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SelfSelf--gravitating nongravitating non--AbelianAbelian monopole coupled to fermionsmonopole coupled to fermions

SelfSelf--gravitating gravitating SkyrmionSkyrmion coupled to fermionscoupled to fermions

Summary and outlookSummary and outlook



Fermions localization on the kink in 1+1 dimFermions localization on the kink in 1+1 dim

LL ==
11

22
((∂∂µµφφ))

22
++ ii ¯̄ψψγγµµ∂∂µµψψ ++ ggφφ ¯̄ψψψψ −− 11

22

��
φφ22 −− 11

��22

Fixed background (g`1):

R.Jackiw and C.Rebbi
Phys. Rev. D13 3398 (1976)

FieldField equationsequations:: ∂∂µµ∂∂
µµφφ == 22φφ((11 −− φφ22)) −− gg ¯̄ψψψψiiγγµµ∂∂µµψψ == ggφφψψ ;;

φφKK == ttaannhh xx ||ǫǫ|| ≤≤ gg

��
ddxx || ¯̄ψψψψ|| == 11

((∂∂xx ++ gg ttaannhh xx))vv11 == −−ǫǫvv22
((∂∂xx −− gg ttaannhh xx))vv22 == ǫǫvv11 UU±±((xx)) == gg22 −− gg((gg ±± 11))sseecchh22xx

��
−−∂∂22xx ++ UU±±((xx))

��
vv11,,22 == ǫǫ22vv11,,22

ψψ == ee−−iiǫǫtt

��
vv11 −− vv22
vv11 ++ vv22

��



FermionicFermionic modesmodes

ψ0 =
1

2

�
1

coshx

0

�

A0 mode



FermionicFermionic modesmodes

ψψ11 ==
11

22

�� √√
33 ttaannhh xx
ccoosshh xx
11

ccoosshh22 xx

��

gg == 22,, εε == ±±
√√
33//22B1 mode



F F -- auxiliaryauxiliary fieldfield:                     :                     

N=1 SUSY kinkN=1 SUSY kink LL ==
11

22
((∂∂µµφφ))

22
++ ii ¯̄ψψγγµµ∂∂µµψψ ++ ggφφ ¯̄ψψψψ −− 11

22

��
φφ22 −− 11

��22

WW [[φφ]] ==
11√√
22

��
φφ22 −− 11

��

SUSY transformations:SUSY transformations: δφ = ηψ; δψ = η (γµ∂µφ−W )

LLNN==11 == ((∂∂µµφφ))
22
++ ii ¯̄ψψγγµµ∂∂µµψψ ++ FF 22 ++ 22FFWW −−WW ′′ ¯̄ψψψψ

FF == −−WW

LLNN==11 == ((∂∂µµφφ))
22
++ ii ¯̄ψψγγµµ∂∂µµψψ −−WW ′′ ¯̄ψψψψ −−WW 22

Fermionic zero mode of the kink: 

Grassmann-valued deformation of the bosonic field
ψ0 =

1

2

�
1

coshx

0

�



BackreactionBackreaction of the fermionsof the fermions

Kink + A1 mode Kink + B1 mode



without backreaction with backreaction 

Symmetry on a fixed background: x→ x, φ→ −φ, uv → uv, v → u, u→ v

Backreaction breaks the symmetry of the spectral flow 



Kinks bounded byKinks bounded by fermionsfermions

SG SG modelmodel::

L =
1

2
(∂µφ)

2 + iψ̄γµ∂µψ + gφψ̄ψ − U(φ)

ff44 modelmodel::UU ((φφ)) == 11 −− ccooss φφ

Kinks (decoupled limit g=0):

ff44 modelmodel::

SG SG modelmodel::

U(φ) =
1

2

�
1− φ2

�2

Bounded KK pair

φSG = 4arctan ex, φφ4 = tanhx



FermionFermion--SkyrmionSkyrmion system in 2+1 dimsystem in 2+1 dim

LL == LLSSkk ++ LLff

LLSSkk ==
κκ22
22

��
∂∂µµ��φφ

		22
−− κκ44

44

��
∂∂µµ��φφ ×× ∂∂νν ��φφ

		22
−− κκ00UU ((φφ))

LLff == ¯̄ΨΨ
��
iiγγµµ∂∂µµ −− gg��ττ ·· ��φφ −−mm

		
ΨΨ

RescalingRescaling::

r→


κ4
κ2
r, Ψ→



κ2
κ4
Ψ, κ0 →

κ22
κ4
κ0, g →



κ2
κ4
g, m→



κ2
κ4
m

√√
κκ22κκ44 == 11 ,, κκ00 ,, mm ,, gg

HamiltonianHamiltonian::

Stationary modes: ΨΨ == ψψ((rr,, θθ))ee−−iiεεtt

HH ==

��
dd22xx ψψ††HHψψ ++

��
dd22xx

��
11

22

��
∂∂kk ��φφ

		22
++
11

44

��
∂∂kk ��φφ ×× ∂∂nn��φφ

		22
++ κκ00 UU

��

FermionicFermionic densitydensity:: ρρ == ¯̄ψψ ˆ̂γγ33ψψ == ψψ††ψψ,,

��
dd22xx ψψ††ψψ == 11



FieldField equationsequations:: HHψψ ≡≡ ˆ̂γγ33
��
−−ii ˆ̂γγkk∂∂kk ++ gg��ττ ·· ��φφ ++mm

		
ψψ == εεψψ

∂∂µµjj
µµ == κκ00 ��φφ∞∞ ×× ��φφ ++ gg��φφ ××

��
ψψ††��ττψψ

��

jjµµ == ��φφ ×× ∂∂µµ��φφ ++ ∂∂νν ��φφ
��
∂∂νν ��φφ ·· ((��φφ ×× ∂∂µµ��φφ))

		

Scalar current                      

Q=n:             

φφ11 == ssiinn ff ((rr)) ccooss nnθθ;;
φφ11 == ssiinn ff ((rr)) ssiinn nnθθ;;
φφ33 == ccooss ff ((rr))

RotationallyRotationally invariant invariant configurationconfiguration::

HH ==






gg ccooss ff ++mm ggee−−iinnθθ ssiinn ff −−ee−−iiθθ
��
∂∂rr −− ii∂∂θθ

rr

��
00

ggeeiinnθθ ssiinn ff −−gg ccooss ff ++mm 00 −−ee−−iiθθ
��
∂∂rr −− ii∂∂θθ

rr

��

eeiiθθ
��
∂∂rr ++

ii∂∂θθ
rr

��
00 −−gg ccooss ff −−mm −−ggee−−iinnθθ ssiinn ff

00 eeiiθθ
��
∂∂rr ++

ii∂∂θθ
rr

��
−−ggeeiinnθθ ssiinn ff gg ccooss ff −−mm






Spin-Isospin fermions

ψψ((ii)) == NN ((ii))






vv11((rr))ee
iillθθ

iivv22((rr))ee
ii((ll++nn))θθ

uu11((rr))ee
ii((ll++11))θθ

iiuu22((rr))ee
ii((ll++nn++11))θθ








GeneralizedGeneralized angularangular momentummomentum::

JJ33 == −−ii
∂∂

∂∂θθ
++

ˆ̂γγ33
22
++ nn

ττ33
22 [[HH,, JJ33 ]] == 00 ,, JJ33ψψ == κκψψ;; κκ ==

11

22
((11 ++ nn ++ 22ll))

Ground state:Ground state:

AsymptoticAsymptotic expansionexpansion:: ��φφ ≈≈ ��φφ∞∞ ++ δδ��φφ
(−iγ̂k∂k + gτ3 +m)ψ = 0 ,

(∆− κ0)δ�φ = 0 .

JJkk == −−ii∇∇kk ++
γγkk
22
⊗⊗ II ++ II ⊗⊗ ττkk

22

δ�φ ∼ Kn(
√
κ0r)




cos (nθ − χ)
sin (nθ − χ)

0



Pair of orthogonal Pair of orthogonal scalarscalar dipolesdipoles

((∆∆ −− 44((gg ±±mm))22))uu11,,22 == εε22uu11,,22

((∆∆ −− 44((gg ±±mm))22))vv11,,22 == εε22vv11,,22

rr →→∞∞

vv11 ∼∼ eeiill((ϕϕ−−χχ))KKll((
��
44((gg ++mm))22 −− εε22 rr))

vv22 ∼∼ eeii((ll++nn))((ϕϕ−−χχ))KKll++nn((
��
44((gg −−mm))22 −− εε22 rr))

Asymptotic Asymptotic fermionicfermionic field: a pair of orthogonal 2field: a pair of orthogonal 2ll--poles, poles, 

together with a pair of collinear 2together with a pair of collinear 2l+nl+n--polespoles

κκ == 00 ll == −− 11++nn
22 ,, ll == 00,, nn == −−11



Fermions Fermions coupedcouped to a baby to a baby SkyrmionSkyrmion

Massless localized fermions: 

m = 0, u2 = v1, u1 = −v2

Solutions found numerically by the shooting 
method;

Spectral flow is in agreement with the index      
theorem

There are two types of the modes, the solutions 
are characterized by the number of nodes 



A-modes B-modes

FermionicFermionic densitydensity

m = 0, g = 1, κ0 = 0.1



FermionFermion--SkyrmionSkyrmion system: vanishing potentialsystem: vanishing potential

g = 1,
κ0 = 0

A0

A1



Magnetic Magnetic SkyrmionsSkyrmions

Heisenberg model:Heisenberg model:

classical nearest neighbour interaction
mean field approximation

ZeemanZeeman interaction:interaction: HHeexxtt == ��BB ·· ��mm

DzyaloshinskiiDzyaloshinskii--Moriya Moriya 

interaction:interaction:

H =
�

i<j=1

JijSiSj

J

2

�
d2x ∂n �m · ∂n �m

HHDDMM ==
��

iijj

DDiijj ((SSii ×× SSjj)) DD

��
dd22xx ��mm ·· ((∇∇×× ��mm))

EE ==

��
dd22xx

��
JJ

22
((∇∇��mm))22 ++ DD��mm ·· ((∇∇ ×× ��mm)) −− ��BB ·· ��mm

��

Chiral magnetic Skyrmions:



Magnetic Magnetic SkyrmionsSkyrmions

Field equation: JJ∆∆��mm −− 22DD∇∇ ×× ��mm ++ ��BB == 00 mm11 == ssiinn ff ((rr)) ccooss((QQϕϕ −− δδ));;
mm22 == ssiinn ff ((rr)) ssiinn((QQϕϕ −− δδ));;
mm33 == ccooss ff ((rr))

EE == 22ππ

��
rrddrr

��
11

22
ff ′′
22
++

QQ22

22rr22
ssiinn22 ff −− µµ ccooss ff

++
αα

QQ −− 11
ssiinn((QQππ)) ssiinn((δδ ++ QQππ))

��
ff ′′ ++

QQ

22rr
ssiinn((22ff ))

����

αα == 22DD//JJ,, µµ == ||BB ||//JJ

αα

QQ −− 11
ssiinn((QQππ)) ssiinn((δδ ++ QQππ)) ==

��
αα ssiinn δδ ,, iiff QQ == 11
00 ,, iiff QQ ��== 11 ..

Bloch-type skyrmions: d = ± p/2                              Nėel-type skyrmions: d = 0, p



Q=350 µm. 



FermionFermion--magnetic magnetic SkyrmionSkyrmion system in 2+1 dimsystem in 2+1 dim

HHff == ΨΨ†† ˆ̂γγ33
��
−−iiˆ̂γγkk∂∂kk ++ eeˆ̂γγkkAAkk ++mm ++ gg��ττ ·· ��φφ

		
ΨΨ..

HHSSkk ==
JJ

22

��
∇∇��φφ
		22

++ DD��φφ ··
��
∇∇ ×× ��φφ

		
−− ��BB ·· ��φφ

HH == HHSSkk ++ HHff

AAkk ==
BB

22
((00,,−−yy,, xx))

FieldField equationsequations::

Stationary configuration: ��φφ == ��φφ((rr,, θθ)),, ΨΨ == ψψ((rr,, θθ))ee−−iiεεtt

∆∆��φφ −− 22∇∇ ×× ��φφ ++ ��BB −− ggψψ†† ˆ̂γγ33��ττψψ == 00

ˆ̂γγ33
��
−−iiˆ̂γγkk∂∂kk ++ eeˆ̂γγkkAAkk ++mm ++ gg��ττ ·· ��φφ

		
ψψ == εεψψ

Spin-Isospin fermions

ψψ((ii)) == NN ((ii))






vv11((rr))ee
iillϕϕ

iivv22((rr))ee
ii((ll++nn))ϕϕ

uu11((rr))ee
ii((ll++11))ϕϕ

iiuu22((rr))ee
ii((ll++nn++11))ϕϕ






GeneralizedGeneralized angularangular momentummomentum::

JJkk == −−ii∇∇kk ++
γγkk
22
⊗⊗ II ++ II ⊗⊗ ττkk

22



εε22kk == mm22 ++ BB ((||ee||((22kk ++ 11)) ±± ee))

g=0: Landau levels

e=0 e=-1



ChiralChiral Fermions bounded by a Fermions bounded by a fermionicfermionic modemode



Q=3Q=4

rr

qtop

Magnetic Magnetic SkyrmionsSkyrmions bounded by a bounded by a fermionicfermionic modemode



NonNon--AbelianAbelian SU(2) monopole:  SU(2) monopole:  fermionicfermionic zero modezero mode

Dµ = ∂µ − igAa
µ
σa

2

't 't HooftHooft––PolyakovPolyakov monopole:monopole: Φ : S2∞ �→ S2vac, Π2(S
2) = Z

++ fermions:fermions:

DνF
aνµ = −eǫabcφbDµφc − e

2
ψ̄γµσaψ ,

DµD
µφa + λφa

�
φ2 − 1

�
+ ihψ̄γ5σaψ = 0 ,

ıD̂/ψ − i
h

2
γ5σaφaψ −mψ = 0

ψψ == ee−−iiωωtt

��
χχ
ηη

��

χ = u(r)√
2

�
0 −1
1 0

�
, η = iv(r)√

2

�
sin θe−iϕ − cos θ
− cos θ − sin θeiϕ

�
.

spinspin--isospinisospin fermions:fermions:

�
d3xψ†ψ = 1

Φ = φaσa

LY MH =
1

2
Tr (FµνFµν)− Tr (DµΦ)

2 + λTr (Φ2 − a2)2

LLsspp ==
ii

22

��
(( ˆ̂DD// ¯̄ψψ))ψψ −− ¯̄ψψ ˆ̂DD//ψψ

		
−−mm ¯̄ψψψψ −− ii

22
hh ¯̄ψψγγ55φφψψ

φa =
ra

gr2
H(r), Aa

n = εamn
rm

gr2
[1−W (r)], Aa

0 = 0



BPS limit:BPS limit:

Spherical symmetry:         

Generalized angular momentum:  �J = �L+ �S + �T = �L+ �σ ⊗ I+ I⊗ �τ

��SS ++ ��TT == 00

Fermionic zero mode (w=0))

BPS limit:BPS limit:

Two dimensionless parameters of the model: 

β → 0, φ̂a →
r→∞

r̂a

m=0m=0

v = 0 , u =
1

cosh2(x/2)
(h = −2)

β =
Ms

Mv

, h =
2Mf

Mv

uu′′ ++ uu

��
11 −−WW

xx
−− hh

22
HH

��
== 00,, vv′′ ++ vv

��
11 ++WW

xx
++
hh

22
HH

��
== 00

WW ==
xx

ssiinnhh xx
,, HH == ccootthh xx −− 11

xx
,, xx == aaggrr

v = 0 , u ∼ e−
�
dx[ 1−W (x)

x
−h

2H(x)]



The spinor connection matrices

ds2 = ηab(e
a
µdx

µ)(ebνdx
ν)

DDµµΨΨ == ((∂∂µµ −− ΓΓµµ))ΨΨ

H Weyl and V Fock  (1929) 

Fermions+GR (Dirac stars)

Lsp = −i
1

2

�
γµDµΨ̄Ψ− Ψ̄γµDµΨ

�
+ µΨ̄Ψ

γα = eαµγ
µ

FermionicFermionic current:current:

e
0
µdx

µ = eF0dt , e
1
µdx

µ = eF1dr ,

e
2
µdx

µ = eF1rdθ , e
3
µdx

µ = eF2r sin θ
�
dϕ− W

r
dt
�

Metric tetrad:Metric tetrad:
(Herdeiro, Perapechka, 
Radu & Ya S 2019)

jjµµ == ¯̄ΨΨγγµµΨΨ



Localized Fermions+GR

Self-gravitating fermions? 

only singleonly single--particle particle normaliziblenormalizible state is consideredstate is considered

second quantization of the fields is ignoredsecond quantization of the fields is ignored

gravity is treated purely classicallygravity is treated purely classically

Assumptions 



NonNon--AbelianAbelian selfself--gravtatinggravtating monopole+fermionsmonopole+fermions

S =

�
d4x

√−g
�

R

16πG
+
1

2
Tr(FµνF

µν)−Tr(Dµφ Dµφ) + λTr
�
φ2 − a2

�2
+Lsp

Three dimensionless parameters of the model: 

α =
√
4π

Mv

gMP l

, β =
Ms

Mv

, h =
2Mf

Mv

(α2 = 4πGa2)

Lsp =
i

2

�
(D̂/ψ̄)ψ − ψ̄D̂/ψ

	
− i

2
hψ̄γ5φψ, D̂µψ = (∂µ − Γµ + ieAµ)ψ

decoupled limit decoupled limit hh=0=0
self self -- gravitating 't gravitating 't HooftHooft––PolyakovPolyakov monopole monopole 

Breitenlohner, Forgacs, Maison (1992), 

Lee, Nair, Weinberg (1992)

Rµν −
1

2
gµνR = 8πG

�
(Tµν)YM

+ (Tµν)φ + (Tµν)s

�



Spherical symmetry: ds2 = −σ2(r)N (r)dt2 + 1

N (r)
dr2 + r2(dθ2 + sin2 θdφ2)

β=0,  h=-1,  ω=0

No fermion hair for RN BH



NonNon--zero modes:zero modes: ||ωω|| << ||hh//22||
β=1,  h=1

U(1) gauged baby Skyrmions: 

h=0 →→ Landau levels

No fermion hair for RN BH

(possible loophole: axially symmetric modes)



Gravitating Gravitating SkyrmionsSkyrmions

SS ==

�� ��
RR

αα22
++ LLSSkk

��√√−−ggdd44xx

Spherical symmetry: ds2 = −σ2(r)N (r)dt2 + 1

N (r)
dr2 + r2(dθ2 + sin2 θdφ2)

The The SkyrmeSkyrme field:field:

UU :: SS33 →→ SS33
UU ((��rr,, tt)) −−−−−−→→rr→→∞∞ II

LLSSkk ==
11

22
TTrr

��
∂∂µµUU∂∂

µµUU ††�� ++
11

44
TTrr

����
UU ††∂∂µµUU,, UU

††∂∂ννUU
��22		

++mm22TTrr ((UU −− II))



Yet another hedgehog

SelfSelf--gravtatinggravtating skyrmion+fermionsskyrmion+fermions

LSk = ∂µφ
a∂µφa − 1

2
(∂µφ

a∂µφ
a)2 +

1

2
(∂µφ

a∂νφ
a)(∂µφb∂νφb)−m2(1− φ0)

Lsp =
i

2

�
(D̂/ψ̄)ψ − ψ̄D̂/ψ

	
− hψ̄[φ0 + iγ5(φ

a · σa)]ψ, D̂µψ = (∂µ − Γµ)ψ

Rµν −
1

2
gµνR = 8πG

�
(Tµν)Sk

+ (Tµν)s
�

U(r) = φ0 + φa · σa = cosF (r) + in̂a · σa sinF (r)

ψ = e−iωt

�
χ
η

�
with χ =

u(r)√
2

�
0 −1
1 0

�
, η = i

v(r)√
2

�
sin θe−ıϕ − cos θ
− cos θ − sin θeiϕ

�

Tµν
Sk = 2

�
∂µφa ∂

νφa −
�
∂[µφa ∂α]φb

	 �
∂[νφa∂α]φb

	�
−gµν

�
(∂αφa)

2 − 1

2

�
∂[αφa ∂β]φb

�2
�

Tµν
sp =

i

4

�
ψ̄γµ(D̂νψ) + ψ̄γν(D̂µψ)− (D̂µψ̄)γνψ − (D̂νψ̄)γµψ

�
− gµνLs



αα22 == 44ππGGff 22ππ ,, hh →→ hh//((aa00ffππ))



6

5
4

3
2

1



Violation of the energy conditionsViolation of the energy conditions

Tµνk
µkν ≥ 0 and TµνV

µV ν ≥ 0

null and weak energy conditions: 

Light-like vector                                                     timelike vector 

gµνk
µkν = 0, gµνV

µV ν > 0

The null/weak energy conditions for 

gravitating Skyrmion-fermion system:
ǫ+ p ≡ T 00 − T 11 ≥ 0, ǫ = T 00 > 0



Backreaction of the localized fermions may strongly affect the  

solitons inself, it breack the symmetry of the solutions.  
Localization of the fermions produces additional channels of   
interaction between the solitons, it may bound solitons with  
repulsive scalar interactions
Dynamics of the solitons with localized fermionic modes? 
There are spinning Dirac stars, they possess non-zero angular 

momentum J=nQ with half-integer n
The fermion zero mode localized on the gravitating monopole  is fully  
absorbed into the interior of the forming RN black hole  
Localization of the backreacting fermionic mode on a self-gravitating 
Skyrmion violates energy conditions, configuration may possess a 
negative ADM mass
No-go for BHs with fermionic hairs in asymptotically flat 3+1 dim? 
Other examples of violation of energy conditions related to self-
gravitating fermions localized on a soliton? 

SummarySummary



Thank you!




