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Cluster algebra
Seed t T.atafables directedgraph Q t

called quiver
seeds are organized into graph jpitl.FIim jm1iEQtt1

MjHT 4

MutationMr transformation from seed
in directionk to seed t involution

seed t clustervariablesx t xnctg 9 EfMQ.IQ

defrendsonQ t

Xjlt xjlt if j k

ocalt set kilt felt



Properties of cluster mutations
Def Presymplectictoford closed maybe degenerate

WH Σ dlogxiltfndlogxj.tl
edge of Q Dilt j t

w Lt co f

Denote by to initial cluster

Laurentproperty For any cluster t and any 1 jan
Dj t is a Laurentpolynomial
of x to an to



Goal we wanttoextendclassicalconstruction to super case

anticommutative
commutative

odd Tieven
xÉÉxjivariables if twotypes
xp

9 05 089

Each vertexof superquiver carries is eitherodd or even

Subquiver Qeven of Q generated by even vertices

If all 0 then mutation of even variables is

determined in classical way by Q even

Mutation rule for quiver Qeven is classical

Mutations preserve some 2 form to bediscussed

Even variables satisfy some Laurentproperty
Ho bediscussed



Main example Penner Zeitlin

d Surface
is triangulated in ideal triangles

feed triangulation
Sides are even variables
As with oriented binding intervals are
odd variables

Even variables sides are denoted by latin letters
Odd variables ED's are denoted by greek letters

Quiver even even edges follows the standard adjacency

clusteragreement in every Δ

Quiver odd even edge every even
vanable hastwo odd neighbors patent pÉEQuiver no odd odd edges



Super mutation rule flip

fdmeatitette.ie aged
65 Lc the erect

even variable ee GE sTote
odd variables a

fedia µ
β

Thm PZ 2 form Xplaff
wo form wilt if Σ dx is preserved

odd α



Laurent property
Musiker Ovenhouse Zhang for n gon
Even Cluster variables are expressed in terms of
initial cluster to as partition function of_double dimer

covering of snake graphs alt Tpaths
e g weight xyzlabedeft.tn

b c
p
05096 y

it Eweight
dimer
cover

a 093 1,4 Z monomial

in initial clustervariablese

cot Xj t it telto



Pentagon relation

I

Qing

i



Problem Extend Penner Zeitlin construction to more general
quivers

Suggestederneralization

Superquirer contains even and odd vertices

every even vertex is connected with exactly
one incomming old vertex and exactly one outgoing

I
a

Every pairof even a and b connected

by odd number of arrows a 76
has exactly 3 odd neighbors

at
8 orientation is not
fixed like in theFig



Every pair of even Ya Xp connected
with even number of arrows or no arrows
has even number of odd neighbors 2 or 4

a

a b
g

β or
α

at 6

p



Mutation quiver mutation
even quiver mutates as in clustertheory
three steps a b

ETC
b

c Loins itodd quiver

EYES
2nd May



mutation of cluster variables

Denote for venter Is by Mingenetab

Mont ant
aat

Iet
Fg

e removing soul
we restore the class

Efi I cal formula for
cluster mutation



Presiton If Q is a superquiver
then Mr Q is a superquiver

e g
EE

EiifE

5

not from triangulation
because 0 has 4 neighbors



Claim 2form

Even Zalda ispreserved
under mutations

Claim X t eQ xjH Orto
modificationof

Idea use caterpillar lemma by Fomin Zelevinsky
If Mitjfi has Laurent property and
mid has Laurentproperty for d 1 7

then any chain of superclustermutations has
Laurent property



Warning Not every even quiver allows

superquiver extension

e g

and do not allow

In general 2 cycle and n cycle Y
sharing exactly one common bcycle n cycle

edge do not allow superquirer s

extension if k n 3



Examples of superquirers

a FT cycle

b Quiver of triangulation Penner Zeitlin

EEE
a eeIkfFp



e Generalized Penner Zeitlin

V an n dimensionalmanifold

Σ a nice decomposition of V intosimplices noselffoldings

Quiver In faces of Σ even vertices

even edges betweenfaces ofonesimplex any eventation
n simplices are odd vertices

odd even edges connects face with
its neighborsimplex any allowed orientation

of Rmk The class of generalized Penner
If

Zeitlin quivers is not invariantunder
mutations



d clique generalization
even quiver union of cliques completegraphs
each vertex belong to exactly two cliques

e
g

EEP
odd variables cliques

RakThe class of clique quivers is invariant under mutations

Questions Is there a geom meaningful construction of
clique quivers

Question characterise quivers allowing superquiver 9
extention
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