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Details of lattice calculations 

In order to simulate the lattice gauge theory at fixed spatial volume geometry,  and varying temperature, ,  
we need to work with an anisotropic lattice that has two different lattice spacings in the spatial  and imaginary-time  directions. 

Lx = Ly = Lz = const, T = T(z)
(aσ) (aτ)

to keep finite volume effects  
    under full control

→  physical quantities:

to simulate acceleration at global 
     thermodynamic equilibrium 
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Helicity conservation in electron-positron production in de

Sitter space-time

C. Crucean
West University of Timis,oara, Romania

Abstract

Fermion production in an external Coulomb field on de Sitter expanding universe is studied. The amplitude and probability of pair production in an external Coulomb field are computed
and the cases of large/small values of the expansion factor comparatively with the particle mass are studied. We obtain from our calculations that the modulus of the momentum is no
longer a conserved quantity. We find that in the de Sitter space there are probabilities for production processes where the helicity is no longer conserved.

1 Amplitude and probalility

The line element for the de Sitter universe is:

ds
2 = dt

2 � e
2!t

d~x
2 =

1

(!tc)2
(dt2

c
� d~x

2) (1)

where ! is the expansion factor and ! > 0, while the conformal time tc = � 1
!
e
�!t. To define

half-integer spin fields on curved spacetime it is required to use the tetrad fields [2] ebµ(x)
and bebµ(x), which fix the local frames and corresponding coframes and which are labeled by
the local indices bµ, b⌫, ... = 0, 1, 2, 3. For the line element (1), we can choose the Cartesian
gauge with the nonvanishing tetrad components,

e
0
b0 = e

�!t; e
i

bj = �
i

bj e
�!t

. (2)

The positive/negative frequency modes of momentum ~p and helicity �, derived in [1], are:

U~p,�(t, ~x ) =

p
⇡p/!

(2⇡)3/2

 
1
2e

⇡k/2
H

(1)
⌫� (

p

!
e
�!t)⇠�(~p )

�e
�⇡k/2

H
(1)
⌫+ (

p

!
e
�!t)⇠�(~p )

!
e
i~p·~x�2!t;

(3)

where H (1)
⌫ (z), H (2)

⌫ (z) are Hankel functions of the first and second kinds and k = m

!
, ⌫± =

1
2 ± ik, while the negative frequency solution is obtained by charge conjugation .
The Coulomb field in Minkowski space A0 = Ze

|~x|. Then one finds for the corresponding de

Sitter potential by using A
µ = ⌦�1

A
µ

M
[2, 4]:

A
b0(x) =

Ze

|~x|e
�!t

, A
bj(x) = 0, (4)

where the hatted indices indicate that we refer to the components in the local Minkowski
frames Abµ = e

bµ
⌫
A

⌫.
The amplitude contains the temporal part of the vector potential [2, 3],

Ae�e+ = �ie

Z
d
4
x [�g(x)]1/2 Ū~p,�(x)�µA

bµ(x)V~p 0,�0(x) (5)

Related to the above QED perturbative approach to the problem of particle production in de
Sitter space, we must point out that we work in the chart with conformal time tc 2 (�1, 0),
which covers only half of the whole de Sitter manifold.
The final form of the transition amplitude for fermion pair production in the Coulomb field

in de Sitter space is [2]:

Ae�e+ = i
e
2
Z

16⇡|~p + ~p 0|2
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�
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introduced functions fk
⇣

p

p 0

⌘
, are defined as [2]:
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From the final result given in (6) and (7), it is obvious that the transition amplitude is
nonvanishing only for p 6= p

0 and from here we conclude that the law of conservation for the
modulus of the momentum is lost for the process of pair production in Coulomb field in de
Sitter space.
The transition probability, which is obtained summing the square modulus of the amplitude

after the final helicities:

Pe�e+ =
1

2

X

�� 0

|Ae�e+|2. (8)

2 Helicity conservation

Our numerical and graphical analysis prove that the probability for pair production with
opposite helicities � = ��

0 (helicity conservation) is sensibly bigger than the probability
for production of pair with equal helicities � = �

0 (helicity non-conserving case) in the case
! > m. For m = 0, the probability of pair production in the helicity non-conserving case is
zero, while the probability for a conserving helicity process is finite . Summarizing our result
for ! > m, if the two momenta are close as moduli p 0 ⇠ p but not equal, the production
processes which preserve the helicity conservation law will be favored.

Fig. 1. Probability as a function of parameter k, for p/p 0 = 0.1 in the left figure and p/p
0 = 0.0001 in the right figure. The point

line represents the case of helicity conservation and the solid line the case when helicity is not conserved.

Let us study the square modulus of the amplitude for the case p < p
0. In an orthogonal

local frame {~ei} we take the electron and positron momenta in the plane (1, 2), denoting
their spherical coordinates as ~p = (p,↵, �) and ~p

0 = (p 0
, �,'), where ↵, � 2 (0, ⇡); �, ' 2

(0, 2⇡) . Then for � = ⇡ ,' = 0 and p < p
0 the final result for the square amplitude is [2]:

|Ae�e+| 2 /
⇢
cos2

�
↵+�
2

�
for � = ��

0

sin2
�
↵+�
2

�
for � = �

0 (9)

From this formula, if we set ↵ = ⇡ , � = 0, corresponding to the case when the momenta
of the electron and positron are parallel but move in opposite directions, we obtain zero
probability for a helicity conservation process, while the probability for a process where
helicity is not conserved, becomes maximum. All the particular cases where the momenta
are oriented on di↵erent directions can now be obtained from (9). We can conclude that
for k ⌧ 1, the helicity non-conserving processes in which the electrons and positrons have
parallel momenta and move in the opposite directions, will be favored. This result shows
that only in the helicity non-conserving processes the chances of separation between electrons
and positrons in the early universe become important. Thus it seems that for ↵ = 0 , � = 0
the situation is opposite, conserving processes being dominant, with the specification that
this case corresponds to the pair having parallel momenta and moving in the same direction,
which increases the probability of annihilation of the pair.
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The Wilson action with anisotropic couplings:

spatial plaquettes temporal plaquettes

The anisotropy of  
the lattice spacings:

plaquettes:

The physical lattice spacings are  
functions of the lattice couplings.

Lattice size: Nτ × Nx × Ny × Nz

Physical size: Lτ × Lx × Ly × Lz

Imaginary-time length: Lτ(z) = Nτaτ(z)

Real-space length: Lσ = Nσaσ

Physical temperature:

The length of  
the imaginary time:

For acceleration:

The spacing of  
the imaginary time:

Temperature  at the  
central  plane:

T0
z = 0

T0 = T(z = 0)

(space-dependent)

(constant)

T0

A de-confusion corner:

 lattice spacings (very standard notation)aσ, aτ, a0 :

 acceleration in Minkowski spacetime 
(also, confusingly, very standard notation)

a :

 acceleration in the Euclidean spacetime  
(after Wick rotation to imaginary time)

aE ≡ − a :

Inhomogeneous lattice spacing

≡
1

Nτa0

Fixed lattice spacing at the center z = 0
Euclidean acceleration,  aE = − a < 0

aE = − a < 0

Fixing lattice scales:

T = 0
The mismatch of the scale fixing is less than 1% (= very accurate )

the ideal line

Choosing a curve in the plane of the lattice couplings   
such that  changes while the spatial lattice spacing  stays constant.

(βσ, βτ)
ξ aσ

the ideal line

(given by a complicated nonlinear behavior even in perturbation theory: not shown)

A uniform acceleration of a fluid
Under a uniform acceleration , a generic particle system resides  
in global thermal equilibrium characterized by temperature ,  
which is an inhomogeneous function of spacetime coordinate .

a
T(x)
x

The fluid is described by the inverse temperature four-vector  
 associated with the local fluid velocity . βμ(x) = uμ(x)/T(x) uμ(x)

→ satisfies the Killing equation: .∂μβν + ∂νβμ = 0

→ an acceleration solution:  .βμ(x)∂μ =
1
T0

[(1 + az)∂t + at∂z]

A shorthand notation, equivalent to  and  βt =
1
T0

(1 + az) βz =
at
T0

temperature

local fluid velocity

local acceleration 
aμ = uν∂νuμ

acceleration  along the  axisa z

Theory First-principle lattice results

Motivation

(natural numbers)

(physical length)

Good news first: No sign problem!

aE = − aacceleration in imaginary  
time formalism in Euclidean

acceleration  
in Minkowski

just a sign flip

hint: [acceleration] = meters per second2 for , one gets:  t → − iτ
l
t2

→ −
l

τ2

At  : t = 0

T(x) =
T0

1 + az

Polyakov loop (unrenormalized)

z > zR = −
1
a

[Rindler horizon  
 =event horizon]

uμ(x) = δμ,t

aμ(x) =
aδμ,z

1 + az

[inhomogeneous 
temperature]

[locally static fluid]

Tolman-Ehrenfest 
(Luttinger) relation

We associate this particular temperature gradient with  
acceleration “ ” of hot matter with central temperature a T0 .

[for example: C. Cercignani and G. M. Kremer, The Relativistic Boltzmann Equation: Theory and Applications (Springer, 2002)]

Uniformly accelerating fluid possesses an event horizon, similar to black holes. 
→ Intriguing questions related to the Unruh temperature and the Hawking radiation.

F. Karsch,  
SU(N) gauge theory couplings on asymmetric lattices, 
Nucl. Phys. B 205, 285 (1982).

hot cold

Simulation at: Nτ = 6, 8; Nx = Ny = 42
Nz = 170, 148, 126, 104

an intrinsic theoretical parameter
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hot cold

profiles 
temperature

acceleration, a central 
temperature

Polyakov loop susceptibility 

acceleration, a

order parameter of  
confinement of color 

deconfinement confinement

Phase diagram of gluon plasma under acceleration 

Change in free energy of a heavy quark  
under acceleration (renormalized free energy)

density plot of the Polyakov loop 

acceleration, a

Can be calculated in first-principle Monte  
Carlo simulations on the lattice!

hot cold

hot cold

deconfinement confinement

Acceleration makes free energy  
of a heavy quark larger at the 
deconfinement side with respect 
to the static case at the same T

Acceleration makes free energy of a heavy  
quark smaller at the confinement side

ac
ce

le
ra

tio
n

Acceleration drives 
deconfined plasma  
to confinement 

Acceleration  
drives confining  

phase to deconfinement

χ L
⋅1

0−
5

Observation 2:

Observation 1:

Conclusion 1:

Conclusion 2:expected  
effect of local  
temperature

1. Softening/widening; 
2. independence 
    of the transition

a−

Observations 3 & 4:

transition at a = 0

the position of the transition  
(with the statistical error)

width of the transition

Conclusion 3:
Acceleration makes  
a crossover out of  
the original 1st order 
SU(3) phase transition Conclusion 4:

Acceleration does not affect   
the position of the transition 
(at weak accelerations)

2. Even the weakest studied acceleration, , makes a crossover out 
    of the original 1st order thermal phase transition in SU(3) Yang-Mills theory

a ≃ 6 MeV

1. Acceleration does not affect the critical temperature of the deconfinement  
transition (at least, for the weak accelerations studied, )a ≃ (6…27) MeV

(point-wise)

Effects of high temperatures, high densities, strong (electro)magnetic fields, vorticity on quark-gluon plasma have been  
intensively studied. Here we ask the question: what is the effect of acceleration on the phase diagram of QCD? 

Relevant to early stages of heavy ion collisions, and presumably,  
extreme astrophysical environments (the Early Universe?)  

[adapted 
after  
MADAI  
collaboration,  
Hannah  
Petersen,  
Jonah  
Bernhard]

[D. Kharzeev, K. Tuchin, From Color Glass Condensate to Quark Gluon Plasma through the event horizon, Nucl. Phys. A753, 316 (2005)]
→ Rapid thermalization of gluon matter due to high deceleration, , and tunneling through the Rindler horizon.a ∼ 1 GeV

Initial state: Color Glass Condensate

glasma/decelaration
QGP

hadronization freeze-out

a0 = aτ(z = 0)

Summary

→  acceleration hinders the search for a real thermodynamic phase transition!

→  at least, for quarks, we expect the chiral symmetry restoration due to acceleration! [Chiral symmetry restoration in the NJL model due to   
acceleration: T. Ohsaku, Phys. Lett. B599 (2004) 102]

a = −
1
T

∂T
∂z

FORQ group


