
Algebraicmodular functor

(joint w/ Gus Schrader)

"A proof for a theorem is like

a machine oil for a car. But

if you pour oil over a pile
of scrap metal

, you
still can't

drive it."

V
.

Fock



Higherquantum Teichmiller theory
[Fock-Goncharov]

S- oriented surface

G - Lie
group (e.g . Shy or PCLn)

is-mapping class group of

Mas-moduli space of "stratified"
G-local systems on s



(*) (6
,
5)->Ng4SoHost Hilbertcluster space

quantization -> OMas) ↑ Schwartz
of Mos subspace

Mecular functor conjecture :

Assignment (*) "respects" cutting &
gluing of surfaces

Today: relation between Las & Las , where
S'= S cut along closed simple curve a



HefnGiven adecoratedsurfa
a

a
- G-local system on the union of

G-regions & same for T

- B-reduction along each wall

(i. e
.

B-subbundle in principal GXT-bundle)
marked pt--trivializationateveryor

Examples
M: ·
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dGXGXTXT =GgGXGT+
=4B 15



More examples : < (g, E) /gF = F)
·⑳ F = T(F)

it:GGB

X ↳

Elgelemmapg& T
=>g-unipotent total space

↳ 1
+- of G-S resen

⑧
((g, 5) /gF = F & g-unipotent]
B



·breviateO O
((g, E, F, E) (gF = Fc3/G

Thm : [Schrader-S
.

) S = S cut along closed
simple curve c & G = SLp/PGLn

,
e
.g.

=
=>Eas =(i)=Poisson reductionIn Weyl group
of max. torus invariants



Clustervarieties

I *"- charts
,

labelled by quivers, organised
into a k-regular tree (Kad).

-
/

I

-
u(a)
-p - Mu(a) - u(a) - mutation

& o Q

-Ma
...

Gluing data is given by "cluster mutations."
Global algebra of functions 4

&S 9niver- mutation
is the "universally Laurent algebra" class

Thm : [Berenstein-Fomin-Zelevinsky]
Universal Laurentness E 1-step Laurentness



Quantumcluster varieties

(C**- chart Yo -> quantum torns J&

50= ((q) <Y, ,...,*/gbYY =grin
- sign-adjacency matrix of Q

mutations! : Frac (To") =- Frac (5
"

usa)
~yj = logy;

~ conjugation w/ 41y))
quantum dilogarithm /

y(y- = ( + gy)y(y) gamma ena

10 = Pq(40) -&huntumuniversally
Laurentalgebra



-Musterstructure on Toda chain.

P. -P2 PIPs Pn-1 -Pr

u-p, =X, I "gen- Pj = citox
II

Today,... gen Y = e2πby;
O

11 Tif
2

&Toda
* Y?, g Yen-2 v+Pe +Y 9 = eIt

X -Y Yz -Y Yn-1
-Yn

2n -1

Br(u) : =Min-
...u =(4)- -)

↑Baxter operator
juth Hamilton of

Prop : [Schrader-S. ] & open -Toda
chain

By(u-:2) Bulu+)=He b



↑(*) - 9-Whittaker functions, i. e.

Hi(5) = 2;/e
- th elementary symm .

for

↳ Bulu)() = yu -1)T()(**)

Todabispectrality :
(2nb(x, + ...+x)(x) = H(5,) ()

M

It
= 0 Macdonald op-s

~ Toda spectral transform
Thm :0



-backto surfaces : S = S cut along a

Assume : each connected component of
s' contains a marked pt

=>J charts on Mos & Mas' s
.

t.

a·itOglued = Reeft -
O

Q Toda

a
O
Are - weightOcut = Reeft

Xn Mit MMO 0... 0 O... O

T ↑
BD-BB



yares,silver = 0
- imposing
↑ residue

conditions
T simultaneously scales P, & Be
quantum moment map EX,M

= 0

W permutes i, ..., in
w

②LW :4Ko* x+ &
right

(**) = 1- step Laurentness carries over

=> [s =(+)
w



Summary
↑
Oglued(/)m

Need: 1) quantization
2) Toda spectral transform

Happy
birthday !




