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some facts about Anderson model and integrated density of
states

Anderson model arising from the H2? supersymmetric
sigma model /vertex reinforced jump process

Integrated density of states in this special case



Anderson model (discrete random Schrédinger)

electronic transport/wave propagation in disordered systems

the model on Z?: H = Hy + \V € RZ!XZ* random op.

sym

» Hy = —A = lattice Laplacian
@ —=EZ?), =AFG= o jj=1 (F()=F ()

> (VH)(G)=V; (), {Vs};eza random variables with prob. distr. dp(v)
— Var(V;) = 1, P translation inv. and V (almost) indep

> )\ > 0 parameter
heuristics:

> A\=0 H=Ho=—A, o(—A)=[0,4d], a.c. spectrum, delocalized
eigenvectors

> A1 HeAV o(AV)=Asupp V, p.p. spectrum, localized eigenvectors

Question: intermediate \7



position of the spectrum
P translation invariant = o(H)= deterministic interval a.s.

spectral type

» d =1 localization VA > 0
» d > 2 localization

> VX > 0 at the edge of the spectrum
» for A > 1 in the bulk of the spectrum

» phase transition on the Bethe lattice:

> for A > 1 localization
> for A < 1 delocalization in the bulk

Major open conjecture: on Z% d >3
for A < 1 : delocalization in the bulk of the spectrum



Integrated Density of States: N(E.H):= lim N(E,Hp,)= lim E[N(E,Hp,)]

nvalues<e  Tr(1(_o p)(Hap))
AL = ALl

AL=[-L,L}*nZ% Hx,=Hjx, N(E,Ha,)= #eige
IDS for V i.i.d. Assume dP(V)=I],,a u(V;)dV; supp u=[0,00) plus some
conditions on y

> o(H)=[0,00) a.S.

» almost no spectrum at the lower edge: Lifschitz tails

for o<E<1 N(E,H):cle*%(EV% < N(E,~A)x(E)?
mechanism: Ho+AV>H, = H minimal when V; = 0 Vj

many V; small — very unlikely
» information on the spectral type?
» edge: Lifschitz tails = localization near 0, YA > 0
» bulk: N(E,H) cannot see the phase transition a.c/p.p :

E—u(E) 'regular’ = E—~N(E,H) 'regular’ vA>0



Anderson model arising from H2?

the model on Z?: Hg = Hy + 'V (B) € RZ'%Z" random op.

sym
> Ho=—P=-A-2d P;;=1;_; =1 W>0 parameter

> V;(8)=28;, {B;},cze Tandom variables with prob. distr. dPw (8)

finite volume marginal of dpw (8): A C Z¢ finite [Sabot-Tarrés-Zeng 2015]

2

IA] ~W (1, Hg A +(n H L ) —2(n,1)
dVW’A(*B):(m/W) 1H[3’A>O(detH31A)1/2e Fom o )Hj dB;

> Hyn = (Hg)jn, (£,9)=5;c4 1595
> ni=#{kgA | |k—j|=1} “wired boundary conditions”
finite volume Laplace transform.:

=15 (\/1+F;—1) — Wi (VI Fi/TFF; —1)
Ea (B =11 ¢ J In e ij Fi/1+ 75 . fi>—1
[ ) JEA VIt li-jl=1 !



some properties

» the r.v. g are independent at distance 2

> 3Py (8) on R with marginals dvw 4 (8) (Kolmogorov ext. thm.)

» H, is ergodic and o(Hz)=[0,00) &.8. [Sabot,Zeng 2019][Rapenne 2023]
| 4

o (Ho)=[—2d,2d] but o(Hs)=[0,00) (due to the constraint mz>0)
edge in the middle of o(H)=[-24,2d]

B=0— H = Hp # 0:some V; must be always large, main
mechanism creating Lifschitz tails broken

» heuristics: here w enters in P(g)

25 20 W1 25, <1 W1
E[W]]:Z‘”%: . Var[#}:%vfd+ﬁ
L>1 wi >1 w1

strong disorder w«1: Hg~22 weak disorder w»1: Hg~2d—P=-A

—Hg=—A+AV, A=



Origin: supersymmetric nonlinear sigma model H2? (zirnbauer 1996]

originally introduced as a toymodel for quantum diffusion

Model in finite volume Acz?

>

vV v vy

spin configuration s,:A—R32
spin at one point s is a (super)vector S=(z,y,2,¢,1),
z,y,z even, &n odd elements in a real Grassmann algebra
(8,8"y=aa'+yy' —zz"+€n' —nt’
nonlinear constraint (S,S)=—1=z=+/1+22+y2+2en=>ScH??
n;>0 magnetic field in direction e=(0,0,1,0,0)
“Gibbs” measure:
dpn(S)=TTj;i_jj=y " S5 TD L Wi (eS0T 5((55,8,)+1) dSa

W= inverse temperature



From H?? to Hy

e horospherical coordinates: (z,y,&,m)— (u,s,9,%)

dpa (S)—rdpa (u,s,1p 1)) =

e—W 2li—j|=1(cosh(u;—uz)—=1)=W 37 ; n;(cosh "‘J'71)16_%(‘§’M'§)_W($’Mw) (dueiudsdlzdlb)A

(s,Ms)= >

witug oo \2 ug 2
e i(si—s;j) "+ > mjeds;
li—jl=1 JEA

® u—marginal:

_ o Shu; —u)—1)— s (cosh g — 1AL

B T A N Tir=ryyr= AL PN
e "Me “=Hg,y=—P+#28(u), %2ﬂ(u)j:|k X:‘ ek T i e i
=1

o H?? & Hpy: BX[5(5(u)]=E}[£(5)]



From H?? to vertex reinforced jump process (VRJIP)

VRJP (Werner 2000): continuous time process (X;)i>o on Z.
P(Xiyar=4] Xe=i,(Xa)s<i)=dt 1);_ ;=W (1+L;(t))+o(dt)
Li(t)=[!1x,_;ds= total time spent at j up to time ¢
(1+L;(t)) — history dependence: prefers to come back

e H212 +s VRJP:

VRJP in finite volume A=mixture of Markov jump processes

BYRIPLY = [BY ) Jdpa(u),  W(w)y=We it i1,_;_,

— u—marginal=mixing measure for VRJP [Sabot-Tarrés-Zeng]



three related models: H%?, VRJIP, Hj

Phase transitions in d > 3

> H212: disordered for W < 1 ’ordered’ for W > 1

[D.-Spencer, D.-Spencer-Zirnbauer 2010]

» VRJP: recurrent for W < 1< transient for W > 1

[Sabot-Tarres 2013]

Conjecture: phase transition for Hg in d > 3

» localization W < 1< extended for W > 1

only localization proved [Collevecchio-Zeng 2021]



IDS for Hpg

Theorem [D.-Rapenne-Rojas Molina-Zeng 2023]

» phase transition in ¢>3 near the edge o<E<1:

N(E)~VE for w1 <+ N(BE)<E for w1

» no Lifschitz tails in
d=1 (any disorder w>0)
a>2 (strong disorder w«1)

Precisely vd>1 we have:

N(E)<2y/ Y VE YW >0,E>0
N(E)>cw (|log E|)"4VE  YO<W <W.(d), 0<E<Eo(W,d)

. _ _c S v S
Note: W.(1)=c0, W.(d)=5,d>2, C_r<1/4>23/4

On the contrary vd>3 we have:
N(E,Hg)<C'E VE>0,W>Wy(d)



lower bound: strategy of the proof

ON(E,Hg)> i P((HE A, )7 (0,0)2%)  VL>0

AL
HZ n,=Hp np +Madan, Maq—n f(§)=(2d—n;)f(5), ni=3"|_ij=1,kea L

no direct info on (HZ , )~'(0,00— use info on H; '} A, (0,0)

® 0<(HE )7 (0,)<H ) (0.5)V) (rand. walk repr.) hence

(HF A ) H00)2HG (0,0)=(2d=1) S con, Hy o, (0.9
o W<I=P(Q0e): _]P’(H (o,g)<e*L‘J‘v]eaAL)~1

® 0N Quoc, Hy 'y (0,0)>F=(HE ) 710,04 —L e 2E> 5

SP((HRA,) 710,002 %) >P(HS ) | (0,0)> 200 )



lower bound: strategy of the proof

.. _(a—y)?
e conditioned on Bye (Hg, AL)*l(o 0)=1% dpa(y)="hAze ¥ dy
(0,3)
c 7B AL
a= G(BO ) ZJE@AL Hﬁ (O O)
((Hﬁ AL)7 (0 O) )>]E[1nloc -]0 dpa (y)]

add to Qioc 1 (Hp,a,) " (0,0)<et/?

=0<a<Ke “*/2  P((HE,, ) ' (0,0)> w5 )>E[la,,, [ cr doa(y)]
using the bound on a

(a=y)?
WE wE e wE o
Jwezer dpaW)=F= . mcr e 2 \/lgdy:fWe*CL \}ﬂdyz E




upper bound: strategy of the proof

e in finite volume N(EHpAp)S a7 Zjea, Ewaay {ﬁpu,j (2E)]
Lo, = Lévy concentration of the conditional measure p, ;..
Ly (e):=sup, p([z,z+e])

ed>1:use Lo, (e)<evE

od>3:use p ()<A= (%-&-ﬁ) together with (use relation with w22
and u—marginal)

E[l/a]:Eu [57u0 H;(lu),AL (070)]SC/W



Some open problems

> d > 3 : complete the phase diagram for IDS

» spectral phase transition for Hg from the phase transition
in the IDS?

» effect of the constraint Hg > 07
take H = —P + AV V centered i.i.d. bounded

Question: add the constraint H > 0. Do we lose the
Lipshitz tails?
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