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Context. . .

Fermi liquid: long-lived quasiparticles
τee ≫ τimp, τeγ ⇒ Wiedemann–Franz law

κ

σT
= L0 =

π2

3

Clean, strongly-coupled materials
⇒ τee ≪ τimp, τeγ (no quasiparticles)
conserved momentum ⇒ emergent
hydrodynamic transport
[review, Narozhny (2022)].

Features of transport:
• Gurzhi effect (minimum of resistivity),
• Breakdown of Wiedemann–Franz law,
• Non-local transport.

Examples
Graphene, ultra-pure 2D heterostructures,
Dirac/Weyl semimetals, cuprates.
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. . . and motivation

Typical band structure of Weyl
semimetals [Armitage et al. (2018)].
Examples: NbP, TaAs, TaP,
NbAs, WP2.

Figure: Negative
longitudinal (B ∥ E)
magneto-resistance
[Nielsen, Ninomiya (1981)].
σ ∝ B2 in NbP
[Niemann et al. (2017)].

Figure: Breakdown of
the Wiedemann-Franz
law in WP2 [Gooth et al.
(2018)].
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Setup

Conserved charges [Landsteiner et al., Lucas et al., Gorbar et al., Chernodub et al., . . . ]

∂µT
µν = F νλJλ ∂µJ

µ = 0 ∂µJ
µ
5 = cE ·B

Constitutive relations:
• symmetries,
• derivative expansion,
• second law of thermodynamics ∂µSµ ≥ 0.

Relativistic hydrodynamics with U(1)V × U(1)A anomaly [Son, Surówka (2009)] and
B ∼ O(1)

Tµν = εuµuν + P∆µν+ξε (uµBν + uνBµ) +O(∂)

Jµ = nuµ+ξBµ +O(∂)

Jµ
5 = n5u

µ+ξ5B
µ +O(∂)

with ξ = cµ5, ξ5 = cµ, and ξε = cµµ5. Dissipative and hydrostatic terms are O(∂).
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Linear response and transport

Linear response theory [Martin, Kadanoff (1963)]1:(
δJ
δQ

)
=

(
σ(ω) α(ω)
T ᾱ(ω) κ̄(ω)

)(
δE

−∇δT

)
Compute longitudinal DC transport E ∥ B ⇒ conductivities diverge as ω → 0.

Indeed, nδE adds momentum, J · δE ∝ B · δE adds energy, δE ·B adds axial charge
⇒ need energy, momentum and axial charge relaxations.

We look for relaxations such that:
• conductivities are finite in DC,
• transport coefficients are Onsager-reciprocal α = ᾱ,
• electric charge is conserved,
• (relaxations are independent).

1Heat current Qi = T 0i − µJi − µ5J
i
5 is not anomalous.
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Diagonal relaxations

Natural choice [Landsteiner et al. (2014), Abbasi et al. (2016), . . . ]

∂µδT
µ0 = δ(F 0λJλ)−

δT 00

τεε

∂µδT
µi = δ(F iλJλ)−

δT 0i

τm

∂µδJ
µ = 0

∂µδJ
µ
5 = cδE ·B − δJ0

5

τn5n5

Natural choice [Landsteiner et al. (2014), Abbasi et al. (2016), . . . ]

∂µδT
µ0 = δ(F 0λJλ)−

δT 00

τεε

∂µδT
µi = δ(F iλJλ)−

δT 0i

τm

∂µδJ
µ = −δJ

0

τnn

∂µδJ
µ
5 = cδE ·B − δJ0

5

τn5n5

Onsager relations require τn5n5 = τnn = τm = τεε.

⇒ Cannot have finite DC conductivities, Onsager reciprocal transport and
conservation of electric charge.
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Generalized relaxation

∂tδε+ . . . = − 1

τεε
δε− 1

τεn
δn− 1

τεn5

δn5

∂tδn+ . . . = − 1

τnε
δε− 1

τnn
δn− 1

τnn5

δn5

∂tδn5 + . . . = − 1

τn5ε
δε− 1

τn5n
δn− 1

τn5n5

δn5


= τ̂ · (δε, δn, δn5)

∂tδP
i + · · · = −δv

i

τm

Onsager relations imply χ̂ · τ̂ = τ̂T · χ̂T , explicitly

0 =
χnn5

τεn5

+
χnn

τεn
− χεn5

τnn5

+
χεn

τεε
− χεn

τnn
− χεε

τnε
+ 2 more

Finite DC conductivities, Onsager relations and electric charge conservation ⇒
However:
• only σDC is anomalous (NMR) σDC = σDrude + αB2

• entropy production not positive definite.
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Kinetic theory

Boltzmann equation (BE) for fp = f(t,x,p)

∂tfp + p ·∇fp = Icoll[fp]

If Icoll = Iee, then Iee = 0 gives Detailed Balance ⇒ Local Thermodynamic
Equilibrium

fp =
1

1 + e(εp−u·p−µ)/T

Integrate BE in momentum space against εp, p and 1 ⇒ hydrodynamics∫
d3p

(2π)3
A Iee = 0 for A = {εp,p, 1}

Charges are conserved in kinetic theory if Icoll = Iee.
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Relaxation Time Approximation

Momentum relaxation: linearize [Gorbar et al. (2018)]

fp ≈ f (0) + (p · u)∂f
(0)

∂εp
with f (0) =

1

1 + e(εp−µ)/T

Considering Icoll = Iee + Iimp we have

Iimp ≈ −fp − f (0)

τm
⇒ ∂tP

i + · · · = −P i

τm

Energy and charge relaxations: Icoll = Iee + Iimp + Ieγ

Ieγ ≈ −fp − f̄ (0)

τn
⇒

{
∂tε+ · · · = − ε−ε̄

τn

∂tn+ · · ·+ · · · = −n−n̄
τn
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Generalized relaxations from kinetic theory

Consider τn = τn(εp) and expand

Ieγ =
∑
j≥−2

εjp
f (0) − f̄ (0)

τj+2
=

1

ε2p

f (0) − f̄ (0)

τ0
+

1

εp

f (0) − f̄ (0)

τ1
+
f (0) − f̄ (0)

τ2
+ . . .

Integrate

∂tε+ . . . = −M1 − M̄1

τ0
− n− n̄

τ1
− ε− ε̄

τ2
− M3 − M̄3

τ3
+ . . .

∂tn+ . . . = −M0 − M̄0

τ0
− M1 − M̄1

τ1
− n− n̄

τ2
− ε− ε̄

τ3
+ . . .

Linearize and identify

1

τnn
=
∂M0

∂n

1

τ0
+
∂M1

∂n

1

τ1
+

1

τ2
+ . . .

1

τnε
= . . .

Mixed relaxations from kinetic theory identically satisfy Onsager χ̂ · τ̂ = τ̂T · χ̂T .
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Summary and Outlook

• Hydrodynamic regime of Weyl semimetals ⇒ anomalous relativistic
two-components fluid.

• Longitudinal magneto-conductivities are divergent in DC ⇒ need energy,
momentum and axial charge relaxations.

• Generalized relaxations are necessary to satisfy fundamental considerations:
◦ finite DC conductivities
◦ Onsager relations
◦ conservation of electric charge

• They can be justified from kinetic theory using energy-dependent RTA.
• Entropy production not positive definite.
• Thermoelectric transport not anomalous.
• BKG-like model to preserve charge conservation.

For the future:
• Explicit examples from microscopic physics?
• Other relaxations mechanisms?
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Thank you for the attention!
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Longitudinal magnetoresistance

Linear Response δJ = σδE. If Jµ ∼ O(∂), numerator of σ ∼ O(∂) must be
truncated at order one.

=⇒ If B ∼ O(∂), σ cannot depend on B2 ∼ O(∂2).

Standard order-one anomalous hydrodynamics fails to predict negative
magnetoresistance — cfr. [Landsteiner et al. (2014), Lucas et al. (2016)]

Solution

Consider B ∼ O(1) ⇒ now B2 ∼ O(1) and appears in the conductivity.

Anomalous ideal fluid, ξε = 1
2
cµ2 and ξ = cµ [Ammon et al. (2021)].

Magneto-resistance is now well-defined and physical.
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DC transport I

Longitudinal DC conductivities are infinite ⇒ add momentum, energy and charge
relaxations [Landsteiner et al. (2014), Abbasi et al. (2016)]

∂µδT
µ0 = δ(F 0λJλ)−

δT 00

τεε

∂µδT
µi = δ(F iλJλ)−

δT 0i

τm

∂µδJ
µ = −δJ

0

τnn

∂µδJ
µ
5 = cδE ·B − δJ0

5

τn5n5

Onsager relations τεε = τnn = τn5n5 = τm ⇒ unphysical solution.
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DC transport II

First suggestion:
anomalous flow is superfluid-like [Sadofyev, Yin (2016), Stephanov, Yee (2016)] ⇒ relax
normal component only, e.g. δJ0 = δn+ cµ5B · δv → δn

∂µδT
µ0 = δ(F 0λJλ)−

δε

τεε

∂µδT
µi = δ(F iλJλ)−

δP i

τm

∂µδJ
µ = − δn

τnn

∂µδJ
µ
5 = cδE ·B − δn5

τn5n5

Onsager relations τεε = τnn = τn5n5 , while τm ≥ 0 is free ⇒ still bad.
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DC transport III: generalized relaxations

Second suggestion: generalized-mixed relaxations

energy: 1
τεε
δε+ 1

τεn
δn+ 1

τεn5
δn5

charge: 1
τnε

δε+ 1
τnn

δn+ 1
τnn5

δn5

axial charge: 1
τn5ε

δε+ 1
τn5n

δn+ 1
τn5n5

δn5

 = τ̂ · φ

Onsager relations imply χ̂ · τ̂ − τ̂T · χ̂T = 0, explicitly

0 =
χnn5

τεn5

+
χnn

τεn
− χεn5

τnn5

+
χεn

τεε
− χεn

τnn
− χεε

τnε
+ 2 more

• Only σ has NMR in DC, while α and κ have standard Drude form.
• Entropy is not conserved

1

τεε
− µ

τnε
− µ5

τn5ε
̸= 0 + 2 more
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Collision integrals

We take Icoll = Iee + Iimp + Ieγ such that

Iimp =

∫
d3p′Wp→p′ [fp − fp′ ] δ(εp − εp′) ⇒ Iimp ≈ −fp − f (0)

τm

and

Ieγ =

∫
d3qWp′,q→p [fp′(1− fp)nq − fp(1− fp′)(1 + nq)] δ(εp − εp′ − ωq)+

+

∫
d3qWp′→p,q [fp′(1− fp)(1 + nq)− fp(1− fp′)nq] δ(εp + ωk − εp′)

if phonons in thermal equilibrium

Ieγ ≈ −fp − f̄ (0)

τn
with f̄ (0) =

1

1 + e(εp−µ̄)/T̄
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Mapping relaxations

Consider τn = τn(εp) and expand
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∑
j≥−2

εjp
f (0) − f̄ (0)

τj+2
=
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ε2p

f (0) − f̄ (0)
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+
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εp

f (0) − f̄ (0)

τ1
+
f (0) − f̄ (0)

τ2
+ . . .

Integrate

∂tε+ . . . = −M1 − M̄1

τ0
− n− n̄

τ1
− ε− ε̄

τ2
− M4 − M̄4

τ3
+ . . .

∂tn+ . . . = −M0 − M̄0

τ0
− M1 − M̄1

τ1
− n− n̄

τ2
− ε− ε̄

τ3
+ . . .
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∂M0

∂n

1

τ0
+
∂M1
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+
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+ . . .
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τnε
= . . .
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BKG model: Iee

Write
fp = f (0) + δfp = f (0)(1 + hp)

And linearize collision integral Iee ≃ Leehp +O(δ2). It obeys

Lee1 = 0 Leep = 0 Leeεp = 0

which imply energy, momentum and charge conservation. Its RTA form

Leehp ≈ −f (0) hp

τ

does not conserve energy and charge ⇒ BKG model, i.e. RTA on the subspace
orthogonal to zero modes.
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BKG model: generalized relaxations

Write
f (0) = f̄ (0) + δf = f̄ (0)(1 + h)

Ieγ conserves charge, while its RTA form does not. Then, BKG model

Leγ ≈ L∗ = − f̄
(0)

τ

∑
i,j

ai,jψ
iψ̃j

with ψ ∼ 1 ψ2 ∼ εp charge and energy eigenmodes of Iee.

Charge conservation implies a1,i = 0

∂tf
(0) + · · · = − 1

τ

[
f (0) − n

n̄
f̄ (0) + α̃2f̄

(0)(n− n̄) + α̃1f̄
(0)(ε̄n− n̄ε)

]
⇒ charge identically conserved, energy has generalized relaxations.
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