
Branching Problems and Symmetry-Breaking

Introductory lectures at IHP Paris, January 2025

trisemester program on

Representation Theory and Noncommutative

Geometry

Bent Ørsted, Aarhus University

January 13–17, 2025

This lecture is part of the sequence

• Introduction to Representation Theory (3h), Birgit Speh

• Different Aspects of Rankin–Cohen Operators (2h), Michael Pevzner

• Branching Problems in Representation Theory (3h) Toshiyuki Kobayashi

• Geometric and Analytic Aspects of Branching Laws (2h) Bent Ørsted

with the purpose of introducing key concepts and indicating recent ad-
vances in representation theory of Lie groups, with a special emphasis on
branching problems for infinite-dimensional representations of real reductive
Lie groups. Below is included a list of references for further reading.

Overview and motivation

In these lectures will be explained some of the basic mathematical theory of
group representations, mostly of reductive Lie groups, and their structure
via the theory of branching problems and intertwining operators. Thus the
aim is to consider a group G and a subgroup H and a representation π of
G in some vector space V (depending on the category, say Hilbert space
for a continuous unitary representation, or a Fréchet space for a smooth
representation). Now for a representation πH of H in V H of a similar nature
we wish to consider the restriction of π to H and look for a linear H–
equivariant map between them, i.e.

T : V 7→ V H , πH(h)T = Tπ(h), (h ∈ H).
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Again, depending on the category, we may want T to be say a partial
isometry or just continuous. Such an operator we call symmetry-breaking,
and in the special case of H = G it is just an intertwining operator, already
an interesting class of operators. See [7] for an overview. Constructing such
operators is closely connected to the problem of decomposing the restriction
of π to H as a kind of sum or integral of irreducible representations of
H, the so–called branching problem. If π is a unitary (always continuous)
representation of a Lie group G the restriction to a one-parameter subgroup
U(t) = π(exp(tX)) is the Fourier transform of a spectral measure on the
real line, and the generator dπ(X) = d/dt|t=0π(exp(tX)) is a skew-adjoint
operator. In some applications in quantum mechanics this spectral measure
and its support has a meaning in terms of observable quantities, and the
corresponding decomposition of the Hilbert space is thought of as a breaking
of the symmetries from G.

Now the branching problem for a unitary representation is to find in
a similar way the spectrum of H as explicitly as possible. One is usually
interested in the following aspects of intertwining operators and symmetry-
breaking:

• Intertwining differential operators

• Knapp-Stein operators and their residues

• Symmetry-breaking operators and their construction as integral and
differential operators

and we shall give some examples, in particular relating to the Dirac operator
in [2] and the wave operator with generalizations as in [8], [9], and [10].

Many important differential equations in physics, such as Maxwell’s
equations, have symmetries, and these reflect the relation between the space
of solutions and a representation of the group of symmetries, often a Lie
group G. Hence as in Galois theory G permutes the solutions of the equa-
tion. Thus one studies

• natural differential operators in Riemannian and conformal geometry

• differential operators on induced representations

• intertwining integral operators, Knapp–Stein operators, see [4] Chap-
ter VII.

• differential operators as residues of integral operators

with differential forms as a main example, see [3]. On spheres we will then
have concrete operators that can be analyzed using the analogue of spherical
harmonics as in [1]. It is an important point that conformal differential ge-
ometry and canonical differential operators here are closely connected with
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the representation theory of the conformal group of the sphere. Other ge-
ometries arise as well for other groups. For a special case related to the
Heisenberg group see [11]. In particular there are natural first–order opera-
tors as in [16]. There is also a natural class of integral symmetry–breaking
operators for principal series representations, see [12].

For a major background article on symmetry–breaking see [7], and for
an important special case with many details [6]; see also [5].

Time permitting we shall also give examples of branching laws for dis-
crete series, see [13], [14], [15], and [17].

References

[1] Branson T., Olafsson G., Ørsted B., Spectrum generating operators
and intertwining operators for representations induced from a maximal
parabolic subgroup, J. Funct. Anal. 135 (1996), 163–205.

[2] Clerc J.L., Ørsted B., Conformal covariance for the powers of the Dirac
operator, J. Lie Theory 30 (2020) no. 2, 345–360.

[3] Fischmann, Matthias; Ørsted, Bent, A family of Riesz distributions for
differential forms on Euclidian space in Int. Math. Res. Not. IMRN
(2021), no. 13, 9746–9768.

[4] Knapp, Anthony W., Representation theory of semisimple groups. An
overview based on examples. Princeton Mathematical Series, 36. Prince-
ton University Press, Princeton, NJ, 1986. xviii+774 pp.

[5] Kobayashi T., Ørsted B., Somberg P., Souček V., Branching laws for
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[12] Möllers J., Ørsted B., Oshima Y., Knapp–Stein type intertwining op-
erators for symmetric pairs, Adv. Math. 294 (2016), 256–306.

[13] Ørsted, Bent; Vargas, Jorge, Restriction of square integrable represen-
tations: discrete spectrum, in Duke Math. J. 123 (2004), no. 3, 609–633.

[14] Ørsted, Bent; Vargas, Jorge A., Branching problems in reproducing
kernel spaces, in Duke Math. J. 169 (2020), no. 18, 3477–3537.

[15] Ørsted, Bent, Vargas, Jorge A., Pseudo-dual pairs and branching of
Discrete Series arXiv:2302.14190, to appear in Symmetry in Geometry
and Analysis – Festschrift for Toshiyuki Kobayashi. M. Pevzner and H.
Sekiguchi eds., Progress in Mathematics, Springer 2024.

[16] Ørsted, Bent, Generalized gradients and Poisson transforms, in Global
analysis and harmonic analysis (Marseille-Luminy, 1999), 235–249,
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