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First idea: discretizing the Manifold

Consider the Manifold as embedded in R" (usually a surface in R®), and
approximate it with piecewise flat elements.




First idea: discretizing the Manifold

Consider the Manifold as embedded in R" (usually a surface in R®), and
approximate it with piecewise flat elements.
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Problem:

Limited to low order discretization,

as the geometrical error dominates,
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Intrinsic approach

e Define elements on a flat space
e Maps to the manifold using pullbacks



Remark

Equivalent to discretizing in a chart:

< | Intrinsic2
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[t works (sometimes™) |

. Example h

Torus viewed as a square with periodic boundary conditions

S ¢

A y,




In general, we need several charts in an atlas

P10, lisa diffeomorphism, and do not need to preserve polynomials or
flatness.
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General difficulties

Lack of a global objects

e No coordinates systems = hard to define polynomials
e No global chart = hard to define a mesh

We need to define the method locally



Fully discrete methods

Flexibility for the interfaces

e [ocalized
e Mild compatibility conditions on interfaces

D. A. Di Pietro, J. Droniou
2021



Discrete objects

An element u of the discrete space X, is a

collection of local functions over the cells,
edges and vertices:

u = {((uy)vey,, (UE)Eee,, (Ur)FeF,)}.

In general:

U = {((uf)fe(]-cellsa (uf)fel-cellsa A (uf)fed—cells)}-




Mesh on Manifolds

Intrinsic definition, not relying on charts

e Flat" is not meaningfull
e Since we do not work on a vector space, the convex hull is not

meaningfull
e The topological information remains: faces are in the boundary of cells...



Let () be an n dimensional manifold.

Definition

A d-cell is a submanifold of ) of dimension d. We denote by A4(M}) the set
of d-cells,

e The submanifolds cover ():

J U s-o

de(0n| feA (Mp)

e The submanifolds are pairwise disjoint: Vf, f' e My, f# f' = fn f' =0
e Boundaries of the submanifolds are submanifolds:

vd € [1,n], f € Ag(My),d €[0,d—1], f € Ag(M}), f' N f#0= f C df.



Example on the sphere

\
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O-skeleton 1-skeleton 2-skeleton
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Remarks:

e The manifold do not need to be embedded in R",

e Cells do not need to be flat in any particular chart. In particular, we can

apply the method to a domain of R"™ discretized with curved elements.

e The only constraint on cells is that they must be C 2-c:li’ffeorm:rphic to
contractible polytopes.
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Basis functions

e Each cell is characterized by a reference polytope.

e The manifold is given by an atlas.

e The basis functions live on the (exterior algebra of) references
polytopes.

e The charts are only used to specify the metric, and to compute the trace
operators,

e The basis functions are mapped to the charts from the references
elements by pullbacks,

e A single cell may live in any number of charts, the only requirement
being that all elements on its boundary are also parametrized in these
charts.

In practice, charts are also used to simplify mesh generation, keeping
- elements flat where possible,



Compatibility condition

Assumption

For every 0 < d < nand f € Ayg(My), there is a C*-diffeomorphism I;
from a subset of R? into f. Let J s := (If)~'. We assume that, for all
f' € Ag_1(Myp,), the transformation

from (a subset of)

Tipri=dJgoLypoly

R4-1 t5 R9 is affine,

This is similar to the regularity requirement of finite element, but much

milder:

e Requires affine mapping instead of identity.

e The condition only appears through a d — 1-dimensional space, which

need not to be the trace of a d-dimensional one.



Notion of regularity for the mesh sequence

Manifold mesh = Polytopal (flat) mesh = Simplicial mesh.

e Simplicial mesh (shape regularity):

ph, <r..

e Polytopal mesh (contact regularity): /
PhT < h’}"'



Definition: Equivalent polytopal mesh

A manifold mesh My, is said to be equivalent to a polytopal mesh Mj, is

e For all dimension 0 < d < n, there is a bijection
P, : Ag(Myp) — Ayg(My) between their d-cells,
e They are topologically equivalent: V1 < d < n,Vf & Ad(Mh),

P4-1(Ada-1(f)) = Ad-1(Pa(f))-

e Their geometry are equivalent: Vf € My, there is a diffeomorphism
¢¢: f— Pq(f) such that:

[Vl ~ lldet(Vey)[|Z ~ Hdet(vt?f’fl)‘j A HV¢5}1H:-

e The geometry is regular on boundaries: V1 < d < nVf € Ag(Mpy),
Ve Aa-1(f),

IVoilloe # VOl oo

< | MeshReqularity2



Example of construction

L(t) = (91(2), h(2)),
I(t) = (t+1,61),

I3(t) = (gs(t), h(2)),
Ly(t) = (t(a — 1) +1,0,),

Ii(t,p) = (Pgl(t) (1 —P)93(t))

h(t)

h(1) = 05,

1) = a, (2.61)

E1

E4

’Jf(a, b) ;

(1,62)

% (0,0)



Building a mesh on the sphere

Flat

< | MeshSphere
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Discrete De Rham on Manifolds

e The unknows lives on elements of various dimension, and are fully
independents,

e The differential operators are defined to mimic integration by parts
formulas.

e Potential reconstruction operators combines information from a cell
and 1ts boundary to give an higher degree, cell-wise polynomial,

e Interpolators commute with the continuous and discrete differential

opeators,



Discrete objects

An element u of the discrete space X, is a

collection of local functions over the cells,
edges and vertices:

u = {((uy)vey,, (UE)Eee,, (Ur)FeF,)}.

In general:

U = {((uf)fe(]-cellsa (uf)fel-cellsa A (uf)fed—cells)}-




Discrete H(div) space

e Letv € H(div;T). For any g € P*(T), we have

/divv q = — v-gradqg + ZWTF/(v'nF) q
T F

—— T N— —
cP*(T) cG*1(T) Felr P (F)

e Hence, 71';_% —~dlv v can be computed given ﬂ'j“v U and W% U NF.



e Based on this remark, we take as discrete counterpart of H(div; T
Xfﬁﬂ = {v,. = (vr, (VF)Fer,) : v7 € N*(T) and vp € P*(F)}

k :
* Let Ly 1

DDDDDD



e The discrete divergence D, : Xﬁiv -~ — P*(T), such that Vg € P*(T)

fD'%qu:—fvT-graqur ZwTFf’UFQ
T T F

FE}_T

e The potential reconstruction P(ﬁv A Xﬁ T Pk(T), such that
\v/q c fPO,k—I—l (T)

waT'U -gradq:—/D'%gTqu Z WTF/’UFQ
T T F

FEFT

e These constructions are consistent on polynomaials

DT(Ik v) = divw and PdW T(Ik w) = w for all w € RT (T



26/51

Proof of the commutation property

/ DL v g f xt v gradg+ 3

FEFT

——f'v-gradq+ Z WTF
T

FGFT
:/ div v q.
T



Notion of Polynomial

As there is no natural notion of polynomial on manifolds, we seek spaces
mimicking their properties,

S PAE) S P A (S

d
) — ...

= PLANF) & P AP
e P.ANf) := @D,., HsA(f) such that,

Vs, 1,3, € R,Vp € H AN F),(d+Kd)p = Agp
e The eigenvalues identify the degree: Vd > 0,0 <[ < d,

As; = Agy <= § = §'. Moreover, A;; = 0 < (s,1) = (0,0).
e dH A (f) # {0} when!l < dand s > 0.




This ensures

P?"Ao(f) — POAO(f) D K’Pr—lAl(f)
P A (f) =dP, A7) @ kP ATHF), 1>1

Trimmed polynomials

P, A (f) := P A ()
P A(f) :=dP, AN f)® P, ATH(Sf), 1>1

4 N

Assumption

try P, AY(f) C P A(S'), V'€ df.
S )

Possible to construct from pullback using appropriate parametrizations.




General case

The divergence formula is a special case of the Stokes formula:

/da:/ LQx,
f of

where f is a d-dimensional manifold and a¢ad — 1-form. Combined with
the Leibniz rule

d(aAB)=danB+(-1)aAnds,

we obtain the integration by part formula

/fda/\ﬂ:(_1)k+1/1fa/\d’8+/afmm’8’

where aisa k-formand fad — 1 — k-form.



Discrete spaces

Spaces definition

Given a polynomial degree r > 0, the discrete counterpart X f , of the
space HAk(Q), 0 < k < n,isdefined as

n

Xop=X X P ATHS).

d=k fEAd(Mh)

Interpolator definition

The interpolator Lff - COAF(Q) — th is defined by projecting the
traces on the polynomial spaces: for allw € C°A*(Q),

k —1 _:rd_k
I w:= ("m0 " & trpw) fen (M) delkn]



Discrete differential and potential

Let f € Ag(M},). We define dfff Xk — x YPL AL
Pff : Xff — % P, A?*(f) as follows:

o If d = k¢

Pkfw

P W= W € * 1P A ().

e Ifd >k + 1
© vﬂf = PrAd_k_l(f):

/fdifgf/\‘u,f = (_1)k+1[fwf/\duf+Afpr%af{ﬁf/\trafufj

Vg € KPASE(f),vp € K Py ATR(),

(—1 )k+1[kafw A(dpg+vy) = /fdrfwf/\ﬂf Akaafwaf/\tfafuer



The full discrete differential is given by:

k -1__—,d—k-1
th B - (* . f *drf f)feAd(Mh) dek+1,n|-

The discrete L*-like inner product is given by:

CVNEEDD )(AWf/\*uf

fEAn(Mh

n—1
+;h?}_d > /f(wf’_trf’ Pr]ffﬂf)/\*(“f’_trf’Pkf“ )

f'eAaq(f)



About the Hodge star

e The expression are the same as in the flat case,

e The Hodge star is trivial on flat spaces, but does not preserve
polynomial spaces on manifolds,

e The test functions must be polynomials,

[fa/\,@: (a,*_lﬁ)f = (xa, B)

e We are actually solving for xd and xP.



Algebraic properties

. Pk dk’fl ;= d?lffl w,

. d; d;'w, =0

. *_17r_jfd " x Pr’ffgf — Wy

- df (I} w) = 15 (dw) Y € CTAK(F)

Ker df 1 Ker d*+!

Imd*,  Imd*



Consistency

Under the assumption

1 _d—k 1 LAF
* WP,f * W — W ff_,h?;r ‘W‘HHIMU) Vw € HH A (f)a

Primal consistency

5 hﬂ_l‘w

Pl I 0w o Ywe HAKS A),

f

ghr—l—l‘dw

cra Vwe C'AM(f) st dw e HIARH(f; A).

d; ;I jw — dw||

¢ aa
‘w‘ﬂf;.& . — Z hfZ ‘trff w|HT_1Ak(f’r) \?/w - HT+1Ak(f; A).
d'=k

H™AY(f;A) = {w e HAY(f) : trpwe HA(f') Vf € Aa(f),Vd € [k,d — 1]}

e
of



Partial differential equations on manifolds

How does the physic translate on curved space ?



Partial differential equations on manifolds

How does the physic translate on curved space ?
One easy way is to consider intrinsic formulations,.

< | EMintro



Maxwell equations

Letting I' = %F wadxh A dr” denote the electromagnetic field tensor, the
Maxwell equations are given by:

dF =0,
d«F =¢ ' * 7,

where € is the permittivity of the meidum, and j the electric 4-current.

In 3 dimensions J

0 E./c E,/c E./c
-EB,/)c 0 —-B, B,
-FE,/c B, 0 —-B;
—-FE,/c —B, B, 0

F =



Follation and 2 + 1 decomposition

We decompose a 2 + 1 space-time manifold into spatial slices
corresponding to level sets of a time function ¢. The metric is given by

_N? i 2 .
(Guv) = ( |'8"r /63)’

/8?3 Yi;

where 7 is the metric on the spacial surfaces, IV is the lapse function, and
[ the shift.



e

Remark

While the shift #is important in numerical relativity to avoid

degeneracy, it is not necessary for the Maxwell equations.

A

B and NN reflect a gauge choice in the parametrization of the manifold.

\\

We consider the case § = 0.
We define the future pointing unit normal to the spatial surfaces by

n:=(—Ndt)*



The magnetic and electric fields

We retrieve the magnetic field B and the electric field E as

E=—,F,
B := 1,(xF).

Explicit decomposition

The electromagnetic tensor field can be written as

0 E, E,
F=|-E, 0 B
~E, -B 0

Compared with the 3 dimensional case, the magnetic field becomes a scalar field.



Some identities

Denoting with a tilde ™~ the respective operator acting on the 2
dimensionnal surfaces:

o F=n’AE 4+ B, vol.

dF =dtA [d(NE) + Lyn(Bvol)],
dxF = d%E + dt A [Lya.(*E) — d(NB)].

. *i:pval—thij.



Equations

In the case of a time independant metric and for NV = ¢ constant, the
Maxwell equations become

dE = — ;B
SE=L
€0
~ - 1 ~
0B = }L{);I | 5 E?tJE?
C

1

c2eqg °

where B’ .= %BVE)I, and Lo :=

To simplify, we work in geometric units and take c = ¢y = 1.



Scheme

The discrete scheme is built on X := X i , X X ;“: , and reads: find

(E,,B,) € C'([0,T], X}) such that for all (v}, v7) € X},

d, ,E,(t),v;)

(B, (t),d, ,v,)

o <8tE (t),yi),

<!i,hj(t)vyi> T (813Eh(t),2i>-



Discrete charge density

Defining the discrete electric charge as Vt € |0, T'| ,\v’yg S X?,h’

A

t
(pn(t),v,) = —(E,(0),d, ,v,) + fo (I, ,J(s),d, ,v,)ds

we have

(B, (t),d, ,v,) = —(pn(t),v,)  Vte[0,T],Yv, € X ,.

Definition of py,

The definition is equivalent to (Qi?h)TEh(t) = —pp(2).



Energy preservation

In the absence of a current density, the solution satisfies

<8tEhaEh> T <8t5hagh> = 0.

This ensure the preservation of the total energy of the system when
using time discretisation scheme preserving quadratic invariants.



Numerical test

Exact solution on the sphere

On stereographic projections, the metric is given by

A0 1
v = ;A= .
0 A (1+ X?24+Y?2)?
The differential are given by

1 1

) (8}(EX -+ 8yEy),
5(Bvol) = 9y Bd X — 0xBdY.

((9){EY — 6yEx)V:)1, —SE —



Reference solution

North:

B=[(X*+Y*—1)cos(t) + X*+Y*+1—2Xsin(t)| dX AdY,

E=Y((2— X°-Y?)sin(t) — 2X cos(t))/4d X

+ X((X*+Y?—2)sin(t) + (3X°* +Y? — 3) cos(t)) /4dY,

p =0,

J=[Y(3(X*+Y?%)?*/2(1 + cos(t)) + (X* + Y?*)(3 + 5/4cos(t))
+1/2 — cos(t)) — XY (2X° +2Y? +5/2)sin(t)] d X
+[—X(3(X?+Y?%)?/2(1 +cos(t)) + (X*+Y?)(3+5/4cos(t)) + 1/2
—cos(t)) + (10X* + 12X2Y? +15X% + 2Y* + 5Y?% — 1) /4sin(t)| dY

4 Remark

AN

N

The solution is merely C*.

4

South:

B=[(X*+Y?*—1)cos(t) — X* - Y? -1+ 2Xsin(t)|dX AdY,

E=Y((2— X*—Y?)sin(t) + 2X cos(t))/4d X

+ X((X*+Y?—2)sin(t) — (3X* +Y* —3)cos(t))/44dY,

0,

[—Y(3(X* +Y?)?/2(1 — cos(t)) + (X* + Y?)(3 — 5/4cos(t))
+1/2 + cos(t)) + XY (2X* +2Y* 4+ 5/2)sin(t)| d X

+ [X(3(X?+Y?)?/2(1 — cos(t)) + (X? +Y?)(3 — 5/4 cos(t)) +1/2
+cos(t)) — (10X* 4+ 12X%Y? 4+ 15X? +2Y* + 5Y2 — 1) /4sin(t)| dY.

P
J
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Results

——r=0——r=1w-r=2—-—r=3—-—r=4
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Figure 2: Absolute error L? integrated over time and space vs. mesh size.
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Sources

Library: https://mlhanot.github.io/Manicore/
e General structure inspired by the HArDCore library.
e Implement the de Rham sequence in any dimensionn > 2.
e New mesh format given in two parts:
1. A json file giving the topological information,.

2. A shared library giving the geometrical information with
user defined functions,
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