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General relativity in vacuum

e General relativity (1915): theory of gravitation, spacetime is a
4d Lorentzian manifold (M, g) where g solves the Einstein

vacuum equations
Ricci(g) = 0.

e Exact stationnary vacuum solutions:
— Minkowski m = —dt? + e,
— Black holes: Schwarzschild, Kerr (with rotation).



Initial value problem in vacuum

e Cauchy data:
— (%, 9) a 3d Riemannian manifold,
— m a symmetric 2-tensor on ..
e Cauchy formulation of EVE: find (M, g) with Ricci(g) = 0 such
that
— I is a spacelike hypersurface in M,

— (g, m) are the first and second fundamental form of ¥ C M.

Theorem (Choquet-Bruhat 1952)
Cauchy problem locally solvable <— (X, g, ) solve constraint

1

R(g) + i(trgﬂ)Q _ mg =0,

(C)

divym = 0.




Stability of Minkowski

Theorem
Let 0 < 0 < 1. If the data are of the form

o (Bieri 2010, Shen 2023)
(g,m) = (e + O (57“_5) , O (57“_1_5)) :

e (Christodoulou—Klainerman 1993, Lindblad—Rodnianski 2010)

(g,7) = <e L2 L0 (er ), 0 (57“_2_5)> |

r

e (Klainerman—Nicolo 2003, Shen 2023) (exterior problem)

(g,ﬂ') —

then the resulting spacetime 1s geodesically complete and converges
to Minkowsks.




First version of the theorem

Theorem (Fang—Szeftel-T 2023)
Let q e N*, 0 < d < 1. Let (g,7) TT tensors in a cone with

G| + r|7| < erm97°.
There exists a solution of (C) on R® of the form
g=g9g5+g+4ue+ 0O (r_q_5_1) :
T=mp+7+ L.X+O (r_q_é_Q) :

for large r, where p 1s a black hole parameter and

a| +r |Le)v(‘ < g2p=479,




The constraint equations

P(g,m) = (R(g) + %(tl‘gﬂ')2 — |7r|3,divg7r) =0 (C)

e Underdetermined —> conformal ansatz near Minkowski:
g=(1+a)*(e+7),
=%+ L.X :

with (g,7) TT tensors (traceless and divergence free) and
LX=VeX - (dvX)e.

4(equations) T 4(two TT tensors) + 4(diﬁ“eo invariance) — 12(unknowns for (g, m))-
e Elliptic system for <1\i, )\(/')

(C) —= A (ﬂ, X) = ® (e + §,7) + nonlinear terms



Inverting the Laplacian on R’

e Behaviour of A in weighted Sobolev spaces on R3:

7—1

(%) =3 3 (@lerdm W)V +0 (7).

J=lt=—(3-1)
where {W;,} = {harmonic polynomials} = ker (A*).

e Cancelling the scalar products?
(®(e+5,7),Wje) = ((5,7), DOle, 0] (Wye) ) + -
—> linear obstructions come from ker (D®[e, 0]*) N ker (A*).

Theorem (Moncrief 1975)
If (X, g,m) comes from (M,g) Ricci-flat, then

ker (D®|g, w]*) = {projection on ¥ of Killing vector fields of (M,g)}.




Symmetries in general relativity

e {linear obstructions} = ker (D®[e, 0]*) Nker (A*) ,

o ker (D®|g, w]*) = {projection of Killing vector fields}.

(M, g) Killing vector fields dim ker (D®|g, 7]*)
Minkowski O, 0i, ;05 — x;0;, 10; + 2,04 10
Schwarzschild O, ;05 — ;0; 4
Kerr O, Op 2

Bad news: ker (D®[e, 0]*) C ker (A*) = modify the ansatz!




Modification of the ansatz

{g=(1+ﬁ)4(6+§), {g=(1+ﬁ)4(6+><ﬁ(9ﬁ6)+§+§),
—

=%+ L. X, W:Xﬁwﬁ—k%—k%—kl}e)\f.

Cancelling the scalar products:

o W, & ker (D®le,0]"): (g,7) compactly supported and solve the

linear system
<(§’%)’ Dole, 0]*(Wj€)> = —<(§, 7), D®le, O]*(ng)> 4.

o W,y € ker (D®|e,0]"): truncated black hole (xz(g95 — €), x57p) and

solve for the parameter p the system

(Dle,0] (xp(g5 — €) Xpm5) , Wit ) = <%D2<I>[e,()](§, %),Wﬂ> ..



System for the black hole parameter

e Truncated black hole: = (m,y,a,v) € R_ x R3 x R3 x Brs(0,1)
and (gp, m57) = data of a translated, rotated and boosted Kerr

+ x5 smooth cutofl to avoid singularities

e System for p:

1

(Dle,0] (sl — ) xm) W) = — (5 D21, 017, ). Wy

with ng —

\ZEZ'(()J' — ZE](?@)

(fy = Lorentz factor =

( I o2 -2
ym = L1931 + 1712

| 1 - L, o
= 5 Idivglze + 7 IVtgl7e — 5 lltr|

1

)

Ymv = <7\?7v:q/>
my = <(V§)2,r> + <(7Vr)2,'r>
| ma = ((Vg)?r) +((F)%r)




Positive mass theorem — (g,7) TT!

1 -2 ~ 12 L 2 1 MK 1 712
ym = 7 IValle + I7llz2 — 5 Idival . + 7 1Vtrgl. — 5 [teF |z

Theorem (Schoen—Yau 1979, Witten 1982)
Let m(g) = J,s DR[e,0](g —e). If R(g) > 0, then m(g) > 0 and

m(g) =0= g ~e.

— need a coercive estimate on the mass!

Proposition
Up to a choice of diffeo, every perturbation of Minkowsk: is of the

form (g,7) = (1 +w)*(e + §), 7 + LX) with (g,%) TT.

(g,7) TT implies ym = — I\VgHm + |17 22

(In the spirit of Choquet—BruhatharSden 1976)



Coupling with the boost — (§,7) in a cone!

1 -2 -2
m = 3 IValle + 17 i
i =/1-J( - ||v9||L2 17117
ymv = (7, Vg)

with the functional

\/Zk 1,2,3 f]R37T 8k9)

J(g,7) =
LIVallL. + 1772

Proposition

We have sup ; = cnixr2nrre J(9,T) = 1 and the supremum is not

reached.

— we consider (g, 7) in the cone J(g,7) <1 —«



Large y and a

e Two norms for (g, 7):

£ 1= HQHH‘*_q—(S + HWHHEQ = \/Z IVGllze 17z 5 e

—6—1

e Dividing by the mass:

{my— (V§)?,r) + (7)) (Va2 r) + (@) _ (5>2

- - ::¢>(y7a):: - -
ma = ((V)2,r) + ((F)%,r) 1VFILe + 1717

Y

e Cutoff x in far regions:

1@ (e + x5(95 — €), XxgTa)|| 2 < mly|rT0!

—g—5—2

< p2(-a=0+2) 2(a+5-1)

Doesn’t allow us to solve A (ﬁ, )?) = (e + xp(95 — €), XpTp) @



Large y and a

e Two norms for (g, 7):

£ 1= HQHH‘*_C]—(S + HWHHEQ = \/Z IVGllze 17z 5 e

—6—1

e Dividing by the mass:

2

i i (T3P (@) ()i

- . — (y,a) = = =
ma = ((V§)?,r) + ((F)?,r) LIValT. + |17 7 Y

Y

e Cutoff x in far regions:

| (e + xp(o5 — ) xpmpll e Smlyl*™

—qg—5—

S ne

Allows us to solve A (f?i, )v() =@ (e + xp(95 — €), XpTp) @



Final version of the theorem

Theorem (Fang—Szeftel-T 2023)
Let q e N*, 0 < d < 1. Let (g, 7) TT-tensors such that

G+ IFlgs, <
1

~ ~ ~2 ~ 12
J(g,ﬂ') <1- Q, 772 = Z ||vg||L2 + HT‘-HL2 >0

There exists a solution of (C) of the form

(9:7) = (1 + )" (e + Xplg5— €) +§+§) xgmp+ 7 + 7+ LX),

2
e\ Zares 1 N
mit, bl £ (5)7T -

P e R I e [ P 2
—q—24




Uniqueness
Proposition
((1+1)* (e + x5 (95, —€) + g1+ J1)
If S = (14 2)" (e + Xp, (95, — €) + J2 + G2) ,
X5, T + T+ T+ L X = X T, + T2 + T2 + L. Xo,

then (plaulaglaglaﬂ'laXlaﬂ'l) = (p2,U2>92,92,7T2,X2,7T2)-

Asymptotics = p1 = po
g TT and g traceless =— 11 = s

g TT and div () injective => §1 = g2 and g1 = Go

= o=

(Atr 4 divdiv)L, = 0, 7 TT and (Atr + divdiv)|(zy injective
— T = T

5. # TT and divLe| g2 ) injective — )\51 = )\(/'2 and 7; = 7o
2



Thank you for your attention!



