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Quantum ChromoDynamics (QCD)
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Fundamental theory of “Strong Interaction”
Proton Structure

∼ 10−16 m

Neutron Stars (Pulsar/Magnetar)

∼ 104 m
The Theory valid over  different orders!   1020
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Quantum ChromoDynamics (QCD)

4

ℒ = −
1

2g2
trFμνFμν + θ

1
16π2

trFμνF̃μν

+ψ̄(iγμDμ − m)ψ

Fundamental theory of “Strong Interaction”
Origin of matter — Color confinement of quarks/gluons 
Origin of mass — Quark/gluon condensates

(Dynamics) (Topology)

(Chiral Matter)
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Various “Probes”
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RealImaginary

Academic

Practical Temperature

Finite Density

Finite Isospin Density

Strong B

Fast Rotation

Topological q

Imaginary Density

Imaginary Rotation

Imaginary q

Large Curvature

Finite Chirality Density

Sign Prob.

Sign Prob.

Sign Prob.
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Phase Transitions
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~ 1/T

Hadron Percolation Effective mass

⟨q̄q⟩ Chiral Condensate

L = e−Fq/T

Polyakov Loop

(Chiral Phase Transition)

(Deconfinement Transition)
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Chemical Potential  μNuclear Superfluid B

Phase Transitions
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External 
  Parameters

Sign Problem

RBΩ

θ

Avenues 2018
This talk
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QCD with R
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TrLogG =
1

30
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45
Rµ⌫R

µ⌫ � 7

360
Rµ⌫⇢�R

µ⌫⇢�

+ 2m4 +
1

3
m2R+

1

72
R2

Determinant of the quark propagator with R

2(m2 +R/12)2

Looks like a mass shift… 
But QCD has chiral symmetry…? 
Should be a spontaneous symmetry breaking. 
Phase structure may be changed in curved spacetime.

Flachi-Fukushima, PRL(’14)
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Rotation
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Introduction of Rotation

10

In terms of the fluid language:

βμpμ = β(p0 − Ω × x ⋅ p)
= x × p ⋅ Ω = L ⋅ Ω

Cranking Hamiltonian:

Ĥ → Ĥ − ̂J ⋅ Ω

Can be fully relativistically generalized with Ωμ = εμνρσuν∂ρuσ
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Introduction of Rotation
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Metric in the rotating frame:

Geometrical condition:

<latexit sha1_base64="u6X55MTUN6K2UuB6MKnGX1lJInM="></latexit>

gµω =





1→ !2
Ir

2 →i!Ir2 0 0
→i!Ir2 r2 0 0

0 0 1 0
0 0 0 1





Euclidean Cylindrical + Imaginary Rotation

Analytical Continuation

Very singular 
due to causality

<latexit sha1_base64="Dd0o/4Oj+bCkGNqnyUsM+g+j4uU="></latexit>

(ω, ε, r, z) → (ω + ϑ, ε ↑ ϑ!I , r, z)

Period β = 1/T

Imaginary time 
× Imaginary angular velocity
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Confinement-Deconfinement
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Deconfinement Order-parameter Potential

the scalar one. Each eigenmode has four polarization degrees of freedom, and two
out of four are canceled by the ghost contribution. After some calculations, we
arrive at the Polyakov loop potential resulting from the two physical (transverse)
modes as

Vg(�; ⌦̃I) =
T

4⇡2

X

↵2�

X

l2Z

Z 1

0
k?dk?

Z +1

�1
dkz

⇥
h
J

2
l�1(k?r) + J

2
l+1(k?r)

i
Re ln

⇣
1 � ei�·↵�i⌦̃Il��|k|

⌘
. (7)

For notational brevity, we introduced a dimensionless imaginary angular veloc-
ity; ⌦̃I = ⌦I/T . By expanding the logarithm, we can perform the momentum
integration to simplify the above form into

Vg(�; ⌦̃I) = �
2T

4

⇡2

X

↵2�

1X

n=1

cos(n� · ↵) cos
⇣
n⌦̃I

⌘

n
n2 + 2r̃2⇥1 � cos

⇣
n⌦̃I

⌘⇤o2 . (8)

The potential is dependent on the dimensionless radial distance; r̃ = rT . The po-
tential is minimized at the optimal value of �, and the Polyakov loop expectation
value, L(�), is evaluated accordingly. The denominator has singularities at r̃ , 0
even for � = 0 (i.e., free theory), which is consistent with Ref. [43].

Specifically, for the S U(3) Yang-Mills theory, the background gauge field is
AB4 = (�1T

3 + �2T
8)/g�, where T

3 and T
8 constitute the Cartan subalgebra of

su(3). The traced Polyakov loop in the fundamental representation of S U(3) is

|L| = 1
3

�����tr exp
✓
ig
Z �

0
AB4 d⌧

◆����� =
1
3

s

4 cos2
⇣�1

2

⌘
+ 4 cos

⇣�1

2

⌘
cos
⇣ p3�2

2

⌘
+ 1 . (9)

In our previous work [36], we showed that confinement, |L| = 0, is realized for
⌦̃I � ⇡/2 at r̃ = 0.

It is a straightforward exercise to find the global minima of the potential (8)
for r̃ , 0. Figure 1 shows the results from such extensive analyses of Eq. (8) for
S U(2) (left) and S U(3) (right). It is notable that both cases generally develop r-
dependent spatial structures. For the S U(2) case as shown in the left of Fig. 1, the
Polyakov loop changes to zero, indicating confinement, with second-order phase
transition as ⌦̃I grows up. In the previous paper [36], we focused on two edges of
r̃ = 0 and ⌦̃I = ⇡ only. Our present results imply that, for ⌦̃I ' 3⇡/4 for example,
there should appear a spatial interface separating the confined phase for r̃ . 0.5
and the deconfined phase for r̃ & 0.5. We can confirm a qualitatively similar trend

5

Singular for 
analytical cont.Can we change with  ?  No!ΩI = − iΩ

Even  (rotation center) is singular…r̃ = rT = 0

Chen-Fukushima-Shimada, PRL(’22)

Physical implications: Talk by Yusuke Shimada
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Confinement-Deconfinement
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Expected behavior of phase transition

Increasing 
Function

Decreasing 
Function

High-T 
Confined 
State???

Imaginary variable

Tc
Tc(Ω2

I ) ↔ Tc(−Ω2)

Finite Angular Velocity ~ Finite Density

Ĥ → Ĥ − ̂J ⋅ Ω ⇔ Ĥ − N̂μ
Chen-Fukushima-Huang-Mameda, PRD (’15)
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Confinement-Deconfinement
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Temperature

Baryon/Quark
Chemical Potential

Angular Velocity

Imaginary
Angular Velocity

Quark Gluon
Plasma

Quark Matter

Weak-coupling
Confined Phase

Strong-coupling
Confined Phase

New approach to confinement physics
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A tension between Lattice vs. non-Lattice
Braguta-Chernodub-Roenko, PLB (’23)
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Figure 1: (top) The distribution of the local Polyakov loop in x, y-plane for lattice of size 5 ⇥ 30 ⇥ 1812 with open boundary conditions at
the fixed on-axis temperature T = 0.95 Tc0 and di↵erent imaginary angular frequencies (also shown as imaginary velocities at the boundary,
v2
I ⌘ (⌦IR)2 = 0.04, 0.12, 0.24, 0.48) with R = 13.5 fm. (bottom) The Polyakov loop at the x axis. The vertical lines mark the phase

boundaries with shaded uncertainties. The violet (blue) data points correspond to periodic (open) boundary conditions. Movies on the phase
evolution with increasing ⌦I are available as ancillary files [37].

implying that hLi = 0. In the deconfinement phase, on
the contrary, hLi 6= 0, the quark’s free energy is finite,
FQ 6= 0, and the quarks can exist as free states. The
expectation value of the Polyakov loop serves as a reliable
order parameter that distinguishes two phases in a static,
non-rotating SU(3) gluon plasma.

5. Emergence of the inhomogeneity

Quark-gluon plasma, slightly above the deconfining
phase transition, resembles more a liquid than a gas. Our
experience tells us that if a liquid is rotated –think about
a rotating glass of water– then it becomes inhomogeneous
due to the centrifugal force, which literally pushes the liq-
uid outwards the axis of rotation. Therefore, we suspect
that the gluon plasma develops inhomogeneity in a rotat-
ing state, and this inhomogeneity has an imprint on its
phase structure, with the phases close to the axis of rota-
tion and far from the axis of rotation being di↵erent.

In Fig. 1, we show a local structure of the Polyakov loop
in the gluon plasma for a fixed temperature and various
values of ⌦I . The lattice data demonstrates that gluody-
namics subjected to imaginary rotation generates an in-
homogeneous two-phase structure in thermal equilibrium.
There are three notable features of the system:

1. Imaginary rotation produces the deconfinement phase
outside of the rotation axis while the region near the
axis stays in the confinement phase. The deconfine-
ment region approaches the rotation axis with the in-
crease of ⌦I ;

2. The outer, deconfining region appears even if the tem-
perature at the rotation axis, T , is lower than the
deconfining temperature Tc0 of a non-rotating gluon

matter, T < Tc0 (so that the whole non-rotating sys-
tem would reside in the confining phase at this tem-
perature);

3. As the on-axis temperature increases, the radius of
the inner confining region shrinks.

On the contrary, if the on-axis temperature T is higher
than the deconfining temperature of a non-rotating sys-
tem, T > Tc0, then the two-phase structure does not
emerge, and the whole imaginary-rotating system resides
in the deconfinement phase.

Finalizing this section, we stress that the central confin-
ing regions in Fig. 1 have the form of a disk, despite the
lattice having a square shape, thus signaling the expected
restoration of the rotational symmetry and implying that
we work in the physical domain of lattice coupling close to
the continuum limit. Moreover, the boundary conditions
a↵ect the local phase structure only very near the bound-
ary. The latter property is a result of the short-range
nature of the screening, which implies that the boundary
e↵ects on the phase structure are negligible [23].

6. Size of the inhomogeneity

In order to quantitatively study the inhomoge-
neous phase, it is convenient to introduce the local
(pseudo)critical temperature on the rotation axis Tc(r) for
which the system undergoes confinement/deconfinement
phase transition at a distance r. One has a confinement
phase at distances smaller than r and a deconfinement
phase at distances larger than r. The local (pseudo)critical
temperature is associated with the position of the peak of
the Polyakov loop susceptibility, �L =

⌦
|L|

2
↵

� h|L|i
2 in

the parameter space.

3

Chen-Fukushima-Shimada, PLB (’24)

Larger Imaginary Rotation
Non-perturbative Lattice 
at  and T ∼ Tc ΩI ≪ T

Perturbative Calc 
at  and T ≫ Tc ΩI > T

Darker ~ More Confined
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Magnetic Field + Rotation
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Interesting Theoretical Proposals

Liu-Zahed, PRL (’18) Pions — the lightest charged hadrons

Strong Magnetic Field + Fast Rotation

|qB | (2n + 1) + p2
z + m2

π − Ωl < 0
Bose-Einstein condensate occurs for large orbital angular momentum

Hattori-Yin, PRL (’16)

ρ =
e

4π2
B ⋅ Ω

4

B

electron positron

spin spin

FIG. 1. Schematic illustration of the LLLs for negatively
charged particles (electrons) and positively charged anti-
particles (positrons). The preferred spin and orbital align-
ments are consistent with classical motion of charged parti-
cles.

LLLs are found to be (↑) states with n = 0 and l ≥ 0 (i.e.,

Jz > 0), for which "̄(↑)n=0,l≥0,k =√k2 +m2. The range of l is(−∞,∞) but the LLLs span over −S⊥�eB��(2⇡) < Jz < 0
for the (↓) particles and 0 < Jz < S⊥�eB��(2⇡) for the(↑) anti-particles for su�ciently large S⊥�eB��(2⇡) (see
Ref. [46] for details).

We note that the preferred (↑, ↓) and the range of l for
these LLLs are completely consistent with our intuition
based on classical physics; the energy is lowered by the
spin alignment anti-parallel to B for negatively charged
particles, while the spin alignment should be parallel to
B for positively charged anti-particles. The orbital dy-
namics is in accord to the Larmor motion in classical
electrodynamics and Jz < 0 for electrons and Jz > 0 for
positrons are naturally concluded, respectively. For a
schematic illustration, see Fig. 1.

III. MODE DECOMPOSED DENSITY
DISTRIBUTIONS

We will consider mode-by-mode contributions to the
expectation values of the scalar (density), the pseudo-
scalar (chirality density), the vector, and the axial-vector
operators. We will later make use of the results in this
section to propose the mode decomposed version of the
CME. Also we apply our results for a canonical formula-
tion of rotating fermions.

A. Density and Chirality Density

The fermion number density is given by ⇢ = � ̂† ̂�,
where  ̂ represents a Dirac field operator. It is a standard
procedure to expand  ̂ in terms of the complete basis of

u(↑,↓)n,l,k with particle annihilation operators â(↑,↓)n,l,k and v(↑,↓)n,l,k

with anti-particle creation operators b̂(↑,↓)†n,l,k in the second
quantization method. Then, we can express ⇢ as a linear
superposition of di↵erent (n, l, k) contributions, which we
can symbolically represent in the following form:

⇢ = �
n,l,k
(⇢(↑)n,l,k + ⇢(↓)n,l,k + ⇢̄(↑)n,l,k + ⇢̄(↓)n,l,k) , (12)

where the first two (and the last two) represent the par-
ticle (and the anti-particle) contributions. The sum-
integral is a short-hand representation of the phase space
sum over (n, l, k) with the proper weight having the mass
dimension three. More explicitly, the phase space inte-
gral is replaced as

� d2k⊥(2⇡)2 ⇔
1

S⊥�n,l
′ → �eB�

2⇡
�
n,l

, (13)

where S⊥ is the transverse area and∑′ denotes a weighted
sum that can reproduce the phase space integral in the
zero magnetic limit and the weight goes to S⊥�eB��(2⇡)
for su�ciently large S⊥�eB��(2⇡). For a precise definition,
see Ref. [46]; we need to cope with a finite sized boundary
condition and this is beyond the current scope.

These expectation values of ⇢(↑,↓)n,l,k and ⇢̄(↑,↓)n,l,k depend on

the state. If we take an expectation value with â(↑)†n,l,k �0�,
we can immediately find the density constituent, using
the explicit solutions of the Dirac equation, as

⇢(↑)n,l,k = ("
(↑)
n,l,k +m)2 + k2

2"(↑)n,l,k("(↑)n,l,k +m) ��n,l�2

+ �e�B(2n + �l� + l + 2)
2"(↑)n,l,k("(↑)n,l,k +m) ��n,l+1�2 .

(14)

In the same way, we consider an expectation value cor-

responding to a state, â(↓)†n,l,k �0�, which turns out to be

⇢(↓)n,l,k = ("
(↓)
n,l,k +m)2 + k2

2"(↓)n,l,k("(↓)n,l,k +m) ��n,l+1�2

+ �e�B(2n + �l + 1� + l + 1)
2"(↓)n,l,k("(↓)n,l,k +m) ��n,l�2 .

(15)

Similarly, for the anti-particle contributions, states

b̂(↑,↓)†n,l,k �0� lead to the expectation values as given by

⇢̄(↑)n,l,k = − ("̄
(↑)
n,l,k +m)2 + k2

2"̄(↑)n,l,k("̄(↑)n,l,k +m) ��n,−l�2

− �e�B(2n + �l� − l)
2"̄(↑)n,l,k("̄(↑)n,l,k +m) ��n,−l−1�2 ,

(16)

and

⇢̄(↓)n,l,k = − ("̄
(↓)
n,l,k +m)2 + k2

2"̄(↓)n,l,k("̄(↓)n,l,k +m) ��n,−l−1�2

− �e�B(2n + �l + 1� − l + 1)
2"̄(↓)n,l,k("̄(↓)n,l,k +m) ��n,−l�2 .

(17)

For our later quantitative discussions it is important to
note that the spatially integrated quantities (denoted by

Fukushima- 
-Shimazaki- 
-Wang, PRD (’20)
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Technically very difficult + Physically confusing

Lorentz Force

More Charge

Less Charge
B

Rotation

Lorentz Force

Induced E

System + B = Stable 
System +  = StableΩ System + B +  = Unstable?Ω
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Fukushima-Hattori-Mameda, submitted (’24)

2

ten with two independent ladder operators as |n,mi =
(a†)n(b†)m|0, 0i/

p
n!m! with a = (⇧x + is⇧y)/

p
2|eB|

and b =
p

|eB|/2 (X � isY ). Here X = x + ⇧y/(eB)
and Y = y�⇧x/(eB) are the coordinate variables of the
guiding center of the cyclotron motion. The longitudi-
nal component Lkin = x⇧y � y⇧x can be represented as
follows [2]:

Lkin = ⇤+�, ⇤ = �s(2a†a+ 1), � = is(a†b† � ab).
(1)

The operator ⇤ corresponds to the circular motion
around the guiding center, as one can check ⇤ = (x �
X)⇧y � (y � Y )⇧x. The form of ⇤ is intuitively under-
standable. For eB > 0, the sign should be negative, as
the cyclotron motion is clockwise on the xy-plane. The
magnitude should be characterized by a†a so that higher
Landau levels have small angular momentum. Also this
is irrelevant to b and b†, as a result of the translational
symmetry. On the other hand, the purely o↵-diagonal �
describes to the orbital motion around the system center,
because of � = X⇧y �Y⇧x. This obviously violates the
translational symmetry, and thus gives no contribution
to usual problems.

Partition function.—The gauge dependence of angular
momentum becomes more crucial in the thermodynamics
of rotating matter. We consider an external rotation with
angular velocity ⌦ = ⌦ẑ. Then, the partition function
is described as the Hamiltonian shifted by the rotational
energy [14, 15]:

Z = tr exp
h
��(H � ⌦J )

i
(2)

with the inverse temperature � = T�1. Here H and
J are a Hamiltonian and the canonical angular momen-
tum along ẑ, respectively. The expression (2) is o↵ered
by the maximum entropy principle in systems with the
rotational symmetry, and it seems that under an exter-
nal electromagnetic field, the theory is gauge dependent
because of J . This pathology is cured, however, if H
compensates the gauge-dependence of J . Namely, the
Hamiltonian should be written as

H = H0 + ⌦JEM (3)

with H0 being the gauge-invariant and ⌦-independent
part. Then Eq. (2) becomes the gauge invariant form as

Z = tr exp
h
��(H0 � ⌦Jkin)

i
, (4)

where Jkin = J � JEM. This is more plausible than
Eq. (2), in the sense that the physical angular momentum
accounts for the rotational energy. We note that Eq. (4)
is also derived as a specific form of the covariant density
operator [16, 17].

The necessity of the second term in Eq. (3) can also be
explained in the classical electromagnetism [18]. Suppose

that a charged particle is rotating with ⌦ = ⌦ẑ on the
circle with a radius r = (x2 + y2)1/2. This particle has
the velocity v = r⌦✓̂ with the azimuthal angle ✓. If
we apply a magnetic field B = Bẑ, the particle feels a
drift force F drift = ev ⇥ B = eB⌦r. Then, the motion
of the particle is no longer circular as the particle flows
outwardly (inwardly) for eB > 0 (eB < 0). The only
way to maintain a circular motion is further to apply an
electric field which eliminates the drift force. Such an
additional electric field is generated by the second term
in Eq. (3). In fact, one can show that the symmetric
gauge A = (A1, A2, A3) = (�By/2, Bx/2, 0) leads to
�r(⌦LEM) = �F drift with LEM = e(xA2 � yA1). In
many-body physics, the sustention of the circular motion
corresponds to the equilibration of rotating magnetized
systems. Hence, ⌦JEM in Eq. (3) is required from the
viewpoint of the thermodynamic stability.

Hereafter, we focus on the rotating magnetized rel-
ativistic Dirac fermions. The partition function is de-
scribed by Eq. (4) with

H0 =

Z
d3x  ̄(�i�iDi +M) , (5)

Jkin =

Z
d3x  ̄�0(Lkin + �) . (6)

with a mass M and Di = @i + ieAi. Also we defined
� = i�1�2/2, and Lkin = �i(xDy � yDx) = ⇤ +�. The
partition function is written as the path integral in the
imaginary time formalism. The integration in terms of
fermion fields yields

Z = det
h
�0@⌧ � i�iDi +M � �0⌦(Lkin + �)

i
. (7)

Under strong magnetic field.—A standard manner to
evaluate Eq. (7) is to diagonalize the Dirac operator. Un-
like in Ref. [4], however, the Landau level basis is not
the eigenstate of the Dirac operator due to �. From
the perspective of analysis, the di�culty of the present
eigenvalue problem becomes obvious for the symmetric
gauge Aµ = (0, By/2,�Bx/2, 0). In this case, the cor-
responding di↵erential equation involves a nonharmonic
potential term / r4 = (x2 + y2)2.

Nevertheless, in the lowest Landau level (LLL) approx-
imation, we obtain the analytical expression of Eq. (7).
In this limit, one can ignore the matrix element of D�1

0

for n � 1. Inserting the complete sets the Ritus basis
|n,miR = P+|n,mi + P�|n � 1,mi with the projection
operators P± = 1

2 (1± is�1�2), we straightforwardly com-
pute

lnZ = tr ln(�0@⌧ � i�3@z +M + s�0⌦/2), (8)

where the Landau level n is already traced out. The
evaluation of Eq. (8) is parallel to the finite-density mag-
netized system. After the Matsubara summation, the

Total angular momentum is the conserved quantity, 
but this corresponds to a thermally unstable case.

Gauge Invariant
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ten with two independent ladder operators as |n,mi =
(a†)n(b†)m|0, 0i/

p
n!m! with a = (⇧x + is⇧y)/

p
2|eB|

and b =
p

|eB|/2 (X � isY ). Here X = x + ⇧y/(eB)
and Y = y�⇧x/(eB) are the coordinate variables of the
guiding center of the cyclotron motion. The longitudi-
nal component Lkin = x⇧y � y⇧x can be represented as
follows [2]:

Lkin = ⇤+�, ⇤ = �s(2a†a+ 1), � = is(a†b† � ab).
(1)

The operator ⇤ corresponds to the circular motion
around the guiding center, as one can check ⇤ = (x �
X)⇧y � (y � Y )⇧x. The form of ⇤ is intuitively under-
standable. For eB > 0, the sign should be negative, as
the cyclotron motion is clockwise on the xy-plane. The
magnitude should be characterized by a†a so that higher
Landau levels have small angular momentum. Also this
is irrelevant to b and b†, as a result of the translational
symmetry. On the other hand, the purely o↵-diagonal �
describes to the orbital motion around the system center,
because of � = X⇧y �Y⇧x. This obviously violates the
translational symmetry, and thus gives no contribution
to usual problems.

Partition function.—The gauge dependence of angular
momentum becomes more crucial in the thermodynamics
of rotating matter. We consider an external rotation with
angular velocity ⌦ = ⌦ẑ. Then, the partition function
is described as the Hamiltonian shifted by the rotational
energy [14, 15]:

Z = tr exp
h
��(H � ⌦J )

i
(2)

with the inverse temperature � = T�1. Here H and
J are a Hamiltonian and the canonical angular momen-
tum along ẑ, respectively. The expression (2) is o↵ered
by the maximum entropy principle in systems with the
rotational symmetry, and it seems that under an exter-
nal electromagnetic field, the theory is gauge dependent
because of J . This pathology is cured, however, if H
compensates the gauge-dependence of J . Namely, the
Hamiltonian should be written as

H = H0 + ⌦JEM (3)

with H0 being the gauge-invariant and ⌦-independent
part. Then Eq. (2) becomes the gauge invariant form as

Z = tr exp
h
��(H0 � ⌦Jkin)

i
, (4)

where Jkin = J � JEM. This is more plausible than
Eq. (2), in the sense that the physical angular momentum
accounts for the rotational energy. We note that Eq. (4)
is also derived as a specific form of the covariant density
operator [16, 17].

The necessity of the second term in Eq. (3) can also be
explained in the classical electromagnetism [18]. Suppose

that a charged particle is rotating with ⌦ = ⌦ẑ on the
circle with a radius r = (x2 + y2)1/2. This particle has
the velocity v = r⌦✓̂ with the azimuthal angle ✓. If
we apply a magnetic field B = Bẑ, the particle feels a
drift force F drift = ev ⇥ B = eB⌦r. Then, the motion
of the particle is no longer circular as the particle flows
outwardly (inwardly) for eB > 0 (eB < 0). The only
way to maintain a circular motion is further to apply an
electric field which eliminates the drift force. Such an
additional electric field is generated by the second term
in Eq. (3). In fact, one can show that the symmetric
gauge A = (A1, A2, A3) = (�By/2, Bx/2, 0) leads to
�r(⌦LEM) = �F drift with LEM = e(xA2 � yA1). In
many-body physics, the sustention of the circular motion
corresponds to the equilibration of rotating magnetized
systems. Hence, ⌦JEM in Eq. (3) is required from the
viewpoint of the thermodynamic stability.

Hereafter, we focus on the rotating magnetized rel-
ativistic Dirac fermions. The partition function is de-
scribed by Eq. (4) with

H0 =

Z
d3x  ̄(�i�iDi +M) , (5)

Jkin =

Z
d3x  ̄�0(Lkin + �) . (6)

with a mass M and Di = @i + ieAi. Also we defined
� = i�1�2/2, and Lkin = �i(xDy � yDx) = ⇤ +�. The
partition function is written as the path integral in the
imaginary time formalism. The integration in terms of
fermion fields yields

Z = det
h
�0@⌧ � i�iDi +M � �0⌦(Lkin + �)

i
. (7)

Under strong magnetic field.—A standard manner to
evaluate Eq. (7) is to diagonalize the Dirac operator. Un-
like in Ref. [4], however, the Landau level basis is not
the eigenstate of the Dirac operator due to �. From
the perspective of analysis, the di�culty of the present
eigenvalue problem becomes obvious for the symmetric
gauge Aµ = (0, By/2,�Bx/2, 0). In this case, the cor-
responding di↵erential equation involves a nonharmonic
potential term / r4 = (x2 + y2)2.

Nevertheless, in the lowest Landau level (LLL) approx-
imation, we obtain the analytical expression of Eq. (7).
In this limit, one can ignore the matrix element of D�1

0

for n � 1. Inserting the complete sets the Ritus basis
|n,miR = P+|n,mi + P�|n � 1,mi with the projection
operators P± = 1

2 (1± is�1�2), we straightforwardly com-
pute

lnZ = tr ln(�0@⌧ � i�3@z +M + s�0⌦/2), (8)

where the Landau level n is already traced out. The
evaluation of Eq. (8) is parallel to the finite-density mag-
netized system. After the Matsubara summation, the

Induced E + Applied B → Finite Angular Momentum

The partition function in equilibrium should be:

2

becomes

ω = →
eB!

4ε2
, (1)

with an opposite sign to the aforementioned result.
In this Letter, we formulate the thermodynamics of

the magnetovortical matter, and derive the charge den-
sity (1) and the associated spatial current with special
attention to the overall sign. We reveal that reaching the
correct answer requires careful implementation of ther-
modynamic stability and gauge invariance, which were
not encompassed in the previous thermodynamic func-
tion [23]. These fundamental requirements turn out to
be two sides of the same coin, and essential to resolve
the unphysical divergence originating from large angular
momenta [24, 25]. Besides, the thermodynamic function
constructed in this way elucidates the relation among
the family of the anomaly-related transport including
Eq. (1).

Angular momentum in the Landau-level basis.—In
quantum theory of charged particles, one of fundamental
concepts is the gauge invariance of kinematical variables.
For instance, the physical momentum of a charged par-
ticle is not p = →i→ but ! = p → eA with an external
electromagnetic field A and a charge e. A similar distinc-
tion is found in angular momenta. The gauge-invariant
and thus physical quantity is not the canonical angular
momentum, L = x ↑ p, but the kinetic angular mo-
mentum, Lkin = x ↑ !. The di”erence between them
may well be interpreted as the electromagnetic contribu-
tion. Indeed, in the symmetric gauge, the canonical an-
gular momentum is a Noether conserved charge for the
rotational symmetry and is related to the kinetic one as
L = Lkin + LEM with LEM = x ↑ (eA) [26]. The gauge
dependence in L and LEM cancels out.

Quantum mechanics under B = Bẑ is conveniently
described by the Landau-level basis, that is, |n,m↓ =
(a†)n(b†)m|0, 0↓/

↔
n!m!, where a = (#x+is#y)/

√
2|eB|,

b =
√
|eB|/2(X → isY ), and s = sgn(eB). Here, the

coordinate variables, X = x + #y/(eB) and Y = y →

#x/(eB), are the guiding center of the cyclotron motion,
and they are constants of motion if further interactions
are turned o”. The longitudinal component of the kinetic
angular momentum is represented as Lkin = x#y→y#x =
$+% with [27]

$ = (x→X)#y → (y → Y )#x = →s(2a†a+ 1) ,

% = X#y → Y#x = is(a†b† → ab) .
(2)

The diagonal operator $ quantifies the local orbital mo-
tion around the guiding center, while the purely o”-
diagonal % describes the global orbital motion around
the origin of the coordinate system. The form of $ can
be understood as follows. For eB > 0, the sign of the
$ eigenvalue should be negative as the cyclotron motion
is clockwise on the xy-plane. The magnitude should be

characterized by a
†
a so that higher Landau levels have

larger Lkin. Also, $ as well as the energy levels are in-
dependent of b and b

†, as a result of the translational
symmetry that leads to the Landau degeneracy. Con-
trary, % obviously breaks the translational symmetry,
and thus does not play any role in characterizing con-
ventional magnetized systems without rotation; see also
Ref. [28], in which $ enters the kinetic theory and the hy-
drodynamics describing the guiding center motion, while
% does not.
Gauge invariance in the partition function.—The tra-

ditional approach to install the rotational e”ect in ther-
modynamics is based on the maximum entropy principle.
First, let us examine rigidly rotating matter (i.e., systems
with rotational symmetry) in the absence of a gauge field.
Then, the angular velocity enters a statistical ensemble
as the Lagrange multiplier for the angular momentum
conservation. The partition function is thus given as [29]

Z = tr exp
[
→ϑ(H→ !J )

]
(no gauge field) (3)

with the inverse temperature ϑ = 1/T and the angular
velocity ” = !ẑ. Here,H and J are the field operators of
a Hamiltonian and a conserved Noether charge, i.e., the
z-component of the angular momentum in our setup, re-
spectively. Although the partition function (3) was orig-
inally formulated in a nonrelativistic form, it yields the
correct form of the chiral vortical e”ect [30], which was
later confirmed with the linear response theory under a
metric perturbation [15].
However, the partition function (3) needs refinement

for gauge theories. The subtlety stems from the di”er-
ence between the canonical and kinetic momenta elabo-
rated above. Whereas the conserved J is built with the
canonical angular momentum, L = xpy → ypx, it causes
a problem that the partition function can become gauge
dependent. Instead, the correct partition function should
read

Z = tr exp
[
→ϑ(H→ !Jkin)

]
, (4)

where Jkin is the field operator built with the kinetic
angular momentum, Lkin = x#y → y#x. The partition
function (4) is one particular form of the covariant den-
sity operator [31].
We emphasize that the form in Eq. (4) is required by

not only gauge invariance but also thermodynamic stabil-
ity. The latter can be explained within the framework of
classical electromagnetism [32]. Suppose that a particle
with charge e is rotating on the circle with a radius r =
(x2+y

2)1/2 and an angular velocity ” = !ẑ. This parti-
cle has a velocity v = r!ϖ̂ along the azimuthal angle ϖ di-
rection. If we apply a magnetic field B = Bẑ, the particle
feels a radial drift force, F drift = ev↑B = eB!r. Then,
the circular motion is no longer closed since the particle
flows outwardly (inwardly) when eB > 0 (eB < 0). The
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Fukushima-Hattori-Mameda, submitted (’24)
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B Rotate 
Oppositely!?
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Finite θ
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Liu-Zahed, PRL (’18) Pions — the lightest charged hadrons

|qB | (2n + 1) + p2
z + m2

π − Ωl < 0

Massless pions can be realized at finite θ

ℒ = −
1

2g2
trFμνFμν + θ

1
16π2

trFμνF̃μν

+ψ̄(iγμDμ − m)ψ m → meiθγ5
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In reality,  is very very small: θ θ < 10−11

Strong CP Problem in QCD

 is a pseudo-scalar, the same quantum number 
as the singlet  meson.
θ

η0

In nuclear collision experiment, off-equilibrium 
matter may have “disoriented” condensates.

Effectively, , may be induced.⟨η0⟩ ∼ θ > 0
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Local Parity Violation Scenario

Nucleus Nucleus
Quark-Gluon Plasma 
with  condensatesη0
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Chiral Lagrangian = Derivative Expansion of QCD

Σ = eiπ⋅τ/fπ

ℒ =
f2
π

4
tr[∂μΣ(∂μΣ)† + χΣ† + Σχ†]

χ =
2m2

πe−iθ/2

mu + md (mu 0
0 md)
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Chiral Lagrangian = Derivative Expansion of QCD

Physics depends on det χ

θ = π ⇒ χ → − iχ ⇒ det χ → − det χ

θ = 0, md = − mu ⇒ det χ → − det χ

Alternatively

Equivalent

mπ = 0
This is the case for the lowest-order only…

Smilga, PRD (’99); Aoki-Creutz, PRL (’14)
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More Intuitive Picture Adhikari-Fukushima (‘soon)

The phase structure is different if  is dynamically optimized.η

Small number 
from the next 
leading order

1st-order transition of 
spontaneous CP breaking

Critical Point 
     mπ = 0

Aoki-Creutz, PRL (’14)

ε =
md − mu

md + mu



Summary

Rotation 
□ Non-perturbative phases changed in curved spacetime. 
□ Confinement accessed by perturbative calculations. 

Rotation + Magnetic Field 
□ Induced electric field should be screened out. 
□ Orbital polarization overcomes spin polarization. 
□ Superconductivity induced by curved spacetime? 

Rotation + Magnetic Field + Topological Angle 
□ The lightest particle gets even lighter.
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