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Friezepatterns (Coxeter 1971):

diamond
↓

· table (ot finite width) of integers
satisfying unimodular rule :

Question: Is it true that ad-bc = 1

very matrix AcSLc(1+ - Question by

appears in some frieze ? Main Valette (Neuchtel)



& Does every At Sly([i]) appear ?
Recall from Conway-Coxeter : · sides of D s 1 (bely)

· arcs of
· Finite with" triangulated triangulation 15internal

friezes polygons
&

I

&

· Entry in # diagonal in 4 C

6

the frieze the polygons of

ad-bc = 1 1

·
Diamond ·f quadrilateral diagonals and
in the frieze inside I opposite sides 6

,
C

↑

S



① Does every At Sly([i]) appear ?
Recall from Conway-Coxeterength :

· Finite with" triangulated · For A , BeBAR, dA, B) =
0 e

230

friezes polygons · Choose horocycles ha and up -
at A and B

· Entry in # diagonal in · I := signed distance d(haihi)
the frieze the polygon I

·AB := e% v- length
·
Diamond

a quadrilateral
Ptolemy relation :

in the frieze inside I

and from Penner :

· Jae *bedabbedBedBe

· Entry in d-length I

the frieze of the diagonalget
&

6

Need : to find a triangulated ideal polygon 9 :At i C

of
with x-lengths of sides and arcs of triangulation =1
and a quadrilateral with diagonals and and sides 6

,
1
,41 in $ 1

↑



① Does every At Sly([i]) appear ?
To construct

,
consider Farey graph ↑

together with Ford circles :
-

Need:
.

Takei

- fivertices = points in

---

arcs P> Ips-rq =1

Then
* reduced

& /Trianglesina · d-length of arcs of F = 1
· <(5) = Ips-rel

- --

YES ! Forget I

&

6

Need : to find a triangulated ideal polygon & :At i C

of
with x-lengths of sides and arcs of triangulation =1 1
and a quadrilateral with diagonals and and sides 6

, 1,41 in
↑



2 Does very AcSL , (vi) appear ? YES !

b
11 a d

& C%
-

↑



2 Does very AcSL , (vi) appear ? YES !

b
11 ga

d
a

&

&↳2 I

↑



& Does every AtSlc (2) appear ? YES !

&
&↳ ·

↑

b
a d

G C e

2
h f

G X# hf -Xc =1
A

(unimodular rule)

Ptolemy : Xc + 1= If < agree
!

↑



& Does every AtSlc (2) appear ? YES !

↳
b

a d
G C e· X

↑

h f

hf -Xc =1

(unimodular rule)

Ptolemy : agree
!

↑



& Does every AtSlc (2) appear ? YES !
Take any island : ↑

& &

8 o

& &

&
&

& & 19

& & S& &
&

g

&

&

I

&

9

& & &

so

Da

S

connected
simply-connected -

fill the diamonds intersecting o Get a partwith any positive integers -> of adomain O respecting the diamond rule Conway-Coxeter
frieze !

↑



2.More general definition of a frieze :
Let (SM) be a marked surface

E-set of all arcs on

Def A frieze on (SM) is map
#F : UeR for each tagged) are SE" Ring homomorphism

of cluster algebrast
.
a Ptolemy relation holds

AIS) to R
for

every quadrilateral
↓
Penner

· F is positive if F :We Cometrically :
integer if F : U-2 frieze on S =

Ex A surface S with a triangulation I decorated

defines a frieze by F(x) =1Let hyperbolic structure
- on S

positive , integer F(X)= X(8) for all SeE



2.More general definition of a frieze : Frieze

Fi
A frieze F on (S, M) is unitary - Ptolemy
if I triangulation T : F(x) = 1 Fact

Frieze

positive,
Q2: integer'

· Conway , Coxeter'6 : YES
,
if Sipplygon

(type A)
11 - 11

2222

Dy 3333

· Thomas' 2009 L 22
Fontaine

,
Plamondon'zos No

,

if s= punctured
polygontype D)

·
Gunawan

,
Schiffler' 201 YES

,
i S = annulus

(type Al u
· Canaki , Af , pr '2022 YES

,
if S = pair of pants.Garcia Elsener



3. Construction of non-unitary friezes T

on punctured surfaces
,

· Fontaine
,
Plamondon :

-Take a triangulated punctured disk
,

- denote mevalency of the
punctured

- let i be a divisor of m m=6 #1 , 2 , 3 , 6
11

k 0 incident to P valency klm
- define F(r) = ( I , otherwise i

1
IGet a frieze

,
non-unitary

,
if Kt1

,m. -
Fili

1

↑
I

This gives 5

I
II

&

all friezes M

Geometrically,and eas in Dn !

1 I 2

1S
with different choice of horocycle at P &&



3.Construction of non-unitary friezes changing a horocycle :

on punctured surfaces.
he

· Fontaine
,
Plamondon :

- h
,

-

Take a triangulated punctured disk, C
,
= dalz

-denote mevalency of the puncture P &
- let i be a divisor of m

= scaling d-lengths
- define #(8) =[Oncidentoa = complete controle

on (18) :

Get a frieze
,

non-unitary ,
if
,

+1
,m. · J(5) , Bet incident

toP

is not affected
Geometrically, p andp gives

· x/5) for o op
d

the same hyperbelle structure on S
multiplied by k

· J (5) for op
with different choice of horocycle at P divided by k



3. Construction of non-unitary friezes Let : Given unitaryF,
on punctured surfaces. a triangulationI
I

is unitary
ED
FH = 1 F WeT,

Let E be a unitary frieze on a surfaces
T the unitary triangulation for F. Change herocycles

on the same hyperbolic[Piz = punctures on S, surface. Then

mi = valency of Pi in T, : x-lengths are
changed as prescribed

hi = divisor of mi · remain integer
Then there exists a frieze F(U) = (ei(0)( scheek based on klmi)

where citends or at

Pie-rollary 12 s is punctured, S = &/, &

&

then there exists a non-unitary frieze on S



4. Friezes on bordered surfaces

Idea : Lift to AR
- Compare with

Farey triangulation

A
· Lift a foundary segment

Uniquely

I
to or

,

with Food horocycles ↓lup tosometry ofHis · show that all lifts of all

by UniformizationThm
marked points lie in Q
· and that different lifts of horocyclesS : Aly scale Ford circles by the same coefficient

some group on AR · get triangulation on S and (scaled)Foides,
surfaces S with a Induce the triangulationdecorated
with a frieze hyperbolic structure on S



4
.

Friezes on bordered surfaces Any other lift of AB ?

same reasoning

then every curve· it
get

incident to B'

X : 1+ - y=G- z
divide by K

which is wrong

If - ad horocycle at B is Ford's :
&

Ex & : p . -gipe2 = p= 2

&

Al
reduced fraction

= Xi= Ips-ral
-

D L Xi 9 · 1 - p . 0 =5 Eg =5

works

= B= - corred lift with
5

Ford circle (unique !)



4. Friezes on bordered surfaces
/

-

↑&



4. Friezes on bordered surfaces

Ithm2 .

Let s be a surface with boundary, F frieze on S.

sPig-marked points on S.

Then there exists a unitary frieze Fons
with unitary triangulation ↑)
and positive integers (kib (K := 1 for POS)
such that Ki divides valency of P: in T
and

F(0) = k(r) k, :(0)E(V) VUES
.

laries · All friezes on unpunctured surfaces are unitary.
· Friezes on unpunctured S

1-1 combinatorial types of
lup to MCG(S)
-

ideal triangulations on so
&

· On punctured surfaces # Friezes[ *
with boundary Cup to McG(s))



5. Friezes on closed surfaces ? What goes wrong ?
· Can prove Pi are lifted

Examples : friezes on torus with 4 punctures to Q.

with ki as below :
· Can Not prove
the herocycles agree

i The same frieze is a scaling
of two different triangulations :

es
Ki= 8
does Not divide
Mi= 4

-

↑
Ki # 22



5. Friezes on closed surfaces ?

Im3
let F be a frieze on S,

↑ be a triangulation of S such that
for

any triangle AET
the values on sides of a are mutually coprime,

Then F is unitary,

&

-



What do they have in common ?



Fawi

What do they have in common ?



Many happy returns
O mathematical joy !Of shared

&with us !

What do they have in common ?



1ja
·

friezpunctures
# S Y1

I -

Sunitaryedmieze e G

wita

553
.

5
Dy I5

&

Different↑ S Summertriezesf &

· someina

Sizehis Her
unitary

-

f every like ???
is


