free field problem, the expectation values of quadratic combinations of creation and
annihilation operators is all we need to calculate anything

Extraction of the unique analytic part (in a point) of a non-analytic complex function
which is generally expressed by a complicated series

In Minkowski space-time, we seek the analytic part of the thermal expectation values in
 

NOTE – For the pure acceleration case, we do recover an exact meaningful result.
For the rotation case, the method was applied to the problem of a field without boundary
conditions, implying an unbounded “Hamiltonian” in the exponent of the density operator



  

Analytic distillation

Asymptotic
power

expansion

Analytic part

Complex
function 

F. B., M. Buzzegoli and A. Palermo, JHEP 02 (2021), 101

Goal: to define and extract the analytic part of a function at some point



  

Asymptotic series of “harmonic” sums

Suitable theorem for series:
D. Zagier, The Mellin transform and related analytic techniques, in Quantum Field Theory I:
Basics in Mathematics and Physics. A Bridge Between Mathematicians and Physicists,
Springer (2006), pp. 305–323

Can be extended to alternate (fermionic) series. 
Special case of a more general theorem first proved in:

P. Flajolet, X. Gourdon, P. Dumas Th. Comp. Science Lett. B 144 (1985) 3 



  

One can just write down the Laurent series of f(z) and remove negative powers

There is another way, suitable for series: expand the summand in Taylor series  
and invert the summations:

Continue analytically to the Riemann Zeta function and resum:

An example



  

Stress-energy tensor of the FRSM field
(after distillation)

Quantum corrections!
Generally very small
scale

ξ=0 minimal coupling
ξ=1/6 conformal coupling



  

Pure acceleration: Unruh effect

w=0 (no vorticity)
ξ =0 

Energy density and pressure PRECISELY vanish when

According to the hypothesis, the energy density, pressure and
anisotropic stress for the FRSM field at global equilibrium should
have the same coefficients in any space-time with a Killing vector 
with acceleration. What about curvature dependence?



  

Anti-de Sitter

Global time-like Killing vector field:



  

Exact solution for FRSM field
with conformal coupling

B. Allen, A. Foliacci, G.W. Gibbons,
Phys. Lett. B 189 (1987) 304 

Extract the analytic part in the
curvature, that is in κ2  for  κ2 =0

Bulk term dependent on f
3

Boundary term dependent on S
m
,

C
m
 series



  

Result of distillation

● Only the bulk term gives rise to a finite distillate; boundary term distillate vanishes

● Fulfills the continuity equation

● Agrees with the expression found in Minkowski with acceleration and R=0

● Agrees with the perturbative calculation in:
R. V. Khakimov, G. Y. Prokhorov, O. V. Teryaev and V. I. Zakharov, Phys. Rev. D 108 (2023) L121701 

● If the global vacuum term is removed, the stress-energy tensor vanishes EVERYWHERE
at the “Unruh” temperature

Distillation variable is z = κ2 



  

“Miracle” of the analytic distillation

Before:

After:



  

Minimally coupled FRSM field
V. E. Ambrus, C. Kent, E. Winstanley Analysis of scalar and fermion quantum field theory on anti-de Sitter spacetime, Int. J.
Mod. Phys. D 27(11):1843014, 2018. 



  

de Sitter

Obtained by AdS by analitically continuing to negative values of z = κ2  

(non-global) Killing time-like vector field:

Static patch

Singular at r=1/κ



  

Stress-energy tensor

● Fulfills the continuity equation

● Agrees with the expression found in Minkowski with acceleration and R=0

● Agrees with the perturbative calculation in
R. V. Khakimov, G. Y. Prokhorov, O. V. Teryaev and V. I. Zakharov, Phys. Rev. D 108 (2023) L121701 

● If the global vacuum term is removed, the stress-energy tensor vanishes EVERYWHERE
 at the “Unruh” temperature

Exact expression implied in: D. N. Page, Phys. Rev. D 25 (1982) 1499 

No distillation needed! Obtained from AdS by simply taking 



  

Summary and outlook

We have considered the stress-energy tensor of the FRSM field at global thermodynamic
equilibrium in curved space-time 

We conjectured that the analytic part  - as a function of the derivative of the Killing 
vectors and the curvature tensors in zero - of the expression is universal, whereas the 
non-universal contribution is related to specific global properties such as boundary 
conditions and the VEV

Extraction of the analytic part: analytic distillation

We have applied the analytic distillation to the stress-energy tensor of the FRSM field 
in maximally symmetric space-times and found evidence of this universality

Outlook: (ongoing) application to other space-times 



  

True statistical operator

With the Gauss theorem

Local equilibrium, non-dissipative terms Dissipative terms

T
B
 = Belinfante stress-energy tensor



  

Taylor expansion from the point x where a local operator is to be calculated (leading
terms):

Example: local gravity acceleration in a rotationally symmetric field (Schwarzschild)

Tolman's law

Local Taylor expansion



  

The corrections are quantum

The magnitude of these corrections depends on the coefficients U, D, ….
which are new thermodynamical equilibrium functions.

Acceleration and vorticity play the role of two new scales in the quantum field problem

In the free scalar field, the coefficients U, D, A, W, G have a classical limit,
whereas the adimensional scales vanish in the h → 0 limit.  The reason is that
with m, T as scales no non-quantum correction can exist.
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