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Why we are interested in the MHD equations — Hyperbolic multi-scale system

Three scales in the model

- Transport via the local flow velocity v — material wave u
« Influence of the magnetic field B — Alfvén speed b
- Influence of the pressure p — sound speeds ¢

Parameters in the model

« Mach number: M. = |u]/c
« Alfvén “Mach” number: M, = |u|/b

Asymptotic process M, — 0:
Transition between compressible and incompressible Euler equations + magnetic field evolution
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Whishlist of properties for the numerical scheme

Structure-preserving

- Discrete consistency of the numerical scheme with involution constraint V- B =0

+ Discrete consistency with low acoustic Mach number limit, i.e. preserving asymptotics from
compressible to incompressible flow (Boscarino Russo Scandurra 2016)

« Applicability of the scheme in all regimes with respect to Mach and Alfvén numbers (Ability to
resolve shocks)

Efficiency due to

- stability under large time steps restricted by the fluid flow
+ avoiding staggering of meshes
+ avoiding non-linear implicit systems
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Ideal MHD equations

p oV
ofov| o |oveve(prBE)i-GBeB| (MHD)
ot | pE (pE+p+ 8L )v— LB(v-B)

B Bov—-veB

Computational domain: Q(x,t) C R® withx = (x,y,z) € Qandt € R}

p>0 — density

v =(u,v,w) —  velocity field

pE —  total energy

p>0 —  hydrodynamic pressure
B = (Bx,By,B,) — magnetic field

I — identity matrix

Involution: V - B = 0 (solenoidal property of the magnetic field)
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Ideal MHD equations: closure and eigenvalues

Total energy
pE=pe+pk+m  with kzlu\,Hz m— IBI”
2 ’ 8
Equation of state: ideal gas
pe = L with v > 0.

Eigenvalues in normal direction n

Mg=V-NFC, A7=V-NFby, Aeg=V-NFC, Ms=V-n,

1
;= 5 <c2 +b*F /(2 +b2)2 — 4c2bﬁ),

Yp 2 B> 2 (B-n)?
=" bP=-—"7 b
P 4rp

4rtp
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Ideal MHD equations: scaling

Non-dimensional variables: G = q/qrer

Stiffness parameters: M. = |v||/c (acoustic Mach number)
My = ||v||/b (Alfvén Mach number)

~ p"
P
e o p 1 ||BJ>? 1. -
o | AV PV RV %+—2H I I-—>B®B
5 i v Me My 2 b
p B 1/ PP By
PE+ — + — vV— —B(v-B)
B ( METMp2 )M
BRV—-V®B
where the total energy is given by
~ 1. 1Tm -
E - 445'e %— 2 T~ ‘F h
Mc bp
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Ideal MHD equations: wave speeds and time step restrictions
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. Transportv
slow magneto-acustic "

A v/ Alfvén
. | 0(1/M)

fast magneto-acoustic !
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Ideal MHD equations: wave speeds and time step restrictions

. Transportv
slow magneto-acustic

i v/ Alfvén

. | 0(1/mp)
fast magneto-acoustic !
0(1/Mz,1/M3) !
|
|
l

At > X
Xi
Explicit scheme:
AX
0 for M,—0"orM.— 0"

= max |Agl
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Ideal MHD equations: wave speeds and time step restrictions

slow magneto-acustic

fast magneto-acoustic
O(1/M,1/M3)

Transportv

Explicit scheme:
AX

= max |Agl

Semi-implicit/implicit-explicit scheme:
AX

At <
max |V|
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Flux splitting [Casulli (1990), Park (2005), Toro (2012), Cordier (2012) ]

IMplicit - EXplicit [Ascher (1997), Pareschi (2005)]
flq) =f™(q) +f'"(q)

oq  of *(q) , of "(q)
6T Tox T ox

=0.

« Explicit hyperbolic sub-system with eigenvalues AP

=0.

oq | of ¥(q)
67t+ 0x

« Implicit (hyperbolic) sub-system with eigenvalues A'™:

flm
2q , of"(q)

ot x

AX

stability condition of the numerical scheme: At < m(izn e
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https://www.sciencedirect.com/science/article/abs/pii/002199919090091E
https://onlinelibrary.wiley.com/doi/abs/10.1002/fld.1032
https://www.sciencedirect.com/science/article/abs/pii/S0045793012003398
https://www.sciencedirect.com/science/article/abs/pii/S0021999112002069
https://www.sciencedirect.com/science/article/abs/pii/S0168927497000561
https://link.springer.com/article/10.1007/s10915-004-4636-4

One-dimensional MHD model

1D MHD equations
oq  of(q) 0By
= =0, —X=0
ot + ox > ox
p pu
2 IBI> 1 .,
=L "
pu pu+p+ oy 4 O
]
pv puv — EBxBy
pw 1
— —ByB
q= ., flg) = PO ™
” Erpe 1By Tp g
By P p 87 4t~
0
By
B uB, — vBy
z
uB, — wBy
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1D MHD equations: splitting scheme of [Dumbser (2019)]

| =0
at+ 0Xx + 0X
u
P 0
2, IBI> 1,
=L _ B
pu”+ 87 Lot ¥ p
1
puv—GBxBy 0
1 0
= puw — 7 BxB: , = , h=e+?
1 hou P
(pR+2m)u — —By(v - B)
4t
0
0
0
uB, — vBy
0
uB, — wBy

= stiffness of the acoustic Mach number (M,)
= dependence of time step on Alfvén Mach number (M)
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https://onlinelibrary.wiley.com/doi/full/10.1002/fld.4681

1D MHD equations: splitting scheme of [Fambri (2021) ] — talk of E. Sonnendriicker

9q  of(q)  of(a) of°(q)

=0
ot 0X + 0x 0x
0
pu 0
i [
pu p 871 4o X
1
puv 0 —EBXB),
puw 0 _1
=1 1 =, - e
u u 1
P P 2mu — —By(v - B)
0 0 47t
0
0 0
uB, — vBy
0 0
uB, — wBy

= stiffness of the acoustic and Alfvén Mach number (M.,Mp)
= dependence of time step only on convection!
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https://onlinelibrary.wiley.com/doi/full/10.1002/fld.5041

Semi-implicit flux splitting for MHD [Boscheri and T. (in revision, ArXiv)]

pu
pu
puv

puw

o O o o
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<
=
o o o + o o Tw o
o
=
=

f =

Bl 1o

87r1 L4t ¢
~ BBy

1
—[TBXBZ

TU
B 1
IBI* 1 g (v.B)

87 47t

0
uBy — vBy

uB, — wBy
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https://arxiv.org/abs/2403.04517

Eigenvalues of the three sub-systems

Convective sub-system: 9,q + 0,f =0

Real eigenvalues (weakly hyperbolic):

Cc . C —
N23s=0, Asgs5=0U.

Pressure sub-system: 0;q + 0,f" =0

Real/Complex eigenvalues (full set of eigenvectors):

1
}‘?,2‘3‘4,5‘6 =0, Ng= 5 <U FVRH4C—(y—1(m+kR+ uz))).

Magnetic sub-system: 9,qg + 9,f° =0
Real eigenvalues (weakly hyperbolic):

UF\[u?+4 B 2 A 1 UF |\ u2+4 ABI. ’
VT LA ) N

1
b b
7‘1,2‘3,4 =0, 7\5,6 = E

lrreda Andrea Thomann Semi-implicit IMEX FV scheme for the MHD equations NAPDE 12/36



ln

ps

za—

Numerical scheme



Semi-discrete first order scheme 1/3

1. Explicit sub-system (p* = p"*"):
of(q")

q =q"—At—
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Semi-discrete first order scheme 1/3

1. Explicit sub-system (p* = p"*"):

of'(q")
* __
q =q"— At T
2. Implicit magnetic sub-system (B, = const):
9 B" . Bn+1 1
n+1 __ * n o 2
(pu)™ = pu At (P R mex),

3/ 1
(ov)™" = pv* — At— (—EBXB;“),

ox
0 1
(pw)"*! = pw* — Ata *?BxBQ“)»

4
1 _

By =By — Aty (o By = T Be)s
+1 _

B _BQ—Ata( B B
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Semi-discrete first order scheme 2/3

Linear coupling of momentum and magnetic field equations

Bn+1 B*+At2 0 Bg i Bng+1 +BQBQ+1 + BX i BXBQ+1
- ox \ p"+1 dx 8m pnt1ox \ 4w

o [ B o (BIBITT4 BIBI B, d (BB
B”+1 _ B* Atz z Y y=y zZ-z X e X~z
+ ox \ p"t1 ox 87 + P+ 0x 47t

. o ( By ) 0 B2 B,

B) =By — Aa( T (P“ a*(P —§>)+pn+1p")
Al
Alox

N 2/ B [ B2 By
o (o ) o).

Remark. At this stage we seek only an update for B, pv is not updated
Implicit diffusion can be added to this step to ensure stability throughout all flow regimes

where
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Semi-discrete first order scheme 3/3

3. Implicit energy (pressure) sub-system: [Boscarino, Russo, Scandurra (2018)] (AP for M, — 0)

0 B> 1
n+1 _ *At—[prr 2 g2
(pu) (pu) o (P *t an 4B )

(08 = (08" — At ((oE" + pr) UL 4 B o Br o gy,
0x -1 8m 4

Linear elliptic equation with p"*! = (pE"™" — pk" — pm"™*1)(y — 1)

n+1 _ * 0 pE”"’pn i n+
(0B = 106)" + [y e (PP 2 (1) ),

where

2 (0F"+p" 8,
E* = pE" — At 7 (pu)** + ———u" — —B,(v"-B"""
p e R L

oAt APUORY ool G W L el G
(o = (pu)* = e (~ty =) (ke oo B ) JECIE B
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https://link.springer.com/article/10.1007/s10915-018-0731-9

Semi-implicit splitting scheme [Boscarino, Filbet, Russo (2016)]

Autonomous system:

oq(t .
%Jr}c(qfx(t),q,m(t)):o, Vtsto,  with  qlto) = qo.

fc X fp XY m fb X m
6j+6 (QE)+3 (Gex, Qi )+a (Qex, Gim)

dt ax ox ox =0
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https://link.springer.com/article/10.1007/s10915-016-0168-y

2" order in time: semi-implicit IMEX schemes [Boscarino (2016)]

Autonomous system

oq _

Tl H(Qex (), qim (1)), vt > to, with q(to) = qo.

Stage fluxes fori=1,...,s (q% =q/, =q")

i—1

i = Q7 + At Z aikj, 2<i<s,
=
i1

im = Qi + ALY _ajk;, 2<i<s,
=

ki:%(q[Ex»ﬁ;m+Ataiiki>y 1<i<s

S
Numerical solution "' = q" + At }_ b;k;.

i=1

ajj, ajj, by = Butcher tableaux
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https://link.springer.com/article/10.1007/s10915-016-0168-y

Spatial discretization on 3D Cartesian meshes

Finite volume data in each cell w;;, with 2"® order TVD reconstruction
1

o | a0 = cogu+ o x-x).
ij

Wik

quk

Flux operators for the convective sub-system

« Numerical flux operator F(f(q))

Fi1ef(@) = T (f(@)

Fi(f(q)) = - :

with a Rusanov-type numerical flux function

1 1 -~
Tyl @ = 5 (F0 ) + £ 30) = 5% 3 (9720 — O3 )

The numerical dissipation is only proportional to A%

Xipljk = max (|Uj1jel, [Uijel) -

+ Central flux operator B(f(q)). The same as F(f(q)) with Xip 1 = 0.
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Cell-centered divergence-free operator

Magnetic vector potential A: V - (V x A) = 0 [Helzel (2011)]
B-VxA = 0
0A

E—.—(VXA)XV =0

Mimetic FD [Hyman & Shashkov (1997)] and DG [Boscheri (2023)]

+ Gradient and curl operators:

Qitijk — Gi-ijk

Gx(q) 2AX (Cx(q) Gx(qz) - Gz(qy)
G@=| Gl |=| T | cla=| Gl |=| Gla)-Cia)
G,(q) Qijr1 — Gije—1 C:(q) Gx(qy) — Gy(gx)

2Az

- Divergence operator: D(q) = Gx(gx) + Gy(qy) + G.(q,)
div-curl discrete property:

D(C(q)) = Gx(Cx(q)) + Gy (Cy(q)) + G,(C,(q)) =0
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https://www.sciencedirect.com/science/article/abs/pii/S002199911100091X
https://www.sciencedirect.com/science/article/pii/S0898122197000096
https://www.sciencedirect.com/science/article/pii/S0021999123002255
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Moving MHD vortex — Modified initial condition from [Balsara (2004)]

p = 90:104?) k:o, a5
) = Vot L exp( 120 - (“rsin(6), rcos(0))
, = Vot o_ep|— sin(0), r cos
B —r )
(B,By) = 0+ - exp( 5 > - (—rsin(0), rcos(0))

B 1, .(1 B N NAAS
P = Potye (sﬂ(zmz“‘r)‘zp(m)

Background density py = 10~F
k=0 k=1 k=2 k=3 k=4 k=5
1.606E+01  4.489E-01 1.529E-01  4.832E-02 1.529E-02  4.832E-03
1.549E-01 4.900E-01 1.549E+00 4.900E+00 1.549E+01 4.900E+01

Mc
b
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https://iopscience.iop.org/article/10.1086/381377

brzia—

Po Ny =Ny 14 u 14 B Az
32 7.13e-02 4.40e-02 5.86e-02 8.26e-02 4.94e-02

100 64 1.63e-02 2.13 9.16e-03 2.26 1.65e-02 1.83  2.20e-02 1.91 1.25e-02 1.99
128 3.79e-03 210 2.18e-03 2.07 4.19e-03 1.98 5.66e-03 1.96 3.14e-03  1.99
256 9.26e-04 2.03 6.79e-04 1.69 1.05e-03 1.99 1.54e-03 1.88 8.12¢-04 1.95
32 2.33e-03 3.50e-02 6.84¢-03 8.21e-02 4.84e-02

101 64 6.39e-04 1.87 855e-03 2.04 1.91e-03 1.84 2.17e-02 1.92 1.23e-02 1.98
128 1.62e-04  1.98 2.14e-03 2.00 4.90e-04 1.96 5.53e-03 1.97 3.09e-03 1.99
256 4.08¢-05 2.00 6.71e-04 1.67 1.24e-04 199 1.5le-03 1.87 7.99¢-04 1.95
32 4.12e-04 9.14e-02 3.90e-03 9.05e-02 5.02e-02

10-2 64 7.64e-05 243 2.45e-02  1.90 9.82e-04 1.99 2.32e-02 196 1.24e-02 2.02
128 1.63e-05 2.23  6.27e-03 1.97 2.69e-04 1.87 5.85e-03 1.99 3.08e-03 2.00
256 3.92e-06 206 1.63e-03 1.95 6.83e-05 1.98 1.58¢-03 1.89 7.95e-04 1.95
32 2.80e-04 2.07e-01 3.45e-03 9.44e-02 4.80e-02

10-3 64 4.50e-05 2.64 5.88e-02 1.81 9.63e-04 1.84 2.06e-02 2.20 8.76e-03  2.46
128 5.95e-06  2.92 1.72e-02 1.77  1.98e-04 2.28 4.45e-03 2.21 1.79e-03  2.29
256 8.10e-07  2.88  4.69e-03 1.88 4.74e-05 2.06 1.19e-03 1.90 4.6le-04 1.96
32 1.55e-04 1.67e-00 1.28e-02 2.60e-01 2.15e-01

1074 64 4.98e-05  1.64 2.25e-01  2.89 4.49e-03 1.51 8.0le-02 1.70 4.92e-02 2.12
128 5.87e-06  3.09 3.44e-02 271 82le-04 245 1.55e-02 237 7.77¢-03  2.66
256 7.22e-07  3.02  9.02e-03 1.93 1.30e-04 2.66 2.45e-03 2.66 1.14e-03  2.76
32 1.85e-05 8.14e-00 1.32e-02 2.85e-01 2.35e-01

10-5 64 9.85e-06 0.91 8.62e-01 3.24 6.75e-03 0.96 1.24e-01 1.20 8.47e-02 1.47
128 1.41e-06 2.81 8.42e-02 3.36 1.64e-03 2.04 3.04e-02 2.03 1.70e-02  2.32
256 1.61e-07 3.12  2.05e-02 2.04 2.71e-04 2.60 4.85e-03 2.65 2.54e-03 2.74
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10° - ————— p,=10?
- b p,=10°
i ——<—— p,=10"
B — p°=105
;—G—V’M—LrA‘V
10° |-
fv—a<a<<<ea< e B T <
2 B
‘_E |
< B
5 -
10" [
10° 1 1 1 1 ]
0 0.2 0.4 0.6 0.8 1

time
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Riemann problems [Balsara (2016),Dumbser (2019)]

brzia—

Case P u v w p B, By B, ty

rRp1 U 1.0 0.0 0.0 0.0 1.0 0.75Vdr  +Vinm 0.0 0.10
R: 0.125 0.0 0.0 0.0 0.1 0.75Vdn —Vin 0.0

RP2 L: 1.08 1.2 0.01 0.5 0.95 2.0 3.6 2.0 0.2
R: | 0.9891 -0.0131  0.0269 0.010037 0.97159 2.0 4.0244 2.0026

RP3 L: 1.7 0.0 0.0 0.0 1.7 3.899398  3.544908 0.0 0.15
R: 0.2 0.0 0.0 —-1.496891 0.2 3.899398  2.785898  2.192064

RP4 L: 1.0 0.0 0.0 0.0 1.0 1.3vV4n +Var 0.0 0.16
R: 0.4 0.0 0.0 0.0 0.4 1.3vVix -Virn 0.0

RP5 L: 0.15 21.55 1.0 1.0 0.28 0.05 -2.0 -1.0 0.04
R: 0.10 —26.45 0.0 0.0 0.10 0.05 +2.0 +1.0

RP6 L: 1.0 36.87 -0.115 —-0.0386 1.0 4.0 4.0 1.0 0.03
R: 1.0 -36.87 0.0 0.0 1.0 4.0 4.0 1.0

RP7 L: 1/puo -1.0 +1.0 -1.0 1.0 1.0 -1.0 1.0 0.25
R: | 1/mo -1.0 -1.0 -1.0 1.0 1.0 +1.0 1.0
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https://www.sciencedirect.com/science/article/abs/pii/S0021999115006786
https://onlinelibrary.wiley.com/doi/full/10.1002/fld.4681

RP2 - RP3

brzia—

08

< SIFV-EB
Reference solution

1
0E 04

FV-EB
Reference solution

025
N ST T -
05 -04 03 02 01 0 01 02 03 04 05
x
Andrea Thomann

= SIFV-EB
——— Reference solution

T 1
04 03 02 01 0 01 02 03 04 05
x

IFV-EB
Reference solution
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RP5 -

RP6

SIFV-EB
Reference solution

05

Reference solution

25

brzia—

T T
04 03 02 01 0 01 02

Andrea Thomann

EB
Reference solution

2500
Reference solution
2000

1500 f-

a0

TN FOVT BTN TV
05 04 03 02 0.1 0
x

TPPRET IV TOU T |
01 02 03 04 05
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Time step comparison: At with material CFL, Atyyp explicit time step
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Blast problem [Balsara (1999)]

.5 -04 0.3 -02 -0.1 o 01 02 03 04 05

%5 04 03 02 01 0 01 02 03 04 05
x

0.5

05 -04 03 02 -01 0 01 02 03 04 05 X 4 -03 02 01 0 01 02 03 04 05
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https://www.sciencedirect.com/science/article/abs/pii/S0021999198961538

Time step comparison and divergence free property

Blast test
Rotor test

1010

107"

At/ Ayyp

10"

0H\\|\\Hl\H\|H\\|\\Hl\H\lHHlHHlHHlHHl 107
100 200 300 400 500 600 700 800 900 1000

time step

Blast test
Rotor test

a0 U e H et e

50 100 150 200 250 300 350 400
time step
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Orszag-Tang vortex

4 3 4 5 6 0 1 2 3
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Field loop advection: Initial condition from [Dumbser (2019)]

Low acoustic Mach number regime
p=1, (U,V,W) :(2a1>0)> p:105

The velocity field is such that advection does not occure along a diagonal, so the fluxes in x- and
y-directions are different

Magnetic vector potential scalable with Ay > 0: cylindrical current distribution

Ag(R—r) if r<R,

A, =
0 else,
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https://onlinelibrary.wiley.com/doi/full/10.1002/fld.4681

Ao = 1073 original test set up from [Dumbser (2019)]
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https://onlinelibrary.wiley.com/doi/full/10.1002/fld.4681
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3D cloud-shock interaction problem [Helzel (2013)]
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Conclusions and Outlook

Conclusions

- novel flux splitting for the ideal MHD equations;

- linear implicit-explicit time marching scheme;

+ time step restriction dictated by transport velocity;

- cell-centered 2" order in space and time;

- compatible discrete div-curl operator on collocated grids;

+ by construction asymptotic preserving for the low acoustic Mach number limit.

Outlook

 Extension to Resistive MHD with implicit viscosity;
+ Well-balancing?
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Thank you for your attention!

for ideal magnetohydrodynamics at all Mach and Alfvén numbers. Under revision in J. Sci.
Comput. 2024

andrea.thomann@inria.fr

WB received financial support by Fondazione Cariplo and Fondazione CDP (Italy) under the project
No. 2022-1895 and by the Italian Ministry of University and Research (MUR) with the PRIN Project 2022
No. 2022N9BM3N. WB is member of the GNCS-INdAM (Istituto Nazionale di Alta Matematica) group.

Andrea Thomann Semi-implicit IMEX FV scheme for the MHD equations NAPDE

36/36



Rotor problem
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