Effective Lagrangian for the macroscopic
motion of fermionic matter

Presentation at the 8th International Conference on Chirality,
Vorticity and Magnetic Field in Quantum Matter,
West University of Timisoara, Romania

By
Maik Selch

This work was carried out at Ariel University in collaboration with

Prof. Dr. Mikhail Zubkov, Dr. Ruslan Abramchuk



@ Zubarev statistical operator method-preliminaries
© Lagrangian and Hamiltionian comprising macroscopic motion
© Fermions coupled to non-Abelian gauge bosons 1: QCD

@ Fermions coupled to non-Abelian gauge bosons 2: 3He — A



Zubarev statistical operator method-preliminaries

Zubarev statistical operator method-preliminaries

relativistically covariant formulation of the statistical operator:

@ assumption 1: spacetime possesses foliation into a family of
spacelike hypersurfaces ¥, parametrized by "time" o

@ assumption 2: continuous medium (hydrodynamical)
approximation is valid

@ assumption 3: local thermalization timescale AT < At with
At a characteristic time scale of interest (LTE)

@ assumption 4: global thermalization of the physical system of
interest (GTE)

The Zubarev statistical operator is constructed from conserved
currents which characterize the system macroscopically.
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density operator from the maximum entropy principle with
constraints:

mu () Tr(TH (x)) = mu(x) Thy (), nu () Tr(p1*(x)) = nu(x)itn (%)

TH = TEg or TH = Tl;, and include the Lorentz transformation
operator Mt

1 ~ o
pre = z—exp(- /}': A% 5, (T (x)B, (x) = J(x)C(x)))
Tr(pLe) = 1, timelike B, = Bu,, u,ut =1, (= Bu

nu() TEEB, €, ul(x) = mu(x) TE7 (%), mu(SLelB, €, ul(x) = mu(x)jém(x)

TIELB, ¢, ul(x) = Tr(pLe T (X)), JLelB, ¢, ul(x) = Tr(prej*(x))
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GTE condition:
dp

do’ = 0 |ng = —IOg ) - /dzaﬁnugm/(Typup - z]:uljly)

= 0=0,(T""Buy, =Yt Bi) = T70,(Bu,) — ZJ, (Bui)

(operators vanish at spatial infinity, currents are conserved)
solution:

Bui = ¢ = const., B, = Bu, = b, + wyex’, by, Wys = const.

A preliminary Zubarev statistical operator constructed out of a set
of general currents is projected by the GTE condition onto the
subspace of conserved currents (by constraining the current
coefficients).
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define the charge operators
pr = /dznﬁ”ﬂ, Qi = /dZn,,]';’,
i = [ amn (o — o) = e w4 k- R,

introduce the linear velocity, acceleration and vorticity

1, L1
T T 5

S Wy = B€uvpow’u’ + ayu, — a,uy,)

4 _ loa
W, Wy = — = €upotl” w”

the Zubarev statistical operator may be written as

e—ﬁ(v”f)”—i-auf(“—w,,‘:/“—zi 1 Qi)

N+
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Lagrangian and Hamiltionian comprising macroscopic
motion

define a Hamiltonian comprising macroscopic motion in the
following way

HMM = n, (T u, — ZJ, i)

proceed to determine the corresponding Lagrangian £™™ and the
partition function (in Minkowski spacetime) (the superscript will be
implicit from now on)

Z[n(x), u(x), B(x), ui(x), h] = / DJDYDA, ¢ | 4'x£@.A)
which is related to the statistical partition function by
Z[n(x), u(x), B(x), wi(x)] = Z[n(x), u(x), B(x), pi(x), —i]
I



Lagrangian and Hamiltionian comprising macroscopic motion

Z[n(x), u(x), B(x), pi(x), h] = / DIDYDA, & [ ¢ £GA)

integration region: Yo(hyperplane) —

= ¥ = {(hB(X),X)|x € £}
introduce the new variable {#(X) = @E?y ut(0,X)
two convenient choices for the scaling function B(X)
e B(X) = p(0,x) = U*(X) = u"(0,X)
e B(x) = B(0,X)u

(0,%) = U(x) = u"(0,%)/u°(0,%)
boundary conditions:

h—

v

fermions: W(B(X)h,x) = —V(0,X), W(B(x)h,x) v
gauge bosons: A, (B

(X)h, X) = Au(0,X)
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QCD: fermions (quarks) coupled to SU(3) gauge bosons (gluons)
in the fundamental representation
—derivation of the effective Lagrangian for general macroscopic
motion in GTE for quarks and gluons
Dirac Lagrangian + gauge field Lagrangian:
— i 1 Y
£ = W()(57"Dy = mpW(x) = 5 Tr(FuF™)
D, =0, — igAu, Fuw = 0,A, — 0L A, — ig[Au, Al

Dirac field and gauge field BR energy momentum tensors:

w i g Lo e — —
Te (x) = ZW(X)(’Y”D +7"D*)V(x), Dy =Dy — Dy

T (x) = 2THFPH ()" (x) + 38" (x)Fpo (x)FP7 ()
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effective Lagrangian comprising macroscopic motion:

LG A) =02 Dy — )+ 3 uff

— 0 I . k — | K
ey (g1 (D + Dj) = 5 D)
1 ai Cai ai pai
+§(E E* — BB

1 ij iJyRrapa apa
+ 5 (U ehd” — W) BB} — e 7 B4

%(X)_B(tmx)u (thX) < uu(x)_ Uo(t(),)_(‘)
1 .
E7 = Fon", B = —EEMUkF"Jkn“, Vo = V*¥#n,, i,j spacelike
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[ <

— —
L(Y, 1, A) :(ﬂn)@b(v“ED - m)w
+ (1 — (Un)) (¥ (vn) )+ ZM/ (in)
+ U AupAw@(vn)é[% 'Y'”](D” + D")y)
_ i &
- uﬂAuﬂb(V”)ED’W
1 -1
- auv Fa apo Cauv
a F R = =g P BB
1 v o (U
— gty (7 €uroo F 278 ) (1 s FP7407)
- L%F;M FoP8l,nt + F2,FP nyn

Lllu()?) :(6(07})/%(2))UM(072)7 A;w = Buv — Nuny
I
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Consistency check for the case of rotation

1. without macroscopic motion but relative rotation:

S(gf,,,Au) = /d4x£(g£,,AM),

1 o
ﬁ(g;’jznAM) = _ZFapgR g,D Fa

2. with rotational macroscopic motion:

S™ (N Ay, ut) :/d4xﬁmm(77uw’4uv“#)a

1 2 —1
L (i A ") = = G P~ i

1
Sﬂ (n‘uew,pal‘:apgﬂy)(n’uﬁﬂpﬁgFapaﬂy)

— u—FlfMFa”pilpn” + Fj’HFa”pnpn“
n

FaP7FY AN
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insert the following background data:
1. without macroscopic motion but relative rotation:

ds? :g/f,jdx”dx”
=(1 — w?(x* + y?))dt? + 2wydtdx — 2wxdtdy — dx? — dy® — dz?
2. with rotational macroscopic motion:
ds? =n,dxtdx” = dt? — dx® — dy? — dz?

7/3(0))_(’) v ) — X X
=30 V0%, BE) = B(0,%)u°(0, )

B 1
\/1 — w?(x2 4+ y?)

t(X)

ut

(1, —wy,wx,0) = " = (1, —wy,wx,0)

= S(gfl,,AH) = S (N, A, ut)
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The case of acceleration: boost in the x-direction

ds® =n,,dx"dx” = dt? — dx?® — dy?® — dz°

4 (3) :5&’;) #(0,7), B(R) = B(0,%)u°(0, %)

1
(1+ax,at,0) = " =(1,0,0,0)
(1+ ax)? — at? t=0

ut =

notice: in the Lagrangian comprising macroscopic motion only the
spatial components of &l enter non-trivially! (for this choice of B)
= the only effect if acceleration is manifested through the scaling

function (<» spacetime dependent temperature)

B(x) = (0, %)u°(0,%) = B(0,X) = Bo(1 + ax)
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HIC Experimental Data

VS,
HIC Simulations of 3.(z) [ £1Bu(a)] f Lattice QCD,
sQGP in fireball ulz) e | analytical methods

better model assumptions

Schematic block diagram for proposed investigation of the strongly
coupled quark - gluon plasma ((s)QGP) in Heavy lon Collisions (HIC).

@ optimize all model parameters: compare experimental data
from the accelerators with simulations of various
phenomenological models of sQGP for fireball dynamics

@ consistency check/feedback: extract frigidity vector field
Bu(x) — build Zubarev statistical operator p for the
sufficiently small cell in thermal equilibrium and compare

Eredictions with HIC simulations
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consider superfluid 3He — A and repeat the just mentioned steps
within the Zubarev statistical operator approach
preliminaries:

1. "normal” liquid 3He is a Fermi liquid featuring a Fermi surface

2. it undergoes a phase transition (in case of appropriate external
conditions - pressure and temperature) by spontaneous
symmmetry breaking

3. the superfluid component of 3He — A provides the vacuum
background which is coupled to the normal component of
excitations

4. difficulty: space and time dependent matrix-valued vierbein,
the order parameter of the phase transition, in an emergent
relativistic theory of chiral fermions
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e starting point: effective Lagrangian of superfluid 3He — A
without macroscopic motion, slowly varying vierbein and
thereby small values of the superfluid velocity

3 He without spin orbit interaction (G = U(1) x SO(3)t x SO(3)°):

S =3 a(p)e(p)as(p) — /;iv S Jialp)ialp)

p;i,a=1,23
= (w, k) k—i ( )—iw—(k—2— ) ~ iw — vi(|k| — kg)
p= y K )y 7’k|7€p7 2Ms u) = F F)s
1 Ti i - -
Jia(p) = 5 > (k= kb)aa(p2)[oalgac(pr)e?®, et = -t =1
pi1t+p2
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requirement for validity of Taylor expansion around Fermi surface:

(£Ik| T kr)?

+|k|F k
o < VLl F k)
= typical length scales a and time scales 7:

VF
VJ_kF

an~ (k| —ke)™t > , TS

VJ_kF

@ carry out bosonization with complex bosonic fields Aj,

@ apply spontaneous symmetry breaking prescription for
3He — A (specification of the form of A;,)
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superfluid 3He — A-phase:
Aiw = VBV Ag(m; — inj)d, = /BVkevi(m; —in))d,, i,a=1,23
with frame fields

d-d=m-m=n-n=1 m-n=0, l=mxn

introduce Nambu Gorkov spinors:

a a+(p)
Ve = (ﬁ/*XxB(@p)) S Ene
—ay(—p)

@ expansion around the two Fermi points yields an effective
Lagrangian which is relativistically invariant
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near the Fermi points Kj, , = K. = £kgl’ we define

wR(p):\U(K++p):< X(Ky +p) )

—x“ (K-~ p)
1 0
YL(p) = TPV(K_ + p) = (;(C((’;(:‘_Pg)) ,ef=e 8 “//il':((::))
0 vl

with x¢ = —io?y* < Yr(p) = i7'1<721/)t(_P)

S — % / d*xe[D, il (X)PV by — [V, Jie (x)7>0,
+ Ppieh(x)TPV ihr — [V ibglieh (x)TPyr]
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split off the spin space dependence and introduce Dirac spinors:

P — 1+ S(do‘) 1 <—S(d1 — fd2)>

ith eigenspinors 1° =
p BRI = T ) | sds—1

bR =D ViR PR =10] g =V RO
s=+

V= (f gR)T, W= (WL VR)T, PRy =gt =V e

1 0
- T
\U = (\U‘f” 61[71’72]“]_) , e‘/; = e_]' 8 \\//ir:
0 yl
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1 _ _
Sr=1 / d*xe[Uiny el D, — [WD,]in el V]
. rs a—r . T
Dy = Vyu— By, B =i(0V,m*)(@™1 + i€ 2y, +7])

B, —(, b swu2lrt, 7]
a swiarh 7 b,

Abelian Berry connections and non-Abelian spin connection:

b; = iﬁsvuns, w12 = 27Tiﬁ+vu77_

@ construct the Zubarev statistical operator from (conserved)
current densities
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R A 1. ~ A
logp=—a — /dZnu(Té‘Ba — EMngab —Cajh — ZC,},“)
i

IS 1, A A
——a-— /dZnu(Té’fﬁa - 5sg‘bQ"”:’ —Calh — Y _ Gt
for vanishing gauge field B = 0:
Bl = b+ wh XV
Q= wu + ej(V,\eay)/B/\ =ei(Lse)ar = eﬁ[ﬁAV,\eay + eV,

PI(LET)vpe =0, Tuvp = €ap ij = eau(vyez —V,ed)
additionally for non-vanishing gauge field 5 # 0:
B2G.(B) =0, Q*P,,(B)=0
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