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The spaces

These talks will be about harmonic analysis on p-adic spherical
varieties. The formalism of the results is very classical, based on
Harish-Chandra’s work, and applies much more broadly than p-adic
spherical varieties, so we will start with a more general setting.

Definition (Bernstein)
Let X be a homogenous space under a locally compact, compactly
generated group G. Fix a compact generating “ball” – neighborhood
of 1 – B ⊂ G, and a base point x0 ∈ X. We define the radial function
r(x) = min{n|x ∈ Bn · x0}. We say that X is of polynomial growth if
there is a d ≥ 0 such that π(t) ≪ (1 + td), where π(t) is the minimum
number of B-orbits needed to cover the set of points x with r(x) ≤ t.

Example
Let G be the points of a reductive algebraic group over a local field
F = R, Qp.... Then G, as a G × G-space, is of polynomial growth. On
the other hand, G as a G-space (under the 1-sided action) is not of
polynomial growth, unless G is abelian.

2/33



Example
Let X be the points of a spherical variety over a local field, i.e.,
homogeneous under a reductive group G and its Borel subgroup has
an open orbit (over the algebraic closure). Then X is of polynomial
growth.

Example
Let Γ ⊂ G be a lattice in a reductive Lie group. Then G/Γ is of
polynomial growth.

Theorem (Bernstein)
Let G be real or p-adic Lie group. Let X be a G-space of polynomial growth.
Let C (X) be the Harish-Chandra Schwartz space of smooth vectors in
L2

d(X) := { f | f · (1 + r)d ∈ L2(X)}, for all d. Then, C (X) ↪→ L2(X) is
pointwise defined, which means that every direct integral decomposition into
Hilbert spaces,

L2(X)
∼−→
∫

Hzdz,

is the completion of a (measurable) family of continuous maps

αz : C (X) → Hz.
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We now want to apply this to the Plancherel decomposition
L2(X)

∼−→
∫

Hzdz, where the Hz’s are irreducible unitary
G-representations. (From now on G is reductive, so such a
decomposition is essentially unique.)

The maps αz : C (X) → Hz correspond, dually, to tempered embeddings

π = H∞
z ↪→ C∞

temp(X).

An irreducible representation π is said to be X-distinguished if it
embeds in C∞(X), and X-tempered if it embeds into C∞

temp(X). In
general, this does not imply tempered.

The spaces that we will consider in this talk, and which appeared in
the previous examples, have more structure than their polynomial
growth. Their main feature is that “eigenfunctions” (= f ∈ C∞(X)

generating irreducible subrepresentations) behave like eigenfunctions on
simpler spaces “at infinity”.
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Example
Let π = τ ⊗ τ̃ ↪→ C∞(G) be the matrix coefficient map for a p-adic reductive
group G. A theorem of Bernstein and Casselman says that, any Levi
subgroup L = P ∩ P−, there is a pairing between the Jacquet modules,
τP ⊗ τP− → C such that for “sufficiently P-dominant” elements l ∈ L we have

⟨τ(l)u, ũ⟩ = ⟨(τ(l)u)P, (ũ)P− ⟩.

By Frobenius reciprocity, this is equivalent to an embedding π ↪→ C∞(XP),
where XP = (G × G)×P×P−

L.

Example
Let π ↪→ C∞(G/Γ), an automorphic representation for a reductive Lie group
G with respect to a lattice Γ. Let P = LU be a parabolic that contributes a
cusp, i.e., Γ ∩ U is a lattice in U. The theory of the constant term says that any
f ∈ π differs by its constant term fP(l) =

∫
U∩Γ\U f (lu)du by a rapidly

decaying function of l in the “P-dominant” direction. Equivalently, π is
approximated by a function on

XP = G ×P L/(Γ ∩ L).

The spaces XP in the examples above are examples of boundary degenerations
of the original G-space X. They carry actions of additional tori, AP = Z(L)0,

commuting with the action of G. 5/33



Definition
We will say that a homogeneous G-space X is asymptotically conical if
there is a finite open cover X =

⋃
Θ NΘ, homogeneous G-spacex XΘ,

and embeddings nΘ : NΘ ↪→ XΘ, with the following properties:

1. XΘ carries an action of a torus AΘ by G-automorphisms, and the
image of NΘ is compact modulo AΘ;

2. For any irreducible tempered π ⊂ C∞
temp(X) there is a map

lΘ : π → C∞
temp(XΘ) such that “the two coincide asymptotically

on NΘ,” i.e.,
f |NΘ − n∗

ΘlΘ f ∈ C0(NΘ).

(More precise decay properties are needed in practice; in p-adic case, the
two “eventually coincide.”)

Remark
Although this definition is harmonic-analytic, there is often a purely
geometric statement that implies it. See, for example,
Bezrukavnikov–Kazhdan, “Geometry and second adjointness...”.
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Example
For X = SL2, we have 1 boundary degeneration besides X, X0 = the
space of rank-1 matrices of dimension 2.

Example
For X = SOn/SOn−1 = a nonzero level set for some quadratic form
Q, we have X0 = the nilcone of Q (without the origin).

Example
To reiterate, when X = G/Γ, for Γ a lattice, the boundary
degenerations are of the form XP = G/(Γ ∩ L)U = G ×P (L/L ∩ Γ).

For any boundary degeneration XΘ, by Fourier transform with
respect to the AΘ-action,

L2(XΘ) =
∫

ÂΘ

L2(XΘ/AΘ, χ)dχ.

We let L2(XΘ)disc denote the subspace that decomposes in terms of
relatively discrete representations πχ ↪→ L2(XΘ/AX , χ). Black box!
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Expected theorems

In the setting of asymptotically conical spaces, we expect the
following theorems. Note that they are not automatic, and in upcoming
slides we will discuss what else is required.

Expected Theorem
There is a canonical embedding of unitary representations,

L2(X) ↪→
⊕

Θ

L2(XΘ)disc,

and a group WX of “scattering” automorphisms of the right-hand side, so
that the image of L2(X) is equal to the WX-invariants.

Example
By the work of Selberg and Langlands, L2(G/Γ) consists of discrete
automorphic representations and Eisenstein series induced from
discrete automorphic representations of the Levi quotients of
parabolic subgroups; those appear in the decomposition of
L2(G ×P (L/L ∩ Γ))disc.
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The group case

Example
In the group case, X = H, G = H × H (understood: points over a
local field), the statement above contains the calculation of the
Plancherel measure (up to formal degrees of discrete series). Indeed,
XP = HP = G ×P×P−

L, and we can decompose

L2(HP)disc =
∫

L̂disc

IH
P (τ)⊗̂IH

P−(τ̃)dτ,

where IH
• denotes unitary induction, and dτ is some “Haar” measure

on the discrete spectrum of L (i.e., Haar on the group of unitary
twists).
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The “canonical” maps of the pointwise decomposition of

C (H) ⊂ L2(H) → L2(HP)

are given by the operator maps (dual to the matrix coefficients)

M∗
π : C (H) → EndHS IH

P (τ)︸   ︷︷   ︸
π

= IH
P (τ)⊗̂IH

P (τ̃),

composed the the inverse intertwining operator,

R−1
P|P− : IH

P (τ̃) → ⊗IH
P−(τ̃).

That’s why the Plancherel formula, using the Hilbert-Schmidt
operator norms, involves dτ multiplied by the factor

µ(π) = ∥v∥2

∥R−1
P|P− (v)∥2 ,

∥ f ∥2
L2(H) =

∫
Ĥtemp

∥M∗
π( f )∥2µ(π)dπ.
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Expected theorems (cont.)

The L2-expected theorem is known in many, but not all cases.
(Harish-Chandra, Delorme, van den Ban, Schlichtkrull, S., Venkatesh,
Krötz, Knop ...).

A similar statement is expected to hold for the Harish–Chandra
Schwartz space.

Expected Theorem
The map of the previous theorem restricts to a canonical embedding of
Fréchet representations,

C (X) ↪→
⊕

Θ

C (XΘ)disc,

and the group WX of scattering automorphisms acts on the right-hand side,
so that the image of C (X) is equal to the WX-invariants.
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Expected theorems (cont.)

Example
In the group case X = H, G = H × H, by the abelian Paley–Wiener
theorem we have C (H)disc = C∞

PW(Ĥdisc, End∞
HS), smooth sections of

the bundle of Hilbert–Schmidt endomorphisms over the discrete
spectrum (of appropriate rapid decay, in the real case). This gives rise
to a more familiar form of the theorem in terms of C∞-sections, which
is due to Harish-Chandra.

Example
For “strongly factorizable” spherical varieties over p-adic fields, this
was proven by Delorme–Harinck–S.

Example
In the automorphic case, X = G/Γ, the expected theorem above is
not known, except in the case of GLn, where a very difficult proof
was given by Lapid. Is there a softer and more general proof?
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The issue of relative discrete series

We have defined L2(X)disc =
∫

Z L2(X/Z, χ)discdχ, where Z is a
maximal torus of G-automorphisms of X. But do the spaces
L2(XΘ/Z, χ)disc vary nicely with χ, for this definition to make sense?

In the group case, e.g., X = H, we can obviously vary every
representation π = τ ⊗ τ̃ of H × H by twisting τ by characters, e.g.,
τ ⊗ |det |it, when H = GLn. Similarly for symmetric spaces.

For X = G/H, this is not possible if the group of characters of G that
are trivial on H is not of the same rank as the group of characters of Z.

Example

X = GL2 / GL1 (embedded as

(
∗

1

)
). Then Z = the center of G,

but for π ↪→ L2(X/Z, χ) we can’t multiply by |det |it, because this is
not trivial on GL1.

So, is π ⊗ |det |it also a relative discrete series?
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A solution: “unfolding”

Theorem
There is an isomorphism of unitary representations

L2(GL2 / GL1)
∼−→ L2(GL2 /(N, ψ)),

where N =

(
1 ∗

1

)
and ψ is any nontrivial unitary character of N. The

isomorphism is given, on Cc(GL2 / GL1), by

f 7→
∫

F
f

(
•
(

1 x
1

))
ψ−1(x)dx.

But the right hand side can be twisted by powers of the determinant,
proving that π ⊗ |det |it is also a relative discrete series, for every
RDS π!

We don’t know if “unfolding” always works, but we expect so.
Semiclassical statement: T∗(GL2 /(N, ψ)) ↪→ T∗(GL2 / GL1) dense. 14/33



Scattering operators

We have seem assumed that a “wave” π ↪→ C∞(X) is
“asymptotically” of the form π → ⊕

Θ C∞(XΘ). The image is a linear
combination of (generalized) AΘ-eigenfunctions, and the ratios
between them are encoded in scattering operators.

In the local and global examples that we are considering, the calculus
of scattering operators is controlled by the root system of the
Langlands dual group of the space X: Boundary degenerations are
parametrized by conjugacy classes Θ, Ω, etc. of parabolics in the dual
group, and scattering operators are parametrized by Weyl elements
w ∈ WX(Ω, Θ) taking a standard Levi subgroup to another. The
scattering operators integrate to unitary morphisms

Sw : L2(XΘ)
∼−→ L2(XΩ).

These are well-known facts (due to Langlands) in the global case, but
locally they have been established for most spaces, but not in full
generality.
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Scattering operators: The most continuous spectrum

It is easiest to understand the scattering operators in the most
degenerate case, X0 = the horospherical degeneration of X; this is a
degeneration that lives over a flag variety G/P, whose fibers are tori
(in the local case), or locally symmetric spaces for tori (in the global
case).

Let’s stick to the local case from now on, and for simplicity G is split. There
is a torus quotient P → AX , together with an isomorphism
X0 = G ×P AX . For example, in the group case we have seen that
X0 = (H × H)×B×B− AH , while for X = SOn/SOn−1 we have X0 =

nilcone without the origin, horospherical with AX = Gm.

The dual torus ǍX is the maximal torus of the dual group ǦX of X, and
the scattering operators are parametrized by its Weyl group WX ,
which acts on AX :

Sw : L2(X0) → L2(X0),

(w, AX)-equivariantly.
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Scattering operators: Semiclassical limit

The Plancherel decomposition of L2(X0) is immediate from abelian
Fourier analysis,

L2(X0) =
∫

ÂX

IG
P(X)(χ)dχ,

and the scattering operators decompose analogously into
Sw,χ : I(χ) → I(wχ).

The question of which multiple of the standard intertwining operator this
is has, as we will see tomorrow, a very interesting and arithmetic
answer.

The semiclassical analog of scattering operators is a result of F. Knop
which says (reinterpreted) that there is an action of WX on T∗X0 by
birational automorphisms.
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The role of Langlands parameters

Conjecture
Let X be a spherical variety over a local field F. There is a direct integral
decomposition

L2(X) =
∫

LP(ǦX)
Hϕdϕ,

where the integral runs over the space of tempered Langlands parameters
into the dual group ǦX , and Hϕ is a (multiplicity-free, under additional
assumptions on X) sum of (some) representations in the
Langlands/Arthur-packet of ϕ.

Remarks

1. The Plancherel decomposition reduces this conjecture to the
question of relative discrete series.

2. More precise conjectures (in some cases) fully determine the
spectrum.
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A taste of arithmetic

Example (Tunnel–Saito theorem, generalized by Gan–Gross–Prasad
conjectures)
Let T = K× ⊂ GL2(Qp) (p ≤ ∞), the torus associated to a quadratic
extension K/Qp. Let π be an irreducible tempered representation of
G. Then, π belongs to L2(G/T) iff

ϵ(π,
1
2
)ϵ(π ⊗ η,

1
2
) = η(−1),

where η is the quadratic character Q×
p /NK× ∼−→ {±1}, and ϵ denotes

epsilon factors (“root numbers”).
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Recollection

At the end of yesterday’s talk, we briefly saw how a Langlands dual
group ǦX plays a role in harmonic analysis on a spherical variety X
(over Qp or R). (For simplicity, G will be split.) More precisely:

• The Cartan ǍX ⊂ ǦX parametrizes the spectrum of the
asymptotic cone (horospherical boundary degeneration)
X0 ≃ G ×P AX of X. (Note: L2(X0) is tempered iff P = B.)

• Its Weyl group WX acts by scattering operators
Sw : L2(X0) → L2(X0), and we have L2(X)most cont. ≃ L2(X0)

Sw .
• More generally, it is conjectured that

L2(X) =
∫

LP(ǦX)
Hϕdϕ,

and the Plancherel formula (known in considerable generality)
reduces this to the relatively discrete spectrum.

• We’ve also seen that the question of the discrete spectrum (and,
more generally, of the X-distinguished irreducible
representations) has some arithmetic aspects, e.g., ϵ-factors show
up in the GGP conjectures. 21/33



Goals of this talk

In this talk, we will focus on the most continuous spectrum. Similar
statements are expected to hold for the rest of the spectrum, but they
are mostly unproven.

Our goal is to explore the role of L-functions and γ-factors (similar to
ϵ-factors) in harmonic analysis, more precisely:

1. In the precise description of the scattering operators Sw.

2. In the Plancherel density of the basic function 1X(Zp) ∈ L2(X)

(here p < ∞).

The two are closely related; the latter will motivate the talks of
Ben-Zvi on “the Hamiltonian space dual to T∗X.”
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Rough statements

1. Sw : L2(X0) → L2(X0) decomposes as∫
ÂX

γ(χ)Rw,χdχ,

where Rw,χ : I(χ) → I(wχ) are the standard intertwining
operators (Radon transforms) and γ(χ) are explicit γ-factors,
depending on X.

2. 1X(Zp) has Plancherel density L(χ)dχ, i.e.,

⟨h ⋆ 1X(Zp), 1X(Zp)⟩ =
∫

Ǎ1
X/WX

ĥ(χ)L(χ)dχ,

where L is an explicit quotient of (local) L-values.

Recall: In the p-adic (split) case, AX(F)/AX(o) = X∗(AX) and
ǍX = Hom(X∗(AX), C×). So, the unitary subgroup Ǎ1

X is the
subgroup of unramified characters (= identity component) in the
unitary dual ÂX .
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Examples

1. Macdonald’s formula states that

∥1H(Zp)∥
2 =

∫
Ǎ1

H/WH
∏

α∈ΦH

1 − χα̌

1 − p−1χα̌
dχ.

2. The Shintani–Casselman–Shalika formula for the Whittaker
model states that

∥1(N,ψ)\G(Zp)∥
2 =

∫
Ǎ1

G/WG
∏

α∈ΦG

(1 − χα̌)dχ.

3. The Plancherel density for the basic functions on
X = PGLn+1 / GLn, SO2n+1/SO2n, Sp2n / Sp2n−2 × SL2, F4/Spin9,

G2/ SL3 are all of the form, for varying si ∈ 1
2 Z,

∥1X(Zp)∥
2 =

∫
U(1)/µ2

1 − z±2

(1 − p−s1 z±1)(1 − p−s2 z±1)
d×z.

4. But the Plancherel density for the basic function on SO2n/SO2n−1

is

∥1X(Zp)∥
2 =

∫
U(1)/µ2

1 − z±2

(1 − p−(n−1)z±2)
d×z.
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Scattering operators – the group case

Example (The group case, X = H)
Let π = τ ⊗ τ̃, where τ ≃ IH

B (χ). What are the asymptotics of matrix
coefficients of τ (as functions on C∞(HB = A ×B×B−

(H × H)))?
First, we observe that the dual map

M∗
τ : C∞

c (H) → EndHS τ ≃ IH
B (χ)⊗̂IH

B (χ−1)

should not depend on whether (generically) τ is presented as IH
B (χ)

or IH
B (wχ), i.e., should commute with standard intertwining

operators

Rw,χ ⊗ (R∗
w,χ)

−1 : IH
B (χ)⊗̂IH

B (χ−1) → IH
B (wχ)⊗̂IH

B (wχ−1).

The adjoint of Rw,χ is Rw−1,wχ−1 , and by a result quoted yesterday the
asymptotics are obtained by another application of the inverse
intertwiner to M∗

τ ,

Id⊗R−1
B|B− ,χ : IH

B (χ)⊗̂IH
B (χ−1) → IH

B (χ)⊗̂IH
B−(χ

−1) ⊂ C∞(HB), 25/33



Scattering operators – the group case (cont.)

The considerations above imply that the scattering operators for the
group should fit into a commutative diagram

IH
B (χ)⊗̂IH

B (χ−1)
Rw,χ⊗R−1

w−1,wχ−1
//

Id⊗R−1
B|B− ,χ

��

IH
B (wχ)⊗̂IH

B (wχ−1)

Id⊗R−1
B|B− ,wχ

��
IH
B (χ)⊗̂IH

B−(χ
−1)

Sw,χ // IH
B (wχ)⊗̂IH

B−(
wχ−1)

.

Hence, Sw,χ = Rw,χ ⊗ R̄−1
w−1,wχ−1 , equivalently

Sw,χ = µ(χ)Rw,χ ⊗ R̄w−1,χ,

where µ(χ)−1 is the scalar composition RB− |B,χ ◦ RB|B− ,χ.

Moreover, the µ-function is known to have an expression in terms of
abelian gamma factors,

µ(χ) = γ(χ, ȟ/ǎ, 0) = ∏
α∈ΦH

γ(χ ◦ α̌, 0).
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L-factors and γ-factors.

Local abelian L- and γ-factors are defined by Tate’s thesis, where
γ(χ, s) is defined as the scalar of proportionality between the
(multiplicative) character χ · | • |s−1 and the (additive) Fourier
transform of the character χ−1 · | • |−s:

γ(χ, s)χ| • |s−1 = ̂(χ−1| • |−s).

(It depends on an additive character and its self-dual measure, that I’m
suppressing!)

It is of the form

γ(χ, s) =
ϵ(χ, s)L(χ−1, 1 − s)

L(χ, s)
,

with L(χ, s) a Γ-function (essentially) for F = R, C, and either 1 or
(1 − p−sχ(p))−1, for F = Qp, and ϵ(χ, s) is the product of a constant
by an exponential function.
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Scattering operators in terms of γ-factors.

Theorem (S.)
For any spherical G-variety X over a local field F (with G split), with
X0 = AX ×P G (and assuming ker(P → AX) is connected), there is, for
every w ∈ WX , an explicit product γw(χ) of abelian γ-factors such that the
scattering morphism Sw : L2(X0) → L2(X0) decomposes as∫

ÂX
1 γw(χ)Rw,χdχ,

where Rw,χ is the standard intertwiner between principal series.

Remark
Because of the composition property Sw1 ◦ Sw2 = Sw1w2 , it is enough
to prove this for simple reflections in WX . It is a bit tricky how to fix
“the” standard intertwining operators Rw,χ, which depend on choices
of base points and measures. See [S., “Transfer operators and Hankel
transforms: Horospherical limits and quantization.”]
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Examples for the longest w ∈ WX

1. In the group case,

Sw,χ =

(
∏

α∈ΦH

γ(χ, α̌, 0)

)
Rw,χ.

2. For the Whittaker model, L2(G/N, ψ),

Sw,χ =

 ∏
α∈Φ+

G

γ(χ,−α̌, 0)

 Rw,χ

3. For X = PGLn+1 / GLn, SO2n+1/SO2n, Sp2n / Sp2n−2 × SL2, F4/Spin9,

G2/ SL3 we have ǦX = SL2 (with positive spherical coroot
denoted α̌) and

Sw,χ = γ(χ,
α̌

2
, 1 − s1)γ(χ,

α̌

2
, 1 − s2)γ(χ,−α̌, 0)Rw,χ,

for varying si ∈ 1
2 Z.

4. For SO2n/SO2n−1 (ǦX = PGL2),

Sw,χ = γ(χ, α̌, 2 − n)γ(χ,−α̌, 0)Rw,χ.
29/33



Plancherel density

Assume now that F = Qp. For the theorem that follows, we need
some extra assumptions on the spherical X which are of
combinatorial nature, but I expect that they hold, at least, when X is
affine homogeneous (i.e., X = G/H with H reductive), but also for
“Whittaker inductions” of those. We also need to assume
smooth/reductive models of X, G over Zp.

Theorem (S.)
The “basic function” 1X(Zp) has a Plancherel density

∥1X(Zp)∥
2 =

∫
Ǎ1

X/WX

(
det(I − p•χ)|VX

)−1
ν(χ),

where ν(χ) is the Weyl measure (= pushforward of Haar measure on the
compact form of ǦX), and VX is some explicit N-graded representation of
ǦX , and the exponent of p is (− n

2 ) on the n-graded piece.

In number theory, the integrand is called an unramified L-value.
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Relation between γ(χ) and L(χ).

For the (longest) scattering operator we have a formula of the form

γw(χ)Rw,χ. (1)

(The formula is for general F and χ, but here we take F to be p-adic
and χ to be unramified.)

For the basic function, given that ν(χ) = ∏α∈ΦX
(1 − χα̌)dχ, we have

a Plancherel density
∏α∈ΦX

(1 − χα̌)

det(I − p•χ)|VX

(2)

Fact: γw(χ) = γ(χ, V−
X )−1 ∏α∈Φ+

X
γ(χ,−α̌, 0), where V−

X is a

half-dimensional subspace of VX/V̌ ǍX
X , and γ(χ, V−

X ) is the product,
over all weight spaces of V−

X of the corresponding 1-dimensional
gamma factors, evaluated at s = grading/2.

Hence, (2) looks like “half” of (1), but with γ-factors replaced by
L-factors. In practice, one proves (1) and deduces (2) from it (the
“Casselman–Shalika method”).
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How “explicit” are VX, V−
X ?

By the above, the answers to our 2 harmonic-analytic questions rest
upon desribing a certain ǦX-representation VX and its “negative
weight part” V−

X .
There is a combinatorial recipe for that, based on the structure theory
of spherical varieties, but it won’t be too enlightening to present it.
The fundamental notion here is a “color” – a B-invariant valuation on
our (homogeneous) G-space X; those give a way of calculating the
weights of VX .
A nicer picture emerges from [Ben-Zvi–S–Venkatesh], where VX is
used to describe a “dual Hamiltonian Ǧ-space M̌” to the Hamiltonian
G-space M = T∗X, but again we need the same combinatorial recipe
to describe M̌. (In upcoming work, we’ll give a nicer description, at
least in some cases.)
The brief story (when P(X) = B) is that the space M̌ = Ǧ ×ǦX VX

turns out to be Hamiltonian (= symplectic with a Ǧ-moment map;
also, graded by a commuting Gm-action). When P(X) , B, the
construction of the dual space is more involved. 32/33



Table of Hamiltonian duals

attribution/name M, or (G, M) M̌, or (Ǧ, M̌) attribution/name

Iwasawa–Tate (Gm, T∗A1) (Gm, T∗A1) Iwasawa–Tate

Group T∗
(

∆H\(H × H)
)

T∗
(

∆′(Ȟ)\(Ȟ × Ȟ)
)

(Chevalley-twisted) group

Whittaker T∗
(
(Ň, ψ)\Ǧ

)
G\G point

Hecke T∗(Gm\PGL2) (SL2, T∗A2) Norm. Eisenstein series
Even sphere T∗(SO2n\SO2n+1) T∗(SL2 ·(U, ψ)\ Sp2n)

Odd sphere T∗(SO2n−1\SO2n) T∗(SO3 · (U, ψ)\SO2n)

Gross–Prasad T∗SO2n\SO2n × SO2n+1 (SO2n × Sp2n, std ⊗ std) θ-correspondence
Godement-Jacquet (GLn ×GLn, T∗Mn) T∗(An ×GLn Ǧ) Rankin-Selberg

Merci!
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