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Why we are interested in the MHD equations→ Hyperbolic multi-scale system

Three scales in the model

• Transport via the local flow velocity v→ material wave u

• Influence of the magnetic field B→ Alfvén speed b

• Influence of the pressure p→ sound speeds c

Parameters in the model

• Mach number: Mc = |u|/c

• Alfvén “Mach” number: Mb = |u|/b

Asymptotic process Mc → 0:
Transition between compressible and incompressible Euler equations + magnetic field evolution
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Whishlist of properties for the numerical scheme

Structure-preserving

• Discrete consistency of the numerical scheme with involution constraint ∇ · B = 0

• Discrete consistency with low acoustic Mach number limit, i.e. preserving asymptotics from
compressible to incompressible flow (Boscarino Russo Scandurra 2016)

• Applicability of the scheme in all regimes with respect to Mach and Alfvén numbers (Ability to
resolve shocks)

Efficiency due to

• stability under large time steps restricted by the fluid flow

• avoiding staggering of meshes

• avoiding non-linear implicit systems
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Ideal MHD equations

∂

∂t


ρ

ρv
ρE
B

+∇ ·


ρv

ρv⊗ v+
(
p+ ‖B‖2

8π

)
I− 1

4πB⊗ B(
ρE + p+ ‖B‖2

8π

)
v− 1

4πB(v · B)
B⊗ v− v⊗ B

 = 0 (MHD)

Computational domain: Ω(x, t) ⊂ R3 with x = (x, y, z) ∈ Ω and t ∈ R+
0

ρ > 0 → density
v = (u, v,w) → velocity field
ρE → total energy
p > 0 → hydrodynamic pressure
B = (Bx,By ,Bz) → magnetic field
I → identity matrix

Involution: ∇ · B = 0 (solenoidal property of the magnetic field)
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Ideal MHD equations: closure and eigenvalues

Total energy

ρE = ρe+ ρk+m with k =
1
2‖v‖

2, m =
‖B‖2
8π .

Equation of state: ideal gas
ρe =

p
γ− 1 with γ > 0.

Eigenvalues in normal direction n

λ1,8 = v · n∓ cf , λ2,7 = v · n∓ bn, λ3,6 = v · n∓ cs, λ4,5 = v · n,

c2s,f =
1
2

(
c2 + b2 ∓

√
(c2 + b2)2 − 4c2b2n

)
,

c2 = γp
ρ
, b2 = ‖B‖2

4πρ , b2n =
(B · n)2
4πρ .
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Ideal MHD equations: scaling

Non-dimensional variables: q̃ = q/qref

Stiffness parameters: Mc = ‖v‖/c (acoustic Mach number)
Mb = ‖v‖/b (Alfvén Mach number)

∂

∂t



ρ̃

ρ̃ṽ

ρ̃Ẽ

B̃


+∇ ·



ρ̃ṽ

ρ̃ṽ⊗ ṽ+
(
p̃
M2
c
+

1
M2
b

‖B̃‖2
2

)
I−

1
M2
b
B̃⊗ B̃(

ρ̃Ẽ + p̃
M2
c
+

1
M2
b

‖B̃‖2
2

)
ṽ− 1

M2
b
B̃(ṽ · B̃)

B̃⊗ ṽ− ṽ⊗ B̃


= 0, ∇ · B̃ = 0

where the total energy is given by

Ẽ =
1
M2
c
ẽ+ 1

M2
b

m̃
ρ̃

+ k̃.
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Ideal MHD equations: wave speeds and time step restrictions

x

t

fast magneto-acoustic
O(1/M2

c, 1/M2
b)

Alfvén
O(1/M2

b)

slow magneto-acustic
v

Transport v

xi

Explicit scheme:
∆t 6 ∆x

max |λk|
→ 0 for Mb → 0+ or Mc → 0+

Semi-implicit/implicit-explicit scheme:

∆t 6 ∆x
max |v| for any Mb,Mc > 0
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Flux splitting [Casulli (1990), Park (2005), Toro (2012), Cordier (2012) ]

IMplicit - EXplicit [Ascher (1997), Pareschi (2005)]
f(q) = f Ex(q) + f Im(q)

∂q
∂t +

∂f Ex(q)
∂x +

∂f Im(q)
∂x = 0.

• Explicit hyperbolic sub-system with eigenvalues λEx :

∂q
∂t +

∂f Ex(q)
∂x = 0.

• Implicit (hyperbolic) sub-system with eigenvalues λIm:

∂q
∂t +

∂f Im(q)
∂x = 0.

stability condition of the numerical scheme: ∆t 6 min
Ω

∆x
|λEx |
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One-dimensional MHD model

1D MHD equations
∂q
∂t +

∂f(q)
∂x = 0, ∂Bx

∂x = 0

q =



ρ

ρu

ρv

ρw

ρE

Bx

By

Bz



, f(q) =



ρu

ρu2 + p+
‖B‖2
8π −

1
4πB

2
x

ρuv − 1
4πBxBy

ρuw −
1
4πBxBz(

ρE + p+
‖B‖2
8π

)
u−

1
4πBx(v · B)

0

uBy − vBx

uBz − wBx



.
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1D MHD equations: splitting scheme of [Dumbser (2019)]

∂q
∂t +

∂fc(q)
∂x +

∂fp(q)
∂x = 0

fc =



ρu

ρu2 + ‖B‖2
8π −

1
4πB

2
x

ρuv − 1
4πBxBy

ρuw −
1
4πBxBz

(ρk+ 2m)u−
1
4πBx(v · B)

0

uBy − vBx

uBz − wBx



, fp =



0

p

0

0

hρu

0

0

0



, h = e+ p
ρ
.

⇒ stiffness of the acoustic Mach number (Mc)
⇒ dependence of time step on Alfvén Mach number (Mb)
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1D MHD equations: splitting scheme of [Fambri (2021) ]→ talk of E. Sonnendrücker

∂q
∂t +

∂fc(q)
∂x +

∂fp(q)
∂x +

∂fb(q)
∂x = 0

fc =



ρu

ρu2

ρuv

ρuw

ρku

0

0

0



, fp =



0

p

0

0

hρu

0

0

0



, fb =



0

‖B‖2
8π −

1
4πB

2
x

−
1
4πBxBy

−
1
4πBxBz

2mu−
1
4πBx(v · B)

0

uBy − vBx

uBz − wBx



.

⇒ stiffness of the acoustic and Alfvén Mach number (Mc,Mb)
⇒ dependence of time step only on convection!
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Semi-implicit flux splitting for MHD [Boscheri and T. (in revision, ArXiv)]

fc =



ρu
ρu2

ρuv
ρuw
0
0
0
0


, fp =



0
p
0
0

(ρE + p)u
0
0
0


, fb =



0
‖B‖2
8π −

1
4πB

2
x

−
1
4πBxBy

−
1
4πBxBz

‖B‖2
8π u−

1
4πBx(v · B)
0

uBy − vBx
uBz − wBx



.
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Eigenvalues of the three sub-systems

Convective sub-system: ∂tq+ ∂xfc = 0

Real eigenvalues (weakly hyperbolic):

λc1,2,3,4 = 0, λc5,6,7,8 = u.

Pressure sub-system: ∂tq+ ∂xfp = 0

Real/Complex eigenvalues (full set of eigenvectors):

λ
p
1,2,3,4,5,6 = 0, λ

p
7,8 =

1
2

(
u∓

√
u2 + 4(c2 − (γ− 1)(m+ k+ u2))

)
.

Magnetic sub-system: ∂tq+ ∂xfb = 0

Real eigenvalues (weakly hyperbolic):

λb1,2,3,4 = 0, λb5,6 =
1
2

u∓

√
u2 + 4

(
Bx√
4πρ

)2, λb7,8 =
1
2

u∓

√
u2 + 4

(
‖B‖2√
4πρ

)2.
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Numerical scheme



Semi-discrete first order scheme 1/3

1. Explicit sub-system (ρ? = ρn+1):

q? = qn − ∆t ∂f
c(qn)
∂x .

2. Implicit magnetic sub-system (Bx = const):

(ρu)n+1 = ρu? − ∆t ∂
∂x

(
pn + Bn · Bn+1

8π −
1
4πB

2
x

)
,

(ρv)n+1 = ρv? − ∆t ∂
∂x

(
−
1
4πBxB

n+1
y

)
,

(ρw)n+1 = ρw? − ∆t ∂
∂x

(
−
1
4πBxB

n+1
z

)
,

Bn+1y = Bny − ∆t ∂
∂x

(
(ρu)n+1

ρn+1
Bny −

(ρv)n+1

ρn+1
Bx
)
,

Bn+1z = Bnz − ∆t ∂
∂x

(
(ρu)n+1

ρn+1
Bnz −

(ρw)n+1

ρn+1
Bx
)
.
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x
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Semi-discrete first order scheme 2/3

Linear coupling of momentum and magnetic field equations

Bn+1y = B?
y + ∆t2 ∂

∂x

(
Bny
ρn+1

∂

∂x

(
BnyBn+1y + BnzBn+1z

8π

)
+

Bx
ρn+1

∂

∂x

(
BxBn+1y

4π

))

Bn+1z = B?
z + ∆t2 ∂

∂x

(
Bnz
ρn+1

∂

∂x

(
BnyBn+1y + BnzBn+1z

8π

)
+

Bx
ρn+1

∂

∂x

(
BxBn+1z
4π

))

where
B?
y = Bny − ∆t ∂

∂x

( Bny
ρn+1

(
ρu? − ∆t ∂

∂x

(
pn − B2x

8π

))
+

Bx
ρn+1

ρv?
)
,

B?
z = Bnz − ∆t ∂

∂x

(
Bnz
ρn+1

(
ρu? − ∆t ∂

∂x

(
pn − B2x

8π

))
+

Bx
ρn+1

ρw?

)
.

Remark. At this stage we seek only an update for B, ρv is not updated
Implicit diffusion can be added to this step to ensure stability throughout all flow regimes

Andrea Thomann Semi-implicit IMEX FV scheme for the MHD equations NAPDE 14/36



Semi-discrete first order scheme 3/3

3. Implicit energy (pressure) sub-system: [Boscarino, Russo, Scandurra (2018)] (AP for Mc → 0)

(ρu)n+1 = (ρu)? − ∆t ∂
∂x

(
pn+1 + ‖Bn+1‖2

8π −
1
4πB

2
x

)
,

(ρE)n+1 = (ρE)n − ∆t ∂
∂x

(
(ρEn + pn) (ρu)

n+1

ρn+1
+

‖Bn+1‖2
8π un − Bx

4π (v
n · Bn+1)

)
.

Linear elliptic equation with pn+1 = (ρEn+1 − ρkn − ρmn+1)(γ− 1)

(ρE)n+1 = (ρE)? + (γ− 1)∆t2 ∂

∂x

(
ρEn + pn

ρn+1
∂

∂x
(
(ρE)n+1

))
,

where

ρE? = ρEn − ∆t ∂
∂x

(
ρEn + pn

ρn+1
(ρu)?? + ‖Bn+1‖2

8π un − 1
4πBx(v

n · Bn+1)
)

(ρu)?? = (ρu)? − ∆t ∂
∂x

(
−(γ− 1)

(
ρnkn + ρn+1

‖Bn+1‖2
8π

)
+

‖Bn+1‖2
8π −

B2x
4π

)
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Semi-implicit splitting scheme [Boscarino, Filbet, Russo (2016)]

Autonomous system:

∂q(t)
∂t +H(qEx(t),qIm(t)) = 0, ∀t > t0, with q(t0) = q0.

∂q
∂t +

∂fc(qEx)
∂x +

∂fp(qEx,qIm)
∂x +

∂fb(qEx,qIm)
∂x = 0
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2nd order in time: semi-implicit IMEX schemes [Boscarino (2016)]

Autonomous system

∂q
∂t = H(qEx(t),qIm(t)), ∀t > t0, with q(t0) = q0.

Stage fluxes for i = 1, . . . , s (qnEx = qnIm = qn)

qiEx = qnEx + ∆t
i−1∑
j=1

ãijkj, 2 6 i 6 s,

q̃iIm = qnEx + ∆t
i−1∑
j=1

aijkj, 2 6 i 6 s,

ki = H
(
qiEx, q̃iIm + ∆t aii ki

)
, 1 6 i 6 s.

Numerical solution qn+1 = qn + ∆t
s∑
i=1
biki.

ãij,aij,bi ⇒ Butcher tableaux
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Spatial discretization on 3D Cartesian meshes

Finite volume data in each cell ωijk with 2nd order TVD reconstruction

qijk =
1

|ωijk|

∫
ωijk

q(x)dx, rijk(x) = c0 qijk + c1 (x − xi).

Flux operators for the convective sub-system

• Numerical flux operator F(f (q))

Fx(f (q)) =
Fi+ 1

2 jk
(f (q)) − Fi− 1

2 jk
(f (q))

∆x ,

with a Rusanov–type numerical flux function

Fi+ 1
2 jk

(q) = 1
2

(
f (q+i+ 1

2 jk
) + f (q−i+ 1

2 jk
)
)
−
1
2αi+ 1

2 jk

(
q+i+ 1

2 jk
− q−i+ 1

2 jk

)
,

The numerical dissipation is only proportional to λc:

αi+ 1
2 jk

= max
(
|ui+1jk|, |uijk|

)
.

• Central flux operator B(f (q)). The same as F(f (q)) with αi+ 1
2 jk

= 0.
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Cell-centered divergence-free operator

Magnetic vector potential A: ∇ · (∇× A) = 0 [Helzel (2011)]

B−∇× A = 0
∂A
∂t + (∇× A)× v = 0

Mimetic FD [Hyman & Shashkov (1997)] and DG [Boscheri (2023)]

• Gradient and curl operators:

G(q) =


Gx(q)

Gy(q)

Gz(q)

 =



qi+1jk − qi−1jk
2∆x

qij+1k − qij−1k
2∆y

qijk+1 − qijk−1
2∆z

, C(q) =


Cx(q)

Cy(q)

Cz(q)

 =


Gx(qz) −Gz(qy)

Gz(qx) −Gx(qz)

Gx(qy) −Gy(qx)


• Divergence operator: D(q) = Gx(qx) +Gy(qy) +Gz(qz)

div-curl discrete property:

D(C(q)) = Gx(Cx(q)) +Gy(Cy(q)) +Gz(Cz(q)) = 0
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https://www.sciencedirect.com/science/article/abs/pii/S002199911100091X
https://www.sciencedirect.com/science/article/pii/S0898122197000096
https://www.sciencedirect.com/science/article/pii/S0021999123002255


Numerical results



Moving MHD vortex — Modified initial condition from [Balsara (2004)]

ρ = ρ0 = 10−k, k = 0, . . . , 5

(u, v) = v0 +
ṽ
2π exp

(
1− r2

2

)
· (−r sin(θ), r cos(θ))

(Bx,By) = 0+
B̃
2π exp

(
1− r2

2

)
· (−r sin(θ), r cos(θ))

p = p0 +
1
2e

1−r2
(
1
8π

B̃2

(2π)2
(
1− r2

)
−
1
2ρ
(
ṽ
2π

)2)

Background density ρ0 = 10−k

k = 0 k = 1 k = 2 k = 3 k = 4 k = 5

Mc 1.606E+01 4.489E-01 1.529E-01 4.832E-02 1.529E-02 4.832E-03

b 1.549E-01 4.900E-01 1.549E+00 4.900E+00 1.549E+01 4.900E+01
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https://iopscience.iop.org/article/10.1086/381377
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time

∆
t 
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∆
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Riemann problems [Balsara (2016),Dumbser (2019)]
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https://www.sciencedirect.com/science/article/abs/pii/S0021999115006786
https://onlinelibrary.wiley.com/doi/full/10.1002/fld.4681


RP2 - RP3
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RP5 - RP6
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Time step comparison: ∆t with material CFL, ∆tMHD explicit time step

time

∆
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∆
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Blast problem [Balsara (1999)]
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https://www.sciencedirect.com/science/article/abs/pii/S0021999198961538


Time step comparison and divergence free property

time step
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Orszag-Tang vortex
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Field loop advection: Initial condition from [Dumbser (2019)]

Low acoustic Mach number regime

ρ = 1, (u, v,w) = (2, 1, 0), p = 105

The velocity field is such that advection does not occure along a diagonal, so the fluxes in x- and
y-directions are different

Magnetic vector potential scalable with A0 > 0: cylindrical current distribution

Az =

 A0(R− r) if r 6 R,
0 else,
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A0 = 10−3 original test set up from [Dumbser (2019)]
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A0 = 10−1
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A0 = 100
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3D cloud-shock interaction problem [Helzel (2013)]
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Conclusions



Conclusions and Outlook

Conclusions

• novel flux splitting for the ideal MHD equations;

• linear implicit-explicit time marching scheme;

• time step restriction dictated by transport velocity;

• cell-centered 2nd order in space and time;

• compatible discrete div-curl operator on collocated grids;

• by construction asymptotic preserving for the low acoustic Mach number limit.

Outlook

• Extension to Resistive MHD with implicit viscosity;

• Well-balancing?
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Thank you for your attention!

W. Boscheri and A. Thomann. A structure-preserving semi-implicit IMEX finite volume scheme
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Rotor problem
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