F. Becattini,
Universita' di Firenze
and INFN

Universality of curvature corrections in
statistical QFT 1n curved
space-time and analytic distillation

Based on

F.B., F. Palli, to appear

CONTENTS

Introduction and motivations

Analyticity conjecture

Minkowski space-time and analytic distillation
Stress-energy tensor of massless scalar field in dS and AdS
Outlook and conclusions

Avenues of QFT in curved spacetime, Tours, 22-24 Jan 2025



Introduction and motivations

Determination of the quantum statistical mean value of the stress-energy tensor
at global thermodynamic equilibrium 1n a general curved space-time:

T () = Te(PT" () )ren

Y is an arbitrary
space-like

3D hypersurface
(see below)

Physical content:

IBPL — (1 / 1 ’Uﬂu is the four-temperature vector ‘ ’Uﬂu = ,8*“’ / 52
T=1/Vp ‘“

C = / T is the ratio between chemical potential and temperature

is the proper or comoving temperature

Equilibrium conditions:

V.6, +V.,5,=0 V, (=0 mmp B is a time-like Killing vector
H~v v T L p—



A Killing vector 1s entirely determined by its value and its exterior derivative value
at some point:

Thermal vorticity
Adimensional in natural units

Thermal vorticity can be decomposed into an “electric” and “magnetic” part:
p— Br /. /32

E, oo =/ |det gl€pno

At global equilibrium (because of Killing equation)

With:

1
AP = 4V uH WM — —§E“”p0uavyup

Acceleration field Vorticity field



Analyticity hypothesis

The mean value of a local operator is, in general, a functional of 3, g and the space-
like hypersurface X

X (z) = Tre(pX )ren = X[8, 9, 3]

However, at global equilibrium, we are left with

with an understood dependence on boundary conditions
If ( and the metric tensor are analytic in x
X (2)[8, 9] = X (B(x), w(z), g(x), R(z), R*, VR(z), .. .)

This dependence can be further expanded in a Taylor series for each argument past 3,
SO:

X(:E)[ﬁ, g] — X(B(x>7 w(x)a g(:l’)), R(m)v R27 VR(:E), - )
— Z Crn(B)w(x)* VY R(x)" 4+ non — analytic terms

These terms involve quantum-statistical corrections to the familiar thermodynamic
relations



HYPOTHESIS

For a given quantum field, the analytic part (in zero) of the mean value of any local
operator at global equilibrium as a function of the thermal vorticity and the

derivatives of g, is universal — that is independent of the space-time - except for a
specific vacuum term.

All terms dependent on the specific boundary conditions are non-analytic in zero.

X(I)[B,g] — X(B(a:),w(x),g(a:),R(:z:), R27VR(33)7 . )

= Z Crn(B)w(2)* VY R(x)" 4+ non — analytic terms
kbl

PROGRAMME

Use exact results known in literature (basically, only for the free neutral massless
scalar field) in various space-times to test this hypothesis

Minkowski, de Sitter (dS), Anti-de Sitter (AdS),

ooooo

Extracting the analytic part of a function expressed by series (analytic distillation)



Minkowski1 space-time

Solution of the Killing equation in Minkowski spacetime:

b, w constants

1

-

B 1 = =
p= A exp |—b, P! + 5 T T ¢

&l

Pure rotation (Landau Statistical Physics)

b,u. = :LFT[I 0,0,0) Wpry = {::.L""',‘F‘"IT;] ) (:gl;t-fﬂu - er/{—_l:-?,u)

ANATAR
AVAY

p=(1/Z)exp|—H /Ty + wJ. /T

Pure acceleration (Unruh-like)

b,u = [:_1_‘-*"’{'TCI1 0,0,0) Wpr = (a ,."'f‘ 0) {_5-7[1,11 93v — 93udov )

1 O, ~ ~
pH = T (1+az,0,0,at) p=(1/Z)exp|[—H /Ty + aK. /Ty
0




Exact and perturbative solutions
(for the Free Real Scalar Massless (FRSM) field)

P

Perturbative calculations of (: T*" :) are obtained by expanding the density operator in

1
2

1 ~ .~
W JH + HQ}

p= - eXP [—h ﬁﬁ‘“‘ -

F. Becattini and E. Grossi, Phys. Rev. D 92 (2015) 045037,

M. Buzzegoli, E. Grossi and F. B., JHEP 10 (2017) 091 [Erratum JHEP 07 (2018) 119];
G.Y. Prokhorov, O.V. Teryaev and V.I. Zakharov, Phys. Rev. D 99 (2019) 07190;

G.Y. Prokhorov, O.V. Teryaev and V.I. Zakharov, Phys. Rev. D 100 (2019) 125009.

Exact solutions can be obtained by solving the EOM (Klein-Gordon) in curvilinear coordinates
suitable for the problem (Rindler for the pure acceleration case, cylindrical for the pure rotation

V.E. Ambrus, Ph.D. Thesis, University of Sheffield, School of Mathematics and Statistics, Sheffield U.K. (2014);
V.E. Ambrus, Phys. Lett. B 771 (2017) 151;

F. B., Phys. Rev. D 97 (2018) 085013,;

F. B., D. Rindori, Phys. Rev. D 99 (2019) 12501.



New method

F. B., M. Buzzegoli, A. Palermo, JHEP 02 (2021) 101

Calculation of mean values without solving field equations!

- Imaginary thermal vorticity @™ — —i!”

- Factorization of the density 5= le—bﬂﬁ’“—i%qbwj“” _ le—?}“(gb)ﬁ’“ o 5"
Operator

8

L b,

k— tlmes

- Algebraic equation for the (al (D)ar () =(=1)25 Z MAG) (A’p)aae—g-Ap<aT (Ap)ar (p))
expectation values: o = o

+ 286_E'APW(S) (A,p)m(53(Ap —p)

WS (A, p) = D) ([Ap]~*Alp]) is the Wigner rotation

- SOLVED by iteration:

(al(p)a- (")) = Z 1)25(n 1) 53 (pmy, NS (AR peb Thar AP



New method - cont’d

For a free field problem, the expectation values of quadratic combinations of creation and
annihilation operators is all we need to calculate anything

The iterative solution introduces non-analytic contributions which must be
subtracted away before analytically continue the solution to real thermal vorticity

(i.e. real acceleration and vorticity)

ANALYTIC DISTILLATION

Extraction of the unique analytic part (in a point) of a non-analytic complex function
which is generally expressed by a complicated series

In Minkowski space-time, we seek the analytic part of the thermal expectation values in@ = 0

NOTE — For the pure acceleration case, we do recover an exact meaningful result.
For the rotation case, the method was applied to the problem of a field without boundary
conditions, implying an unbounded “Hamiltonian” in the exponent of the density operator



Analytic distillation

F. B., M. Buzzegoli and A. Palermo, JHEP 02 (2021), 101

Goal: to define and extract the analytic part of a function at some point

Definition. Let f(z) be a function on a domain D of the complex plane and zg € D a
point where the function may not be analytic. Suppose that asymptotic® power series of
f(2) in z — zg exist in subsets D; C D such that U;D; = D:

f(2) ~ D e (== z)"

where n can take integer negative values. If the series formed with the common coefficients
in the various subsets restricted to n > 0 has a positive radius of convergence, the analytic
function defined by this power series is called analytic distillate of f(z) in zo and it is

denoted by dist,, f(z).

Complex

function
Analytic part

Asymptotic
power
expansion




Asymptotic series of “harmonic” sums

Suitable theorem for series:
D. Zagier, The Mellin transform and related analytic techniques, in Quantum Field Theory I:

Basics in Mathematics and Physics. A Bridge Between Mathematicians and Physicists,
Springer (2006), pp. 305-323

Theorem 2. Let f : (0,4+00) — C be a C* complex valued function on the positive real axis with the asymptotic

power series in x =0

o0

f(z) ~ Z anz”

n=—M

and f(z) —a_1/x = O(1/z'*) for £ — +oo with € > 0. Then, the function defined by the series:

oo

9@) =Y fnz)

n=1

has the asymptotic expansion for x — 0F:

1 =)
~ —\—a_ 1 1 nS\ ™ n,
9(z) ~ _ (-a_ilogz + f)+n:-Ma ((—n)z
n#—1

Iy = /OOO dz (f(ac) - i anz™ — a-1e_z/9ﬂ) :

n=—M

Can be extended to alternate (fermionic) series.
Special case of a more general theorem first proved in:

P. Flajolet, X. Gourdon, P. Dumas Th. Comp. Science Lett. B 144 (1985) 3



An example

distg f(x) =7

One can just write down the Laurent series of f(z) and remove negative powers

There 1s another way, suitable for series: expand the summand in Taylor series
and invert the summations:




Stress-energy tensor of the FRSM field

(after distillation)
T (z) = Te(p : T () :)

P o £=0 minimal coupling
TH = 9#hTa"ap + 0V — g" L T =TE" — €(0"0" — g O)p'y, £=1/6 conformal coupling

(: ’f’“’(:c) D) = pubu’ —p AP+ W whw’+ Ao’ o +GHFIY+G (IHu? +1Pu)+A (oFu” +a ut)
+G* (IHa” +1" o)+ W (whu” +w”ut )+ A" (aw” +a”wh)+GY (IFw” +1"w")

66—1 , 46—1 , 606—11 , 2706—61 5
1287 % VT agr2pt™ T agom2pt® T Ta0m2pt 1 _ 74
1—6¢ £ 19 — 120¢ 4
2 2 4 4
YT 8ET ¥ T aax2pt™ T Taa0m25 g
B 2 -1 , 1206-29 , 1 " L,
W= Top T ezt 3600250 ot = TAM wh =
e i W
© 1284 360m2B34 48m2p4 7
, 1-70¢ :
= 240n2p% Quantum corrections!
G061 1061 o 3067 Generally very small
= 3681 " 24072810 T 720m2p2 % scale
A=0,
hw hA
G* =0, Sadl
KT cKT

GY"=A"=W=0.



Pure acceleration: Unruh effect

w=0 (no vorticity)

E=0 T o?(x) N 190 (z)
90 18 144072 )’
1 I aQ(x)) |

12 ' 4872

According to the hypothesis, the energy density, pressure and
anisotropic stress for the FRSM field at global equilibrium should
have the same coefficients in any space-time with a Killing vector
with acceleration. What about curvature dependence?




Anti-de Sitter

1
ds® = (1 4 r*r?)dt* — dr? — r2dQ?

1 + k?r?
RHVPO — _/{2 (g,upgua . g,uagl/p)
R = —12x°

Global time-like Killing vector field:

2
B4 = 1(1,0,0,0) == A, = (0. 0.0) w=0
TO M Y 1"—/4}27“2”

1o

T —
V1 + K272




Exact solution for FRSM field B. Alten, A. Foliacci, G.W. Gibbons,
Phys. Lett. B 189 (1987) 304

with conformal coupling
e ) s
2 () oo b {3 () s +
2

11
* 3t ('“60”"”3(

1

) S (o) ]gw + [; (3= 273 S0 Cofior) +

Bulk term dependent on f,
1 2 1

B
+r.;r( 314 w22

1/( 1+ k2?2 I {2 wa*
+ [6 (3ﬁj27‘2 it 4) S() (1436(),7') + E (3].‘|‘f1327"2 — .1 Cl (’{ﬂ():?ﬂ) +

1

WSQ (Iﬂﬁ(}, ‘T‘) t'uty—i_

) 4 (Iﬁ:ﬁo,?") + 2

Boundary term dependent on S

C series
m

2 1

- gWSQ (ﬁlﬁ(), "') ] Pupu}

con:
t,=(1+ n2r2)(1,6),

n

f3 (kBo) = Z enibBo — 1’

n=1

© pm(—1)" Extract the analytic part in the
Sm (5 oF ) = L gy _ 1 S (2narctan (kr)), curvature, that is in k* for «*=0

n=1

Con ( ﬁolﬁl) = z % cos (2n arctan (kr)).

n=1




Result of distillation

Distillation variable is z = k*

2 2
: .. 1 (R 2 1 R
dist,2—0 (") = geo, 2( ) et [9064 14407r2( |A2|) ](_QWHUMM

e Only the bulk term gives rise to a finite distillate; boundary term distillate vanishes
e Fulfills the continuity equation
» Agrees with the expression found in Minkowski with acceleration and R=0

e Agrees with the perturbative calculation in:
R. V. Khakimov, G. Y. Prokhorov, O. V. Teryaev and V. 1. Zakharov, Phys. Rev. D 108 (2023) L121701

 If the global vacuum term is removed, the stress-energy tensor vanishes EVERYWHERE
at the “Unruh” temperature

1 R K
Ty = — A2 — TH = —
U on 12“ | 07 on



“Miracle” of the analytic distillation

Before:

(TH") = vacuum term + something which vanishes for Ty — 0

After:
K

<T\“’”> = same vacuum term + something which vanishes for T'= Ty (or Ty = 2_)
-



Minimally coupled FRSM field

V. E. Ambrus, C. Kent, E. Winstanley Analysis of scalar and fermion quantum field theory on anti-de Sitter spacetime, Int. J.
Mod. Phys. D 27(11):1843014, 2018.

ds* = a®sec’p [d’r2 — dp* — sin? p(dh? + sin? 9d¢2)} :
1

— [cos 2p + cosh (jrBy)] sinh? (jKB0/2)

(=2 cos2p+3cosh(jrbo)
8% “ [cos2p + cosh (j kB0)]” sinh* (j50/2)"

_ k*cos ,o6 ad Fy

1672 i1 [cos2p + cosh (§560)]® sinh? (x50 /2)

Fy = cos4pcosh (jk8) + cos 2p[5—4 cosh (jxBp) + 3 cosh (25k89)] — 4+ 7 cosh (jx50)

diStKﬁ:O (: T ) = (p+ p)utu” + AAFAY — pgh — 332_.':;12{]}‘,,,1
2
p= 135 (T* +10T°T5 — 11T7) + 96R(T —T%) . /R
2 I = 2( +!A2\><O
p= 90 (T* — 20T°T2 + 19T3) + @R(T - TZ) L
A= | A%(T? - T2)



de Sitter

1
1 — r2r?

d82 — (1 — /{27‘2)dt2 — dr2 — r2dQ2 Static patch

RHVPO — %2 (g,upgya . g,uagup)
R = 12x°

Obtained by AdS by analitically continuing to negative values of z = «*

(non-global) Killing time-like vector field:

2
u:i A, =10 s 0,0 w" =0
6 T() (1707070) ‘ |92 71 . /{2r27 )

Ik

T —
V1 — k27?2

Singular at r=1/x



Stress-energy tensor

Exact expression implied in: D. N. Page, Phys. Rev. D 25 (1982) 1499

2

X il R w2
v
() = 9607r2( ) 9+ 15081 ~ 1adon?

No distillation needed! Obtained from AdS by simply taking /{2 — — K

Fulfills the continuity equation

Agrees with the expression found in Minkowski with acceleration and R=0

Agrees with the perturbative calculation in
R. V. Khakimov, G. Y. Prokhorov, O. V. Teryaev and V. I. Zakharov, Phys. Rev. D 108 (2023) L121701

If the global vacuum term is removed, the stress-energy tensor vanishes EVERYWHERE
at the “Unruh” temperature

1 R K
or \V 12 +14% 0= o




Summary and outlook

» We have considered the stress-energy tensor of the FRSM field at global thermodynamic
equilibrium 1n curved space-time

®» We conjectured that the analytic part - as a function of the derivative of the Killing

vectors and the curvature tensors in zero - of the expression is universal, whereas the
non-universal contribution is related to specific global properties such as boundary

conditions and the VEV
» Extraction of the analytic part: analytic distillation

» We have applied the analytic distillation to the stress-energy tensor of the FRSM field
in maximally symmetric space-times and found evidence of this universality

» Outlook: (ongoing) application to other space-times



True statistical operator

T = Belinfante stress-energy tensor

Local equilibrium hypersurface £(t )

With the Gauss theorem

- K’}'u) N / 19 (fgl’?“ﬁp o .’}'uv,u-c)] )

Local equilibrium, non-dissipative terms Dissipative terms



Local Taylor expansion

Taylor expansion from the point x where a local operator 1s to be calculated (leading
terms):




The corrections are quantum

| . e ) Q J hla| ) ? h|w] ) ’ ,
Ua - Uw | ufu” — |1 - )a - ) | AR
- <I1T’ ] o lﬁ+ (f_'fxT, Dot KT Duw | A

2

9
. - }_ Al B R - f_ .2 wa) . .
alta? + W (;’l“"Tl) OHOY + @G ! | H“| (M4

In the free scalar field, the coefficients U, D, A, W, G have a classical limit,
whereas the adimensional scales vanish in the # — 0 limit. The reason is that
with m, T as scales no non-quantum correction can exist.

Acceleration and vorticity play the role of two new scales in the quantum field problem

The magnitude of these corrections depends on the coefficients U, D, ....
which are new thermodynamical equilibrium functions.
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