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Einstein equations

Classical Einstein equations
Gµν[g] + Λgµν = 8πTµν[g]

Semiclassical Einstein equations

Gµν[g] + Λgµν =

8π〈T̂µν[g]〉

[ Sanders AHP 23 1321 (2022); Gottschalk, Rothe & Siemssen AHP 24 2949 (2023) ]

Quantum-corrected Einstein equations

Gµν[gQC] + ΛgQC
µν

= 8π〈T̂µν[g0]〉
g0 - fixed background metric
[ Casals, Fabbri, Martinez & Zanelli PRD 99 104023 (2019) ]
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Anti-de Sitter space-time

Anti-de Sitter space-time

AdS metric

ds2
AdS = a−2 sec2 ρ

[
−dτ2 + dρ2 + sin2 ρ dΩ2]

a =

√
−Λ

3

dΩ2 = dθ2 + sin2 θ dϕ2
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Anti-de Sitter space-time

AdS and ESU

Anti-de Sitter space

ds2
AdS = a−2 sec2 ρ

[
−dτ2 + dρ2 + sin2 ρ dΩ2]

0 ≤ ρ < π/2

Einstein static universe

ds2
ESU = a−2 [−dτ2 + dρ2 + sin2 ρ dΩ2]

0 ≤ ρ < π

τ = −π

τ = 0

τ = π

ρ = 0

ρ = π

Elizabeth Winstanley (Sheffield) QCAdS Avenues of QFT, Tours, January 2025 4 / 20



Anti-de Sitter space-time

AdS and ESU

Anti-de Sitter space

ds2
AdS = a−2 sec2 ρ

[
−dτ2 + dρ2 + sin2 ρ dΩ2]

0 ≤ ρ < π/2

Einstein static universe

ds2
ESU = a−2 [−dτ2 + dρ2 + sin2 ρ dΩ2]

0 ≤ ρ < π

τ = −π

τ = 0

τ = π

ρ = 0

ρ = π

Elizabeth Winstanley (Sheffield) QCAdS Avenues of QFT, Tours, January 2025 4 / 20



Anti-de Sitter space-time

AdS and ESU

Anti-de Sitter space

ds2
AdS = a−2 sec2 ρ

[
−dτ2 + dρ2 + sin2 ρ dΩ2]

0 ≤ ρ < π/2

Einstein static universe

ds2
ESU = a−2 [−dτ2 + dρ2 + sin2 ρ dΩ2]

0 ≤ ρ < π

τ = −π

τ = 0

τ = π

ρ = 0

ρ = π
ρ = π

2

Elizabeth Winstanley (Sheffield) QCAdS Avenues of QFT, Tours, January 2025 4 / 20



Anti-de Sitter space-time

Boundary conditions

Transparent

τ = −π

τ = 0

τ = π

ρ = π
2 ρ = π

2
ρ = π ρ = π

Reflective

τ = −π

τ = 0

τ = π

ρ = π
2 ρ = π

2
ρ = π ρ = π

[ Avis, Isham & Storey PRD 18 3565 (1978) ]
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Anti-de Sitter space-time

Nonrotating AdS
ds2

AdS = a−2 sec2 ρ
[
−dτ2 + dρ2 + sin2 ρ

(
dθ2 + sin2 θ dϕ2)]

ϕ→ ϕ−Ωτ

Orthonormal frame

Basis one-forms ω
(a)
µ

η(a)(b)ω
(a)
µ ω

(b)
ν = gµν

Basis vectors eµ

(a)

eµ

(a) = η(a)(b)g
µνω

(b)
ν

Basis one-forms
ω(τ) = a−1 sec ρ dτ

ω(r) = a−1 sec ρ dρ

ω(θ) = a−1 tan ρ dθ

ω(ϕ) = a−1 tan ρ sin θ [dϕ−Ω dτ]

[ Ambruş & EW AIP Conf. Proc. 1634 40 (2015); Symmetry 13 2019 (2021) ]
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AdS vacuum state

QC AdS: vacuum state

Stress-energy tensor expectation value

〈T̂µ
ν〉0

= Kδµ
ν

[ Allen, Folacci & Gibbons PLB 198 304 (1987);

Kent & EW PRD 91 044044 (2014); PLB 740 188 (2015)

]

QC Einstein equations

G̃µ
ν + Λδµ

ν = 8πKδµ
ν

G̃µ
ν + [Λ− 8πK] δµ

ν = 0

G̃µ
ν + Λ̃δµ

ν = 0

Renormalization of the cosmological constant
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AdS thermal states Relativistic kinetic theory

Relativistic kinetic theory

Model a quantum scalar field as a thermal gas of massless particles

Distribution function

f =
1

(2π)3
1

exp
[

β̃u(a)p(a)
]
− 1

β̃ local inverse temperature
u(a) = (1, 0, 0, 0) fluid velocity
p(a) momentum

RKT SET

T(a)(b)
RKT

=
∫ d3p

p(0)
f p(a)p(b) =

π2a4

90β̃4
Diag {3, 1, 1, 1}

[ Ambruş & Blaga, Analele Univ. Timisoara 58 89 (2015); Ambruş & Cotăescu PRD 94 085022 (2016) ]
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AdS thermal states Relativistic kinetic theory

Local temperature T

T−1 = β̃

= β
√
−gττ = a−1β sec ρ

(
1−Ω2 sin2 ρ sin2 θ

) 1
2
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Nonrotating thermal AdS Stress-energy tensor

SET: Nonrotating thermal states

RKT SET

T(a)(b)
RKT

=
π2a4

90β4 cos4 ρ Diag {3, 1, 1, 1}

QFT SET

T(a)(b)
QFT

= ω
(a)
µ ω

(b)
ν

[
〈T̂µν〉β − 〈T̂µν〉0

]
= f (β) cos4 ρ Diag {3, 1, 1, 1}+ T(a)(b)

BC

T(a)(b)
BC = 0 for transparent BCs

[ Allen, Folacci & Gibbons PLB 198 304 (1987) ]

f (β) =
a4

6π2

∞

∑
n=1

n3

enβ − 1

5 10 15 20
β

0.2

0.4

0.6

0.8

1.0

90 β4

π2 a2
f(β)
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Nonrotating thermal AdS Stress-energy tensor

QFT thermal SET: Reflective boundary conditions

Energy density

Eβ(ρ) = T(τ)(τ)
RKT/QFT

[ Allen, Folacci & Gibbons PLB 198
304 (1987);

Ambruş, Kent & EW IJMPD 27
1843014 (2018) ]
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Nonrotating thermal AdS QC nonrotating AdS

QC AdS: nonrotating thermal state

QC Einstein equations

Gµ
ν[gQC] + Λδµ

ν = 8π〈T̂µ
ν〉β = 8πKδµ

ν + 8π
[
〈T̂µ

ν〉β − 〈T̂µ
ν〉0
]

G̃µ
ν + Λ̃δµ

ν = 8π
[
〈T̂µ

ν〉β − 〈T̂µ
ν〉0
]

G̃µ
ν + Λ̃δµ

ν = 8πT̃µ
ν

Stress-energy tensor conservation

∇̃µT̃µ
ν = 0

Nonrotating

QC

AdS metric

ds2
AdS = ã−2 sec2 ρ

[
−dτ2 + dρ2 + sin2 ρ dΩ2]

ds2
QC = − A(ρ)dτ2 + B(ρ)dρ2 + C(ρ)dΩ2
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AdS = ã−2 sec2 ρ

[
−dτ2 + dρ2 + sin2 ρ dΩ2]

ds2
QC = − A(ρ)dτ2 + B(ρ)dρ2 + C(ρ)dΩ2

Elizabeth Winstanley (Sheffield) QCAdS Avenues of QFT, Tours, January 2025 12 / 20



Nonrotating thermal AdS QC nonrotating AdS

QC AdS: nonrotating thermal state
QC Einstein equations

Gµ
ν[gQC] + Λδµ

ν = 8π〈T̂µ
ν〉β = 8πKδµ

ν + 8π
[
〈T̂µ

ν〉β − 〈T̂µ
ν〉0
]

G̃µ
ν + Λ̃δµ

ν = 8π
[
〈T̂µ

ν〉β − 〈T̂µ
ν〉0
]

G̃µ
ν + Λ̃δµ

ν = 8πT̃µ
ν

Stress-energy tensor conservation

∇̃µT̃µ
ν = 0

Nonrotating

QC

AdS metric

ds2
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Nonrotating thermal AdS QC nonrotating AdS

RKT/transparent boundary conditions

AdST̃µ
ν = f (β) cos4 ρ Diag {−3, 1, 1, 1}

= ESUT̃µ
ν cos4 ρ

QC ESU

G̃µ
ν + Λδµ

ν = 8πG
[

dustTµ
ν + ESU〈T̂µ

ν〉β
]

dustTµ
ν = −2a2 Diag {1, 0, 0, 0}

ESU〈T̂µ
ν〉β = ESUT̃µ

ν + 〈T̂µ
ν〉0 = P Diag {−3, 1, 1, 1}

G̃µ
ν + Λ̃δµ

ν = −16πG̃ã2 Diag {1, 0, 0, 0}

QC metric is ESU with renormalized cosmological and Newton constants

[ Sanders AHP 23 1321 (2022) ]
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ν = −16πG̃ã2 Diag {1, 0, 0, 0}

QC metric is ESU with renormalized cosmological and Newton constants

[ Sanders AHP 23 1321 (2022) ]

Elizabeth Winstanley (Sheffield) QCAdS Avenues of QFT, Tours, January 2025 13 / 20



Nonrotating thermal AdS QC nonrotating AdS

RKT/transparent boundary conditions

AdST̃µ
ν = f (β) cos4 ρ Diag {−3, 1, 1, 1} = ESUT̃µ

ν cos4 ρ

QC ESU

G̃µ
ν + Λδµ

ν = 8πG
[

dustTµ
ν + ESU〈T̂µ

ν〉β
]

dustTµ
ν = −2a2 Diag {1, 0, 0, 0}

ESU〈T̂µ
ν〉β = ESUT̃µ

ν + 〈T̂µ
ν〉0 = P Diag {−3, 1, 1, 1}

G̃µ
ν + Λ̃δµ
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Nonrotating thermal AdS QC nonrotating AdS

RKT/transparent boundary conditions

AdST̃µ
ν = f (β) cos4 ρ Diag {−3, 1, 1, 1} = ESUT̃µ

ν cos4 ρ

QC AdS

ds2
QC = −A(ρ)dτ2 + B(ρ)dρ2 + C(ρ)dΩ2

A′

A
= 2 tan ρ

=⇒ A(ρ) ∝ sec2 ρ

B(ρ), C(ρ) are not the same as in pure AdS
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Nonrotating thermal AdS QC nonrotating AdS

QC AdS: Reflective BCs

ds2
QC = −A dτ2 + B dρ2 + C dΩ2

Nonlinear ODEs for A, B, C
Assume regular origin

[ Thompson & EW PRD 110 125003 (2024) ]
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Nonrotating thermal AdS QC nonrotating AdS

An alternative QC metric

ds2
QC = −A(ρ)dτ2 + B(ρ)dρ2 + C(ρ)dΩ2

New radial coordinate
r2 = C(ρ)

QC metric

ds2
QC = − f (r)eψ(r) dτ2 + [ f (r)]−1 dr2 + r2 dΩ2

f (r) = 1− 2m(r)
r
− Λ̃r2

3
m(r) ≡ 0 in pure AdS

dm
dr

=
r2

2
Eβ(ρ)
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Nonrotating thermal AdS QC nonrotating AdS

m(r)
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Nonrotating thermal AdS QC nonrotating AdS

QC AdS soliton mass M
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Rotating thermal AdS Stress-energy tensor

Rotating thermal SET: comparing RKT and QFT

T(a)(b)
RKT =

π2

90β̃4
Diag {3, 1, 1, 1} T(a)(b)

QFT = ω
(a)
µ ω

(b)
ν T̃µν

TRKT(τ) (τ)

T (τ) (τ)
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Rotating thermal AdS QC rotating AdS

QC rotating AdS

Rotating

QC

AdS metric

ds2
AdS = a−2 sec2 ρ

[
−
(
1−Ω2 sin2 θ sin2 ρ

)
dτ2 + dρ2 − 2Ω sin ρ dτ dϕ

+ sin2 ρ
(
dθ2 + sin2 θ dϕ2)]

ds2
QC = −A(ρ, θ)dτ2 + B(ρ, θ)dρ2 + C(ρ, θ)dτ dϕ + D(ρ, θ)

(
dθ2 + sin2 θ dϕ2)

QC Einstein equations

G̃µ
ν + Λ̃δµ

ν = 8πT̃µ
ν PDEs

Stress-energy tensor conservation

∇̃µT̃µ
ν = 0

RKT
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QC Einstein equations

G̃µ
ν + Λ̃δµ

ν = 8πT̃µ
ν PDEs

Stress-energy tensor conservation

∇̃µT̃µ
ν = 0

RKT
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Rotating thermal AdS QC rotating AdS

Conclusions
Backreaction

Gµ
ν + Λδµ

ν

compute−−−−−−−−−−−−−−→
(using background metric)

〈T̂µ
ν〉

G̃µ
ν + Λ̃δµ

ν solve←−−−−−−−−
(for QC metric)

〈T̂µ
ν〉

Nonrotating AdS space-time

RKT is a good approximation to QFT SET
QC metric has a soliton interpretation

Rotating AdS space-time

. . . . . .
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Rotating thermal AdS QC rotating AdS

Rotating RKT SET

T(a)(b)
RKT =

π2

90β̃4
Diag {3, 1, 1, 1} β̃(ρ, θ) = a−1β sec ρ

(
1−Ω2 sin2 ρ sin2 θ

) 1
2

SET conservation

Tµν
RKT = eµ

(a)e
ν
(b)T

(a)(b)
RKT

∇µTµν
RKT ∝ {0, ∂ρ β̃− β̃ tan ρ, ∂θ β̃, 0}

∇µTµν
RKT = 0 =⇒ β̃(ρ, θ) ∝ sec ρ

=⇒ Ω = 0

[ Thompson & EW arXiv:25**.*****]

Rotating RKT SET is not conserved
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