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Bondi-van der Burg-Metzner-Sachs (BMS) symmetry

BMS, asymptotic symmetries of GR: found in the 60’s
in an asymptotic region of spacetime called null infin-
ity (radiation).

S=sYus"

Infinite-dimensional extension of the Poincaré algebra by a set of
angle-dependent translations: supertranslations (Abelian subgroup).

Connected to Weinberg’s soft graviton theorems through Ward identities,
leading to a deeper physical understanding of classical and quantum
properties of gravity [Strominger’s lectures: 1703.05448].
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e Boundary conditions originally given in D = 4 did not exhibit the BMS
group but only Poincaré at i® [Regge and Teitelboim ’74].

e BMS diffeos preserve b.c. at .# (exact symmetries of GR). They should
appear independently of the description (including spacetime slicings
adapted to i°).

e Invariance of the gravitational S-matrix under BMS is based on the
assumption of antipodal matching conditions of the fields and charges
between .# " and .#, (clearly involves ).

e Connecting i® with .# and 4 is a non-trivial and subtle question.
Evolution of reasonable Cauchy data makes null infinity not so smooth.
Metric and Weyl tensor develop logarithmic singularities [Friedrich,

Valiente-Kroon...].
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BMS at spatial infinity

BMS symmetry emerges at i through the reconsideration of the parity
conditions [Henneaux and Troessaert 2018].

— Central ingredients are finiteness and off-shell invariance of the action:
boundary conditions that make the kinetic term finite (well-defined
symplectic structure).

— Symmetries are canonical: we can associate to any symmetry a
charge-generator.

— Strominger’s matching conditions:

(0, ) _
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- +

which lead to an infinity of conservation laws (energy and angular
momentum at each angle on S?), are really a consequence of the boundary
(parity) conditions imposed at i® for having a well-defined action principle.




Logarithmic relaxation of the gravitational field

One could wonder whether it is possible to relax consistently the
asymptotic behaviour of the gravitational field by log terms (finite action,
finite/integrable canonical generators...):

gi; = (gi5)rr + Usj
T = (7r )RT + V4

Asymptotically:
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Asymptotic conditions

The asymptotic behaviour of the gravitational field in spherical coordinates
grr =1+ lﬁw + i (ln2 rh1%® 4y plos® 4 hﬁ)) +o(r ?)
Gra = Aa + = (ln rhlog 24 lnrhlog(1> + h(Q)) + o(r 1)

gaB = r? Jup + 1 (lnTGAB +EAB) +ln2r0f}>3 +Inroap + hfg + o(1)
and

—TT
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s Inr T 1—7‘ 1 s r T —
= . 7T102 + o A4 2 (ln2 rmoé(Q) +1In 7"7%2(1) + W(S) + o(r 2)

AB _ IDT LAB 1 AB
™

1 -3
= —5 Tiog + — + — 3 (ln 7‘7T10g<2) +1n7"71'10g( 1) +7|'(2> ) -+ 0(7' )

All the log subleading terms are required by preservation under Poincaré
transformations (non-linearity of GR!). For details see [OF, Henneaux,
Troessaert JHEP 2211.10941].
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Logarithmic relaxation of the gravitational field

e This behaviour leads to divergences in the symplectic structure unless one
makes use of the suitable parity conditions on the leading coefficients of
(Al‘f’, I')J.) and a faster fall-off Hamiltonian constraints.

e The Lorentz boost problem (dv (tey,,.,2) # 0) can be solved by applying
appropriate gauge transformations (of a logarithmic origin).

e Boundary conditions invariant (besides the BMS supertranslations Sg)
under a new kind of logarithmic supertranslations L.

e These logarithmic supertranslations are canonically conjugate to the pure
supertranslations:

{L", S} =55
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Log-BMS algebra

Decoupling of the pure supertranslations from Poincaré

e The presence of these central charges allows to decouple all pure
supertranslations from the Poincaré algebra:

Lorentz x (supertranslations x log-supertranslations)

= Poincaré x pure supertranslations x log-supertranslations

e We provide a definition for the angular momentum that is invariant under
supertranslations, solving the so-called angular momentum ambiguity in
General Relativity.

e Other proposals to solve this “problem” in an independent form at null
infinity by Yau et al [2102.03235, 2107.05316...], Porrati et al [1607.03120,
2202.03442... ] and Compere et al [1912.03164, 2303.17124...].

— All these proposals are indeed equivalent! Nonetheless, analysis at ° is
more complete concerning the nature of the redefinitions (Poisson brackets
of all canonical variables...) [OF, Henneaux, Troessaert PRL 2305.05436].




The log-BMS algebra

{Mao, My} = fop, M.
{M.,T;} = R}, T;
{M,,Sa} = G285+ GLo T
{M,,L°} = —G45L"

{L%, 95} = 55

Lorentz generators: M, (spatial rotations and Lorentz boosts)

Translations generators : T; (rigid)

Supertranslations generators: S, (BMS supertranslations)
L? (Log supertranslations)




Decoupling of the pure supertranslations from Lorentz

The searched-for redefinition (“nonlinear automorphism” of the Lorentz
algebra) reads } _
M, = M, — GisTiL’ — G358, L°

The asymptotic symmetry algebra then becomes

{Ma, My} = fip M. {M,,T;} = R}, T;

{M,,8,} = {M,, L} =0
{L*, S5} = 65

This mechanism is implemented through suitable field-dependent
diffeomorphisms [OF, Henneaux, Troessaert JHEP 2211.10941].




Decoupling of the pure supertranslations from Lorentz

o The charges L™ match the null infinity potential C: electric part of the
Bondi shear or the Goldstone boson of spontaneously broken
supertranslation invariance [OF, Henneaux, Troessaert PRL 2305.05436].

o We will extend this construction to
- The higher-dimensional generalization of the BMS algebra (BMSs).

- The supersymmetric extension of BMS (super-BMS).

Common feature: nonlinear algebras.




Structure of BMSs and super-BMS

BMSs
[May Mb} = fngc
[Ma, Ti] = R,/ T;
{Ma7 Sa} = GaaiTi + Gacxﬂ‘sﬁ

+l]u,uﬂ’yLﬁLA’
[Ma, L] = —Ga3*L"
(L%, Sp] = 05

Susy: Qr (rigid)
Local susy: ga (inf-dim)

Ferm. symmetry: s” (inf-dim)

Oscar Fuentealba

super-BMS
[M(u Mb} fabM
(Mo, T3] =
[Mcus } GzlzaT +Gaa55
=

[Ma, Q1] = g21Qu

+‘/all-35 T + VHO}BSBSG
[Ma, qa] = hgags

+ULaps"Ti + Ugaps® Sa
[Ma, s®%] = —h5B.s¢
{SA7 g} = 05
{Qr,q4} = diaTi + dfaSa
{qa,q8} = dapTi + dipSa
{Qr,Qs} =dy, T




Asymptotic symmetries and nonlinear redefinitions

Canonical generator of the asymptotic symmetries

e Asymptotic symmetries: preservation of boundary conditions and action
< Canonical transformations (well-defined canonical generator).

e Canonical generator:
Ge = /d%gaﬂa + Be Be = fd 1d‘Hyf
sds
— B¢ is necessary in order to satisfy tx 2 = —dvGe.

e Trivial asymptotic symmetries (proper) are those that decay fast enough
so that B¢ = 0 = G¢ ~ 0. They form an ideal.

e Non-trivial or large asymptotic symmetries (improper) are diffeos that
do not vanish at infinity, i.e., B¢ # 0 = G¢ # 0. These can change the
physical state of the system.

[Benguria, Cordero and Teitelboim, Nucl. Phys. B 122 (1977), 61-99].




Asymptotic symmetries and nonlinear redefinitions

Canonical generator of the asymptotic symmetries

e Physically equivalent generators G[£*] and G[¢'*] generate gauge
transformation that coincide at infinity (G’s differ by constraint terms).

e Asymptotic symmetries depend on the asymptotic values of the gauge
parameters at infinity:

[e]
£ (ry) —— £%(r,y™*, U, T, 04T, -+ ) + “more”
r—00
with

U®: constant parameters (Poincaré transformations)

T°: functions on S&! (supertranslations)

£ could also depend on the asymptotic values of the fields.
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We assume that U® and T do not depend on the fields (G has well-defined
functional derivatives).
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but why?...




Asymptotic symmetries and nonlinear redefinitions

Canonical generator of the asymptotic symmetries

e The charge-generator then takes the form
G[é-oc] :/ddxé-a/}_la+U5%dd71ygs+%dd71yTaga

We assume that U® and T do not depend on the fields (G has well-defined
functional derivatives).

e What if we make redefinitions involving the fields through the charges?...
but why?... The asymptotic charges are

0. = ?{ddflygs Quly) = Ga(y)

and their Poisson brackets

{Q:,Q}  {Qs,Qu(y)}  {Qu(y), Qu(¥)}

are (in general nonlinear) functions of the charges.




Asymptotic symmetries and nonlinear redefinitions

Canonical generator of the asymptotic symmetries

e Nonlinear algebras are indeed the rule rather than a fancy exception!
(many examples in the literature —higher spin gravity, conformal gravity,
extended supergravity in 3D, etc).

e The nonlinear functions of the charges that occur in the brackets and the
redefinitions are still of the form

G[é-a] :/ddxé-ozHa+Us%dd—1ygs+%dd—1yTaga

with appropriate gauge parameters and boundary terms, and not by
nonlocal expressions such as

2
(/ Ao Mo + B§>




Asymptotic symmetries and nonlinear redefinitions

Equations obeyed by the charges

e Let us consider the symplectic form
Q= /ddx dyrr Ady ¢t
(¢, 7r): canonically conjugate fields.
e The condition ¢x,,2 = —dv M for
M = /dda:./\/l Jr?{dd_lym
implies that (with no boundary term)
dy M = /ddx (Lpdvqbr n Nrdmp)

with sM SM
6¢F(.13) = LF(.%') (57T1“(33) =N (:E)

Equivalent to the condition in [Regge, Teitelboim Annals. Phys. 1974]




Asymptotic symmetries and nonlinear redefinitions

Equations obeyed by the charges

e Let us now take the variation of the canonical generator G[£“]:
dvG[e*] = /ddx(dvf"‘)?—[a+/ dae®dy Ha+U* ?{ddflyvaer?{ dT YT dy G,
e The bulk terms can be written as

/dd:cg"‘dV’Ha = /ddxAngwp —/d%dmfsm +?{ A1y

/ddm(dvga)% = /ddxA/gdeF - /ddxdvqeré’F + %dd_lyv/

After integration by parts, the above surface integrals become

%dd’lyv = US}{dd—lyks + ?{dd_lyT‘lsa

%ddqul _ Us%ddqyk; +?{dd71yTa5;




Asymptotic symmetries and nonlinear redefinitions

Equations obeyed by the charges

e ([¢°] must have well-defined functional derivatives (dv G[£%] must reduce
to a bulk term). Then

U _%dd_ly(dv Qs+ ks + ki) + ?{dd_lyTa(dvga +50+5,) =0
which holds by providing a suitable set of boundary conditions!

e Since the U®s and the T%s are arbitrary, we get the equations to be
obeyed by the charge-generators:

Qe § 'yl +K) =0 dvGot 5o+ 5, =0
e Given these conditions, what is the £ that must be included in
GIE"] = [ '€ Ho + FIQ. Quly)]

where F[Qs, Qa(y)] is some given functional of the charges?

Fuente:



Asymptotic symmetries and nonlinear redefinitions

Nonlinear charges

The answer is a vector that behaves asymptotically as

e

§ — ga(rayA7US7Ta7aATa"“)
T—>00
where OF SF
ﬁs _ Ta _
Q. W)= 5.

The proof can be found in section 2.3 of [OF, Henneaux JHEP 2309.07600].

e No difficulty in handling non-linear expressions, charges take the standard
form! (the asymptotic redefinition determines everything modulo physically
irrelevant proper gauge symmetries).

e Integrability is manifest. The corresponding transformations are derived
by taking the Poisson bracket.




Simplifying (super-)BMS s: direct sum structure

Nonlinear BMS5 algebra

Algebraic structure of BMSs:
[Ma, My] = fap M.
[Ma, Ti] = R, T;
{Ma,Sa} = Goo'Ti + Gao”Sp + Usapy L’ L7
[Ma, L%] = —=G,5"L?
[L®, Sp] = 05
Supertranslations generators: S, (BMS supertranslations)

L? (subleading supertranslations)

— The role of the log supertranslations is played by subleading
supertranslations!
— Structure constants are constrained by Jacobi identities.

[OF, Henneaux, Matulich, Troessaert PRL 2111.09664]
[OF, Henneaux, Matulich, Troessaert JHEP 2206.04972]




Simplifying (super-)BMS algebras: direct sum structure

Nonlinear BMS5 algebra

The searched-for redefinition of the Lorentz generators:
Mo =M, — G4 L°Ti — G, L°S, — 3 Uaprs LPLVL°
The asymptotic symmetry algebra then takes the form

[Mtu Mb] = f;ch
[MavTi] = RaijTj

[M,,S4] =0
[M,, L*] =0
[L®,Sp] = 05

It explicitly exhibits the direct sum structure

Poincaré & Supertranslations

The exactly same structure found in the 4D case.




Simplifying (super-)BMS s direct sum structure

Nonlinear log-BMS, superalgebra

[Ma, Q1) = 921Qs + Virps®Ti + Viips" Sa
[Ma,qa] = hinap + Uiaps®Ti + Ugaps® Sa
[Ma, "] = —hges®
{s*.a} = o3
{Qr,qa} = diaT; + df45a
{94,a8} = d4pTi + d% pSa
{Qr,Qu}=di ;T
Jacobi identities (L%, qa,qp) and (L%, qa, Qr):

[Mme} abMC
Mo, T3] =
[Ma, Sa] = wT + G855
[Ma, L] = =G94 LP
(L, Sp] = 43

]

]

[Lav qA] = n%BsB ) [Lav QI] = d?BSB ) d%B = n%B + n%A




Simplifying (super-)BMS alge lirect sum structure

Nonlinear log-BMS, superalgebra

The algebraic decoupling is achieved by implementing the redefinitions:
Qr=Qr —dips"Ti — dips” Sa
Ga=qa— %deBsBTi - %d%BsBSa
Mo = Ma - GiﬁLﬂTi - GZﬁLﬂSv +hlastqs
+ % ( iap — hSadso — TbiB :1,8) s*sPT — hS g ps?s® S,

B

Ta [eY 1 a
LY =1L +§n[AB]sAs




Simplifying (super-)BMS ect sum structure

Nonlinear log-BMS, superalgebra

The algebra then takes the direct sum structure

super-Poincaré @ Heisenberg superalgebra
e Super-Poincaré:
[Ma, M) = f5,Me
[Ma, T} = R}, T;
[Ma, Q1] = g1Qu
{Qr,Qs} =di;T:
e Infinite-dimensional Heisenberg superalgebra:
[L*, Sp) = 35

{SA, q'B} = 6§

No square roots of supertranslations!




Conclusions

Final remarks

e The method that simplifies the BMS algebra in 4D, can be extended to 5D
and supersymmetric extensions, whose common feature is the nonlinearity.

e These simplifications were achieved by appropriate nonlinear redefinitions
of the generators.

e Nonlinear redefinitions are implemented through the action of
field-dependent gauge transformations, which always take to the canonical
generators to the form

/ d*zE*Ho + Be

e Key: BMS supertranslations and BMS supersymmetries possess
canonically conjugate charges.

e (super-)Poincaré generators free from supertranslations and
angle-dependent supergauge ambiguities.
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