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Warming up: Fermions localized by kinks in 1+1 dim
Fermions localized by baby Skyrmions in 2+1 dim
Backreaction of the fermions

Fermionic zero mode localized on the non-Abelian monopole
Self-gravitating non-Abelian monopole coupled to fermions

Self-gravitating Skyrmion coupled to fermions

Summary and outlook



Fermions localization on the kink in 1+1 dim

1 R.Jackiw and C.Rebbi
L=2( 8,0)° + 1Py 8, + gdhep — = (¢ 7 Phys. Rev. D13 3398 (1976)
o Field equations: W O = g ; 0,0 ¢ = 2¢(1 — %) — g

Fixed background (g<1): | 9 = e *“ ( zi _T_zz ) /dzv Y| =1
ok = tanhx le| < g

(0r + gtanh x)v; = —evs
(0 — gtanh x)ve = evy

(—8% + U+ (CU)) V1,2 = 62’01,2
] —

Us(z) = g2 — g(g £ 1)sech?z
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& Fermionic modes
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& Fermionic modes
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® N=1 SUSY kink [ = % (0u®)” + iy Butp + gpihep — % (6> -1)° J

{

[ Lyn—1 = ((9,,qu)2 + iy 0,0 + F2 + 2FW — W'an) ]

F - auxiliary field: F =-W

{

| Lves = @) + i 00 - W -W? | wig) =

1

V2 (¢2 o 1)

® SUSY transformations:  §¢ = ny; o =n (0,9 — W)

1
Fermionic zero mode of the kink: Yo = 1 cosh z
Grassmann-valued deformation of the bosonic field 2 0




Backreaction of the fermions

Kink + A, mode

Kink + B, mode
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[ without backreaction j [ with backreaction }

Symmetry on a fixed background: =z —x, ¢ > —¢, UV > UV, v —>U, U —>V

Backreaction breaks the symmetry of the spectral flow



Kinks bounded by fermions

[ = % (0u8)” + iy 0,0 + gdnpyp — U(¢) J

@ SG model: U(¢) =1—cos¢ o ¢ model: U(¢) = % (1- ¢2)2

s = 4arctane”®, + = tanhz
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Kinks (decoupled limit g=0):
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Fermion-Skyrmion system in 2+1 dim

[[, = Lo | ﬁf }
@ Rescaling:
> T, Ko — —K,(), qg — g, m — ™m
K2 4 K4

Vkaeke =1, Ko, m,

Stationary modes: ¥ = (r, §)e ¢!

® Fermionic density: p = y31 = YTy, /d2x Yl =1
@ Hamiltonian:

H= /d% oI HY + /d% (% (akq?)z n i (angx an$)2 + Ko U)



@ Field equations:

Scalar current

N

= (E X 8u<’;‘|‘ (’9,/$ (ayﬁg' ((’; X 8ng))

Hip = 5 (—ivk0k + 97 @ +m) = e9

0u0" = Ko G X &+ 99 x (¥179)]

\

Spin-lsospin fermions

@ Rotationally invariant configuration:

¢! = sin f(r) cos nb; . Z_ s (,r.)ez(l—l—n)e
a=n | @l=sinf(r)sinng; VO =N e
¢® = cos f(r) \ fug (1) im0 )
( geosf+m  ge ™™sinf —e (9, - %) 0 \
2 ge™Psin f —gcos f+m 0 _e—i0 (87" _ %)
| €6+ 1) 0 —gcos f —m —ge~ " gin f

\ 0

et? (87. + %) —ge'™ sin f gcos f —m )



® Generalized angular momentum: [Jk = —tVg + % RQI+I® % }

Jy= iy BT L
s=—iggty Ty | HAEI=0,  Jw=kg; w=g (1+n+2)
Ground state: k=0 |==> | = —117 =0, n=-1

(_Z’Ykak + gTs + m)’(ﬂ = O,
(A — Iio)5$= 0.

B cos (nf — x)
Pair of orthogonal scalar dipoles  9¢ ~ Kn(v/kor) | sin(nf — x)

® Asymptotic expansion: ¢~ ¢oo + 6 > {
| r— oo |

0
(A —4(g £ m)z)ul,z = 52u1,2 V] ~ eil(‘P_X)Kl(\/él(g +m)? —e?r)
—— )
(A —4(g£m)*)v1 2 = e®v12 vg ~ WK, (1 /4(g — m)? —e27)

Asymptotic fermionic field: a pair of orthogonal 2!-poles,
together with a pair of collinear 2*"-poles




Fermions couped to a baby Skyrmion
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Massless localized fermions:

m=0, us =v1, U3 = —V3

@ Solutions found numerically by the shooting
method;

@ Spectral flow is in agreement with the index
theorem

@ There are two types of the modes, the solutions
are characterized by the number of nodes
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Fermion-Skyrmion system: vanishing potential
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Magnetic SKyrmions
@ Heisenberg model: | H = Z J::S:S. Z
9 ' = i 050 | = 5

i<j=1

d’x Opm - anm} T T
classical nearest neighbour interaction \

mean field approximation

@ Dzyaloshinskii-Moriya - -
int\t,eraction: Y [HDM = ZDij(Si X Sj)} n [D/dzx m - (V X mﬂ

@ Zeeman interaction: |Hezt = B.-m T
—_

Chiral magnetic Skyrmions:




Field equation: JAmMm — 2DV x m + B=0

Magnetic SKyrmions

m; = sin f(rg cos(Qp — 6);

a:2D/J7 N:|B|/J

meo = sin f(r
mg = cos f(r)

sin(Qe — 4);

p

1 2
E:27T/’f‘d’l°{§f,2‘|—Q—

212

sin? f — pcos f

. . QCi : sin(Q) sin(§ + Q) (f/ + 2% sin(2f)) }/
Q‘ilsin(Qw)sin((S—l-QW):{ g?in(s | ii g;i

Bloch-type skyrmions: 6 =+ x/2

Néel-type skyrmions: 6=0,







Fermion-magnetic Skyrmion system in 2+1 dim

—

J(ng) +D$'(Vx$)—]§-$}

43 (—wkak +ey* A +m+ g7 - 5) qf}

- | Hse =7
[HZ'HSk—l-'Hf} ; 2
B g
Ak = 5 (O, —y,x)

Stationary configuration: ¢ = &(r, 6),

¥ = y)(r, 0)e™*"

,

@ Field equations:

Ad—2V x ¢+ B — gt 437 = 0

Spin-lIsospin fermions \

[&3 (—iﬁ/k(‘?k + e&kAk +m + gT - g;) S 51/)}

( vy (1)et¥ \
ivg (1) etiHn)e
up (r)ett+1e
K tug (r)etttntl)e )

@ = N

@ Generalized angular momentum:

{sz—ivk—l-ék@]l—l—]I@ZC}
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Chiral Fermions bounded by a fermionic mode
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Magnetic Skyrmions bounded by a fermionic mode
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Non-Abelian SU(2) monopole: fermionic zero mode

|

1 - Aao®
Lymn = JTr (Fu,F,,) — Tr (D, ®)? + \Tr (®° — a2)2] Dy =0, —1gA;%

P

<

't Hooft—Polyakov monopole: ® : S2 — S2,., TI5(S?) =7Z d = ¢

vac?

[¢a g’r2 H( ) A% = 5amn%[1 — W('r)]a AS =0 }

A

+ fermions: [ Lep = % ((W)w — 1/3l7)¢) — mapyp — %Mh%ﬁ ]

f
D, F%F = —ecbeb Dige — Ezﬁy“a“zﬁ, @ spin-isospin fermions:
D Dﬂ¢a_|_)\¢a (¢2_1) —I—’L.h’(,E’)’E)O'a’(/):O, ,(p:e—iwt (27()
3, it
WP — i 70“¢“¢—m¢=0 J Fzplyp =1
"

_u(r) (0 —1 () (sinfe™*¥  —cosf
—v2\1 0)° T=vA \ —cos® —sinfei® )"



Two dimensionless parameters of the model:

M, . 2M;
T

o m=0 [u’—l—u(l_W—ZH) =0, v’+fu(1+xW+gH) =0J

T
imi Aa pa W = T H = coth l —

@ BPSIlimit: 3 >0, ¢ o T —=> = Sinha = cothx o T = agr

Generalized angular momentum: J=L+S+T=L+¢xI1+Ix7

R = . — [ dx M—%H T
Spherical symmetry: § 4+ T = ( v=0, u~e [ @]
[ Fermionic zero mode (w=0) }
. 1
@ BPSlimit: =0, u= (h=-2)

cosh?(z/2)



Fermions+GR (Dirac stars)

H Weyl and V Fock (1929) ds? = nap(etdzt)(eddz) 7 = eSnH
1 T, T, oy -
Lop = ~ip (v"DuT¥ — 7" D, V) + T T DY = (3;;, Lu)

~ The spinor connection matrices
@ Fermionic current: j, = Vv, ¥

® Metric tetrad: egdac“’ = efodt | etdm“’ = efdr |
(Herdeiro, Perapechka,

eida:“ = efrdf | eidw“ = ef2rsinf (dgo — %dt) Radu & Ya S 2019)
60 1.5 F
6 L !!. aaann
0=n/4
0=n/3 1
B o
H*E’ 0=n/2 §_
5 . e =
A Y scalar
s=1/2 108 0469 0.47
% 0 05 06 0.7 08 0.9 1

w/l



Localized Fermions+GR

Self-eravitating fermions?

[ Assumptions ]

@ only single-particle normalizible state is considered
@ second quantization of the fields is ignored

@ gravity is treated purely classically
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Non-Abelian self-gravtating monopole+fermions

[S:/ VG | * g )~ (D D%)HTr(qﬁz—az)”Lsp}

16mG
Lp = & (DB — ) — LhiPou, Db = (9, — Ty +ieAu)y
1
R[J,V — EQ;WR = 8nG |:(T[,I,V)YM + (Tp,y)¢ + (TMV)Si|

Three dimensionless parameters of the model: (a? = 47Ga?)

— M, M, oM L4}
[ = " oMp;’ B=31 M, J |

1.2}

@ decoupled limit h=0 M

self - gravitating 't Hooft—Polyakov monopole 9]

Breitenlohner, Forgacs, Maison (1992), 08|
Lee, Nair, Weinberg (1992)




1

Spherical symmetry: ds® = —o”(r)N(r)dt* + dr® + r?(d#* + sin® d¢*)

N (r)
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No fermion hair for RN BH



B=15 h=1 0'30;' = l I(x=l.(;95_:
@ Non-zero modes: |w| < |h/2| " 0s

u 0.15F

W[ T ' T T T T T y T y T 1

06T p=1.0

U(1) gauged baby Skyrmions:
h=0 — Landau levels

No fermion hair for RN BH v/

possible loophole: axially symmetric modes s

L. - v J o
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Gravitating SKyrmions

® The Skyrme field: U(7t) =z I
U: S - 83

dr® + r%(df? + sin” 0d¢?)

Spherical symmetry: ds? = —o*(r)N(r)dt* +

N(r)
1 i 1 i i 2 9
Lon=5Tr (8,U*U") + T ([U'9,U,U'9,U1°) +m?Tr (U - 1)
c(0) 08 M "ok



Self-gravtating skyrmion-+fermions

Yet another hedgehog U(r) = ¢g + ¢ - 0® = cos F(r) + in® - o® sin F'(r

[LSk = 0,070"¢" — 1( 0u$"00")” + 1 5 (0ud"0,¢%)(0" $°9”¢") —m*(1 — ¢o)}

Lp = & (D)o — 50) — hilo + (@ -0, Dy = (0~ D)o

1

R, 2g,u,vR 8 [( Tiw)sr, + (Tlﬂ/)s]

Ta =2 006, 06" — (0% 0P (0 Buduyh)] [(8a¢a)2 ~ & (Bt 05 ¢b)2]

T = 2[5y (D) + (D) — (D9 — (D" PP - gL

I % . _u(r) (0 -1 _ . v(r) (sinfe™**  —cosb
[we (n) with x = NG) (1 0)’ n—zﬁ —cosf —sinfe’?
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Violation of the energy conditions

null and weak energy conditions:
T, k*k” >0 and T,V VY >0

o kRS0 g VIV S0 e

Light-like vector timelike vector

The null/weak energy conditions for
gravitating Skyrmion-fermion system:

[e—l—pETg—szO, e:T8>OJ




@ Backreaction of the localized fermions may strongly affect the
solitons inself, it breack the symmetry of the solutions.

@ Localization of the fermions produces additional channels of
interaction between the solitons, it may bound solitons with
repulsive scalar interactions

@ Dynamics of the solitons with localized fermionic modes?

@ There are spinning Dirac stars, they possess non-zero angular

momentum J=nQ with half-integer n

@ The fermion zero mode localized on the gravitating monopole is fully
absorbed into the interior of the forming RN black hole

@ Localization of the backreacting fermionic mode on a self-gravitating

Skyrmion violates energy conditions, configuration may possess a
negative ADM mass

@ No-go for BHs with fermionic hairs in asymptotically flat 3+1 dim?

@ Other examples of violation of energy conditions related to self-
gravitating fermions localized on a soliton?









