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Multicomponent—Multiphase Flow

Geophysical Flows

Mechanisms of Arctic Greenhouse Gas Release

Rocy.
Omprasseq
Y glacio,

Application: Release of CH; and CO, as permafrost melts.

Computational Limitations:

@ A scalar equation to represent the balance of mass for each
conserved component (species or molecule).

@ A scalar equation to represent the macroscopic balance of
energy if the system is not isothermal.

Momentum & energy balances, chemistry, etc. are all “modeled”.
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Balance of Mass

Multiphase Flow

Macroscopic Model:

@ There exist N. Components which are conserved.

@ The components combine to form N, immiscible Phases
Component Densities: Q C RY

@ m. = mass of component ¢ per unit volume of

@ M., = mass of component ¢ in phase 7 per unit volume of €2

Np
me = Z M., write m= M1
=1

Notation:

em=(my,...,me,...,mp,)
e 1=(1,1,...,1)
Phase Densities: p=MT1
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Balance of Mass
Multiphase Flow

Macroscopic Model:

@ There exist N. Components which are conserved.

@ The components combine to form N, immiscible Phases
Component Densities: Q C RY

@ m. = mass of component ¢ per unit volume of

@ M., = mass of component ¢ in phase 7 per unit volume of €2
Np
Balances of Mass: 0:m. + div( Z Mexvy + hc) =0.
=1

Constraint: m = M1

Phase Velocities: {vi,...,vp,}
Mass Averages: v, = f}“ ZV

v
Mass Diffusion: {hy,...,hy_}
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Balance of Mass

Multiphase Flow

Macroscopic Model:

@ There exist N. Components which are conserved.

@ The components combine to form N, immiscible Phases
Component Densities: Q C RY

@ m. = mass of component ¢ per unit volume of

@ M., = mass of component ¢ in phase 7 per unit volume of €2

Np
Balances of Mass: 0:m. + div( Z Mervy + hc) =0.
=1

Postulate: At the pore scale, components
form Immiscible, Homogeneous phases in
Thermodynamic Equilibrium.

(transport time scale >> time to equiliberate)
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Classical Thermodynamics

Canonical Ensemble (Isothermal System)

@ Ensemble Free Energy: (rigid, chemically inert medium)

W(s, M) = Zw (Srs {Mcr ke, 0) + T(s, 0)

Saturations: s, vqume of phase 7 per unit volume of Q
Interfacial Energy: T(s) (surface tension/wetting energy)
Homogeneity:

)\Ww(Vm {Mcw}lcvél) = \UW(/\VTH {)‘MCW}Icvél)v A>0
Ideal Gas:

VYV, M;0) =k M<c+|n</]\;l>— >
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Classical Thermodynamics

Canonical Ensemble (Isothermal System)

Y — min
— T

@ Ensemble Free Energy: (rigid, chemically inert medium)

W(s, M) = Zw (Srs {Mcr ke, 0) + T(s, 0)

o Equilibrium: Fix (¢,m), then VW is minimized subject to:
s.1 = ¢, and m = M1.
Porosity: ¢ =1 — sp.
Macroscopic Free Energy:
P(m) = (si,n/\f/) {W(s,M) | s.1 =¢ and M1 =m}
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Classical Thermodynamics

Canonical Ensemble (Isothermal System)

Y — min
/\

@ Ensemble Free Energy: (rigid, chemically inert medium)

Np
V(s, M) => Wo(sp, {Mer}}ey,0) + T(s,0)
=1

e Equilibrium: Fix (¢, m), then W is minimized subject to:
s.1 = ¢, and m = M1.

o Lagrange Multipliers:

v, o v,
_—— = — = Pr d = Hc, 1 S S N,.
Pt gs, =Pr a4 Gy = He ="M
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Multicomponent—Multiphase Flow
Isothermal Problem

Mass Balances: Densities m = (my, ..., mc,...,my.) € [0, 00)Ne

NP
8, m. + div( 3 Meavs + hc) —0.

=1

Constitutive Input: Given m and porosity ¢ € [0, 1]
@ Phases: (flash calculation)

(s, M) = arg min {\U(s, M) | s.1 =¢ and M1 = m}
(s:M)

@ Fluxes: Darcy and Fick Laws (pr = Z'CV;l Mecr)
Ve = —Ki(sxVpr —prg) and  ho=—-K. V.
@ Energy Law: ...
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Darcy Laws
Balance of Momentum/Force Balance

Classical Darcy Law:

Ne
Vo = _Kw(s) (Sﬂ'vpﬂ' - Png) where  pp = Z Mecr

c=1
Homogeneity: W (sr, {Mm}/cvgl) is homogeneous
o Euler's Identity: Wy = —szpr + SN Merpic
Nc
@ Gibbs—Duhem Identity: —s,.Vp, + Z M V=0
c=1

Nc
Darcy Law: v, = —K(s) Z M., (V/LC — g)
c=1
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Multicomponent—Multiphase Flow
Isothermal Problem

Weak Statement: (zero flux b.c)

NP N Ne
/mu )+ YD (MexVie, MenViier) o + Y (Vite, Viter) ¢
c=1

m=1c,c/=1

/Z Z Merg, Mo Viier)

m=1c,c’'=1

Energy Law: 9¢/Omc = pic . ..

%/Q@w(

+Z|V”C|K
N

/ z > (Meng, Mo Viier) .

w=1c,c’=1

cT

Qr=1' c=1
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Multicomponent—Multiphase Flow
Isothermal Problem — Numerics
Balance Law: Oym. — div(ZTIYil Mcrvz) =0

Euler Approximation: m? — m?~1 — TdiV(ZQ/il M2 1v,) =0

Variational Problem:

Constitutive Relation: g € 0y (m) < m € 0¢*(u).

Problem: Only v»(m) is computable, ¢* is not available.
Saddle Point Problem:

Lem,ga) = [ (<om)+n(m Z!ZM" {(Viie—g)

71'1c1

2
Kn—1
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Multicomponent—Multiphase Flow
Non—Isothermal Problem

Balance of Energy?:

Np Nc Np
Ore + div(Z:(e7T + SpPpr)Va + Zuchc + q) =r+ Zp”g v
=1 c=1 =1

e Internal energy per unit volume of .

Ny . .
{er},2 internal energy of phase 7 per unit volume.

(]

g heat flux.

r heat supply (radiation) per unit volume.

Fourier/Darcy/Fick Laws:

q=—-KyVb, Kave = —(5:Vpr — pr8), h, = —K. V.

'Farid F Smai, A thermodynamic formulation for multiphase compositional
flows in porous media.
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Classical Thermodynamics

Microcanonical Ensemble (Non—Isothermal Problem)

@ Ensemble Entropy:
NP
S(e,s, M) = So(eo) + Y _ S (en: . {Mer } 1)
=1
e Medium: ey internal energy of medium per unit volume of .
Concavity: Sx(.,.,.) is concave.
Homogeneity:

ASx (Exy Vi iMer} o)) = S (A, Wi, MM 1))

. — V g )
o Ideal Gas: S(&,V,M) = k/\/lln[ M <ck./\/l> }
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Classical Thermodynamics

Microcanonical Ensemble (Non—Isothermal Problem)

S — max
/\
@ Ensemble Entropy:
NP
5(97 S, M) = 50(60) + Z 577 (eﬂ) Sry {MC‘rr}f;Vél)
=1

e Equilibrium: Fix (e, ¢, m), then S is maximized subject to:
e=¢ +el+T(s), ¢$=s.1, m = M1.

@ Lagrange Multipliers:

05y PSe L OT_ oS
8e7r N 857r - P a57r = P aI\/ICﬂ' — He

1
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Multicomponent—Multiphase Flow
Non—Isothermal Problem

1
Dissipation Relation: n; = g(et — m¢.p) where
n(e,m) =max{S(e,s,M) | e=e +el1+7T(s), p =s.1, m= M1}
N

S(e,s, M) = So(eo) + Z Sr(€rs Smo {Mer}21)

=1

Homogeneity: Sﬂ(eﬂ,sﬂ,{Mcﬂ}’c\’;l) is homogeneous.

@ Euler's Representation: 0n, = e; + Sypr — ZQ’;l Mecr e

@ Gibbs—Duhem Relation: 7,V0 — s,V p, + Z’CV;I McVue =0.
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Multicomponent—Multiphase Flow
Non—Isothermal Problem

1
Dissipation Relation: n; = g(et — m¢.p) where

n(e,m) =max{S(e,s,M) | e=e +el1+7T(s), p =s.1, m= M1}
Weak Statement: Set 3 =1/6 ...

Np N Ne
(Me, B) =D > (MenVr, BV fic + 1V B) =D (e, BV ic + iV B) = 0.
=1 c=1 c=1
Np Ne Ne
(et 1) = (3 (/B + > Merpic)ve + 3 pche +a, V)
=1 c=1 c=1
Np N Np
3 (/BB =3 Mer Ve, ueB) = (r+ 3 vali . ).
=1 c=1 =1
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Multicomponent—Multiphase Flow
Non—Isothermal Problem

1
Dissipation Relation: n; = g(et — m¢.p) where
n(e,m) =max{S(e,s,M) | e=e +el1+7T(s), p =s.1, m= M1}

Dissipation Relation: Set (f, ) = (u, 8) ...

Ny N, N,
(m¢, Bp) Z Z (/\/Imvw7 BV e + ucv‘ﬁ)—z (hmﬂvuc + Mcvﬁ) =0.
=1 c=1 c=1
N, N, N
ecs0) = (32 (1) 4+ 3 Menpun + 3 iche +,75)
=1 c=1 c=1
N
+ZP<I] /0)2 Vp — ZMCTV/I(HVW ):(r+Z|VW‘K aﬂ)
=1 c=1
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Multicomponent—Multiphase Flow
Non—Isothermal Problem

1
Dissipation Relation: n; = g(et — m¢.p) where
n(e,m) =max{S(e,s,M) | e=e +el1+7T(s), p =s.1, m= M1}

Dissipation Relation: Set (f, ) = (u, 8) ...

N,

~ 5 [+ [ {1 |K9+/3(va|K+Z|wc\K b= [ -

Fourier/Darcy/Fick Laws:

q= —KyVO = (1/6)2K0vﬁ7 Krvr = _(STrVPﬂ'_pTrg)v h. = _Kcv,uc-
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Classical Poroelasticity
Isothermal & Linear
Classical Single Phase Poroelasticity:

13}
Bt Pref (ap + adiv(u)) — div (K(Vp — prerg)) =0,
—div ((C(Vu) —ap I) =f.

Fluid pressure p

Macroscopic displacement u.

Elasticity tensor, e.g. C(Vu) = 2pD(u) + AD(u).
Fluid compressibility o, p/prer = a(p — Pref)

Biot constant a (~ bulk modulus of medium).
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Classical Poroelasticity
Isothermal & Linear
Classical Single Phase Poroelasticity:

13}
Bt Pref (ap + adiv(u)) — div (K(Vp — prerg)) =0,
—div ((C(Vu) —ap I) =f.

Medium Kinematics?: p pore pressure, sy solid volume

>0, 0% = Vu: A <0

2Sanchez Palencia, Non-Homogeneous Media and Vibration Theory (Springer)
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Multiphase Linear Poroelasticity
Isothermal & Inertialess

Np
Balances of Mass: 9;m. + div(Z Mep(u: +vz) + hc) =0,
=1

ey
Elastic Medium: —div(T) = f with T = Yu

Ensemble Free Energy:

Np
\U(S, M? Vu) = W0(507 Vu) + Z v (57” {Mcw}zl:vil) + T(S)

=1

Equilibrium:

Y(m,Vu) =inf {¥U(s,M,Vu) | 5 +s1=1+A:Vu, M1=m}

Lagrange Multipliers: % = p¢ and ddeu = 3g3 — pA
OV ov, 0T and _ OV, L<r<n,

P=9s ~ 0s. " 0s.
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Multiphase Linear Poroelasticity
Isothermal & Inertialess

Np
Balances of Mass: 9;m. + div(Z Mep(u: +vz) + hc) =0,
=1

ey
Elastic Medium: —div(T) = f with T = Yu

Ensemble Free Energy:

Np
\U(S, M? Vu) = W0(507 Vu) + Z v (57” {Mcw}zl:vil) + T(S)

=1
Linear Poroelasticity: Biot constant and tensor (a, A),

(A:Vu+ (s — ¢))°

Vo, Vu) = 2 C(Vu)  (Vu) + o

2
then
° g;’;’o:%(A:VUnL(soqu)):fp

o J¥o —C(Vu)+1(A:Vu+(s5—¢))A=C(Vu)—pA.
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Multiphase Linear Poroelasticity
Isothermal & Inertialess

Np
Balances of Mass: 9;m. + div( Z Mepvy + hc) =0,
=1

: . P Y 0V
Elastic Medium: —div(T) = f with T = 39~ 3% pA
Equilibrium:
Y(m,Vu) = inf {WU(s,M,Vu) | 5 +s1=1+A:Vu, M1=m}

Dissipation Relation: 0y = my.pu+ T : Vuy, ...

N,
d c
& Lot [ I MV~ ), + 3 Vel = [ P
T c c=1
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Multiphase Linear Poroelasticity
Isothermal & Inertialess

Np
Balances of Mass: 9;m. + div( Z Mepvy + hc) =0,
=1

. — . e oY 0V
Elastic Medium: —div(T) = f with T = 39~ 3% pA
Equilibrium:
Y(m,Vu) = inf {W(s,M,Vu) | s +s1=1+A:Vu, M1 =m}
Dissipation Relation: 0y = me.u+ T : Vuy, ...

Weak Statement: p=...

Np N, N
/Q(mt,ﬁ)+2 Y (Mea Ve, Men(Viie = 8)) +Y (Viie, Viier) =0
m=1lc,c’=1 c=1
oA _
(530 —PAWY) = (v)
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Two Incompressible Immiscible Fluids
Numerical Example
B
| /
f p1— P2

Balances of Mass: s — 7div(kI~1(VpZ — b2 1)) =s~1

s

Interfacial Energy: T(s; — sp) = T(251 — )

(’;) ep G) +(1/2)0T(s1 — ) (_11>
(3) =2 () +omo-e ()

Energy Estimate:

jt 51752 +Z/|an|k *Z/ man
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Two Incompressible Immiscible Fluids

T. J. Murphy

Delaunay Mesh
Domain [-1,1]?
Time t € [0, 5]
1592 Vertices
3061 Triangles
512 Time Steps
3184 Variables

25600 Nesterov
1854 Newton
iterations

Thank You
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