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Today

ÅThe case for CO2 storage

ÅScales and processes

ÅSomeselectedtopics
ÅConvectivemixing

ÅVerticallyintegratedmodels

ÅPoromechanics

ÅExperiments and Learning from data

ÅDo we knowwhat we aredoing?
ÅExperiments and publicperception



The case for CO2 storage
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Currentemisssions: 
~55 GtCO2-eq/yr
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Relative Scale of 2020 NW Europe Emissions (ETS data)

Image: WintershallDEA



The CCS concept

Image: WintershallDEA and U. og Bergen



CCS today: Longship+ Northern Lights: https://norlights.com/

https://norlights.com/


Scales and processes

Nordbotten, J. M. and M. A. Celia (2011), Geological Storage of CO2: 
Modeling Approaches for Large-Scale Simulation, John Wiley and Sons, Ltd, 
256 pp, ISBN: 9780470889466.



Spatial Scales
Horizontaldomainscales

Verticaldomainscales

Processscales

Heterogeneities

ρπ



Time scales

Simulationtime-scales

Processscales

ρπ



Somerelevant processes

ÅMinimum model: Two-phaseflow in porousmedia. ThenΧ 
ÅCapillaryforces
ÅHysteresis
ÅVariabilityof gas density
ÅSlightmutual solubilityof CO2 and water
ÅDiffusion/dispersion
ÅWater densitydependson CO2 concentration
ÅEnergy conservation(temperature)

ÅAdditionalprocesses: 
ÅImpuritiesin CO2 (gases) and water (salts and dissolvedminerals)
ÅGeomechanics
ÅGeochemistry



Inconsistencieswithin governingequations

ÅExample: Capillarypressure

ÅBrooks-Corey (and most other
Pc-s relationships) tendsto 
infinite Pc at residual saturation

ÅThis is fundamentally
incompatiblewith dry-out.



Lǘ ƛǎ ƴƻǘ ǊŜŀƭƛǎǘƛŎΣ ƴƻǊ ƳŜŀƴƛƴƎŦǳƭΣ ǘƻ ǎŜŜƪ ŀ άŎƻƴǾŜǊƎŜŘ  
full-ǇƘȅǎƛŎǎ ǎƻƭǳǘƛƻƴέ ŦƻǊ ŦƛŜƭŘ-scale CO2 storage.



Some(common) research directions

ÅAnalysis or high-resolutionsimulationof idealizedproblems.
üConvectivemixing

ÅAggressive upscalingof physicalprocessesand/or heterogeneity.
üVerticallyreducedmodels

Å«Full-physics» simulationon relativelycoarse3D grids.
üFinitevolumemethodsfor poromechanics

ÅLearning from real data.
üExperimensas a baseline for validation



Convectivemixing

Elenius, M. T., J. M. Nordbotten, H. Kalisch (2012), Effects of a capillary transition 
zone on the stability of a diffuse boundary layer, IMA Journal of Applied Mathematics, 
77(6), 771-787

Mykkeltvedt, T. S., J. M. Nordbotten (2012), Estimating convective mixing rates from 
commercial-scale CO2 injection, Environmental Earth Sciences, 67(2), 527-535

Elenius, M. T., J. M. Nordbotten, H. Kalisch (2014), Convective mixing influenced by 
the capillary transition zone, Computational Geosciences, 18, 417-431



Convectivemixingis a key«safetyfeature»



Conceptualsketch



Key methods

ÅStabilityanalysisin self-similarcoordinatesystem

ÅNon-linear dynamicsresolvedby simulation(in our case d3f)

ÅKey learnings: The presenceof a appreciablecapillaryregion impacts
convectivemixingby a factor of about5 



Non-dimensionalgoverningequations

Darcy:

Convection-diffusion:

Incompressibility:



Top boundaryconditions

ÅTraditional: No-flow (zero Neumann)

ÅOppositeextreme: Fixedpressure(zero Dirichlet)

ÅMore realistic: Model water flow in variably
saturatedupperregion



Impactof top boundarycondition

No-flow

Fixed
pressure



Upscaledquantities



Application to field parameters

ÅOnset: 0.5-2 days

ÅCritical wavelength: 0.1 m

ÅEffectivedissolutionrate: 15 kg/m2/y 



History matching to gravimetry data

15/kg/m2/y

Seismicinterpretation Simulation



The challengeof obtaininggoodreference
data

ÅConvectivemixingstronglydependson the transitionzonefrom 
water to CO2

ÅHighlyaccuratenumericalmethodsarerequiredto resolvefingers 
and avoidgrid-dependent results

ÅFinger structuresare3D

ÅThe real world is heterogeneous, often alsowith backgroundflows



Verticalupscaling

Nordbotten, J. M. and M. A. Celia (2011), Geological Storage of CO2: Modeling 
Approaches for Large-Scale Simulation, John Wiley and Sons, Ltd, 256 pp.

Gasda, S. E., J. M. Nordbotten and M. A. Celia (2011), Vertically-averaged approaches 
to CO2 injection with solubility trapping, Water Resources Research, 47, W05528

Bjørnarå, T. I., J. M. Nordbotten, J. Park (2016), Vertically integrated models for 
coupled two-phase flow and geomechanics in porous media, Water Resources 
Research, 52(2), 1398ς1417 



Conceptualization

Å3D: At everyspace-
time point, define
ÅPressure

ÅSaturation

ÅMass densities

ÅEtc.

Å2D: At everyspace-time 
point, define
ÅCO2-water contactelevation

ÅRepresentative pressure

ÅVerticallyintegratedmass

ÅEtc. 



Relationshipto multiscalemodeling
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WeinanE, Principlesof MultiscaleModeling, 2011



Multiscaleequations
(HeterogeneousMultiscaleMethod)
ÅCoarsening and reconstructionoperators

ÅCoarsescaleconservationlawswith coarsenedvariables
‬‒

‬ὸ ȿɳȿẗὊ π

ÅFine scaleconstitutivelawswith reconstructedvariables

Ὂ ɩȿȿ
Ὧ Ƕί

‘
ᶯ Ƕὴ ”Ὣᾀ

ÅConceptsgeneralizeto non-trivial reconstructions, and more complex
processes! 

WeinanE, Principlesof MultiscaleModeling, 2011



Exampleapplication1

ÅIsothermal, two-phase, 
two-componentflow of CO2 
and water.

ÅNon-planar top and bottom
boundaries

ÅThree regions of CO2 representedon coarsescale: Mobile, residually
trapped, and dissolved. 

ÅTransfer from mobile and trappedto dissolveddependson the
upscaledconvectivemixingrate!



Validation: Injectionin a slopingaquifer

No dissolution No dissolution

Mobile

Trapped

Dissolved

License?License?



Application to Johansen formationdata

https://co2datashare.org/dataset/the-johansen-dataset



Exampleapplication2 

ÅIsothermal, two-phaseflow with
poromechanicalcoupling

ÅAquifertreatedby verticallyintegrated
models

ÅOver- and under-burdenfully resolved



Validationbasedon In Salah storagesite

Saturation



Coupling Scheme

ÅGoal: adaptive algorithmfor switchingbetweenfullDand VE.

ÅUse different modelsat fitting pointsin spaceand time ςdecide
wherefull dimensional modelis requiredand whereVE modelisallowed.

ÅCoupling conditionsneededat subdomaininterfaces.
Ҧ flux coupling

University of Stuttgart 3831.01.2
024



Couplingconditions

University of Stuttgart 39

ÅFluxfrom full dimensional (fullD) to VEdomain:

sumof all fluxesbetweenVE subcellsand fullDcells.

ÅFluxfrom VEto fullDdomain: 

fluxesbetweenfullDcellsand VE subcells.

Fig. 8: Couplinginterface 

with subdomain

interface in red.

31.01.2
024



Coupling Scheme
Resultcomparison

University of Stuttgart 40

Fig. 9: Comparisonof solutionsfor fullD, VE and hybrid model.

31.01.2
024



Stable FiniteVolume 
methodsfor Biot

Nordbotten, J. M. (2014), Cell-centered finite volume methods for deformable porous 
media, International Journal for Numerical Methods in Engineering, 100(6), 399-418

Nordbotten, J. M. (2015), Convergence of a cell-centered finite volume method for 
linear elasticity, SIAM Journal of Numerical Analysis, 53(6), 2605-2625

Nordbotten, J. M. (2016), Stable cell-centered finite volume discretization for .ƛƻǘΩǎ
equations, SIAM Journal of Numerical Analysis, 54(2), 942-968



All subsurfaceoperationsalter the
mechanicalstress field

MeasuredsurfacedeformationIn Salah MeasureddeformationFluidFlower



Prototypicalmodel

ÅBiot/IƻƻƪŜΩǎlaw: 
“ ᴇḊɳ ό “

ÅMass conservation: 
Ὠ

Ὠὸ
ό Ὠὠ ὲẗ† ὨὛ ὶ Ὠὠ

ÅCouplingterms: 

“ ‌ὴ and ὶ ‌Ḋɳ ό

ÅForce balanceand Darcy: 

᷿ό Ὠὠ ᷿ ὲẗ“ ὨὛ ᷿ὶ Ὠὠ and † ‖ɳ ὴ Ὣ



Key challenges

ÅCo-located, low-order methodsareinherentlyunstablefor smalltime-
steps
Å«Central differenceeffect». 

ÅHeterogeneitiesof porousmedia makes the alternatives unattractive:
ÅDifficult enoughto make onegrid ςif not alsoa staggeredgrid. 

ÅSolution is seldomregularto justify highorder. 

ÅVariable-order schemes(P1/P2) tend to «waste» computationalresources. 

ÅOur contribution: Stable, lowest-order, cell-centeredfinite volume
scheme, compatiblewith TPFA and MPFA flow discretizations.



Finitevolumemethods

ÅThe conservationstatement is retainedexactlyon the grid:

ὲẗ†ὨὛ ὶὨὠ

ÅThe surfaceintegral is decomposed
into the sum: 

᷿ ὲẗ†ὨὛ В ᶰꞈ ᷿ὲȟẗ†ὨὛ

ÅThe definingquestionis the approximation

ήȟḳ ὲȟẗ†ὨὛȩ



MPxAgeometry

ÅKey volumetricobjectsare:
Å(FiniteVolume) cells‫ ᶰכ

ÅDual cells‫z ᶰzכ

ÅSubcellsכ‫ȟᶰ

ÅKey surfaceobjectsare:
ÅCell faces„ᶰꞈ

ÅCell subfaces„ɴ ꞈ

ÅAnd finallycellcentersὼ ᶰ‫



MPxAdogma
i) Linear approximation όȟὼ to the potential field within each subcell.כ‫ȟᶰ

ii)Constant approximation †ȟto the flux field within each subcell.כ‫ȟᶰ

iii) Constant approximation Ὣ to the external force field within each cell ‫ ᶰכ.

iv)Exact constitutive law on subcells:

† ‖ɳό Ὣ

v)Local flux balance over each subface „ᶰה:

᷿† ȟẗὲ ὨὛ ᷿† ȟẗὲ ὨὛḳή

vi)Continuity between the linear potential field approximations at the cell centers ὼ, i.e. for a given 

‫ ᶰכ, and any ίȟίᶰם :

όȟ ὼ όȟ ὼḳό

vii)Closure via minimization of a quadratic penalty function ִי , measuring thediscontinuity of the 

linear potential fields across subfaces „ᶰ :ꞈ 

ό ÁÒÇÍÉÎִי ὺ



Two-scalestructure

ÅDiscrete conservationlaw: 
В ᶰꞈ ήȟ ᷿ ὶὨὠO ╓▲ ╘►

ÅDiscreteDarcylaw: 
† ‖ɳὴ Ὣ ᴼ Ⱳ ║╖▬ ▌

ÅFluxcontinuity: 
ήȟ ήȟ ᴼ ╕Ⱳ ╕Ⱳ ▲

ÅPressurecontinuity: 
ὴ ὼ ὴ ὼ Ễ ᴼ ▬ ╔▬

ÅMinimizationproblem: 
Ⱳ▬ȟ▌ ÁÒÇÍÉÎ

○ɴ
יִ ○ ♂▬▬ ♂▌▌

ÅFinal global discretizationin terms of locallinear operators: 
╓╕♂▬▬ ♂▌▌ ╘►

ὔdenotesthe linear 
spacesatisfyingthese
equationsand is 
calculatedlocally

Alsosolvedlocally



Classicalreasonsto like MPFA

ÅFinitevolumemethodsareessentiallydivergencecompatible, whichis 
desireablewhencouplingto other physics

ÅConsistentdiscretization, with goodnumericalconvergenceproperties
ÅNot the case for TPFA, the most commonFV methodin practice

ÅApplicableto challengingpolyhedralgrids, localgrid refinement, etc. 

ÅHandles anisotropyand discontinuouscoefficientsaccurately
ÅNot the case for control-volumefinite element methods(CVFV) 

ÅGlobal system is elliptic in terms of cell-centerpressuresonly, and is usually
and M-matrix.
ÅNot the case for mixedfinite elements



Advantagesof the «MPxAdogma»

ÅExtendsto (almost) arbitrarygrids in 3D

ÅGivesthe correcttreatment of gravity1

ÅIs applicableto linear elasticity2

ÅGivesa stable coupledschemefor poroelasticity, in terms of co-
locatedcell-centereddisplacenemenand pressurevariables3

ÅAllowsfor «relativelysimple» convergenceanalysis

1: Starnoni et al. (2021); 2: Nordbotten (2014); 3: Nordbotten (2016);



Take-homemessages

ÅThe «MPxAdogma» canbe directlyapplied as a general methodfor 
systems of elliptic-type PDEs.

ÅCouplingterms are important, and onlycorrecttreatment leads to 
parameter robust discretizations. 

ÅStabilityand convergencecanbe provedwith veryfew conditionson
material parameters. 
ÅKlausen and Winther: MFEM style analysis

ÅStephansen: Mimetic-finite differencestyle analysis

ÅAgelasand Masson: Finitevolumestyle analysis



Robustnessand Convergencefor Biot



Numerical verification: 
Convergence Biot 2D



Robustness

ÅMotivation: Extreme grids appear when resolving geological features:
ÅArbitrary polygons

ÅNo lower limit on grid regularity parameters

ÅNon-convex cells

ÅComparison study between symmetric MPSA and Virtual Element 
Method (VEM)



Complex grids

Nilsen, H. M., J. M. Nordbotten, X. Raynaud (2018), Comparison between cell-centered and nodal 

based discretization schemes for linear elasticity, Computational Geosciences, 22(1), 233-260



Grid transitions (1/2)

Nilsen, H. M., J. M. Nordbotten, X. Raynaud (2018), Comparison between cell-centered and nodal 

based discretization schemes for linear elasticity, Computational Geosciences, 22(1), 233-260


