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Method


Second Calculation:

HOLOGRAPHY

2
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m
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First Calculation:

HYDRODYNAMICS & 
THERMODYNAMICS

Chirality and a strong magnetic field give rise to novel hydrodynamic transport

Basic idea

✦ standard relativistic 

hydrodynamics is           
isotropic and parity-invariant


✦ but QCD quark gluon plasma 
breaks isotropy and parity

[Adler; Phys.Rev. (1969)]
[Bell, Jackiw; Nuovo Cim.(1969)]
[Blackie; PRL (1960)]

➡ anisotropic chiral hydro 


➡ novel transport effects 

https://doi.org/10.1103/PhysRev.177.2426
https://doi.org/10.1007/BF02823296
https://link.aps.org/doi/10.1103/PhysRevLett.5.384
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1. Novel transport coefficients: deriving chiral hydrodynamics


2. Holographic model of chiral hydrodynamics


3. Holographic transport far from equilibrium 

OUTLINE
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Conservation equations


4

fluid cells with 
distinct 

temperatures

Hydrodynamics


•effective field theory 


• expansion in small gradients


• large temperature


•conserved quantities survive

1. Chiral hydrodynamics - Concepts

Fourier transform hydro fields, e.g. T(x):

∇μTμν = Fμνjμ

∇μ jμ
axial = C ⃗E ⋅ ⃗B

∇μ jμ
vector = 0

Constitutive equations


⟨jμ
vector⟩ = nuμ + 𝒪(∂) + 𝒪(∂2) + . . .
⟨Tμν⟩ = ϵ uμuν + P Δμν + 𝒪(∂) + 𝒪(∂2) + . . .

⟨jμ
axial⟩ = nauμ + 𝒪(∂) + 𝒪(∂2) + . . .Scales
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@µ
Fµ⌫ u ⌫

2. Restricted by conservation equations

Example:

3. Further restricted by positivity of local entropy production:
∇µJµ

s ≥ 0[Landau, Lifshitz]

1. Construct constitutive equations or generating functional: all 
(pseudo)scalars, (pseudo)vectors and (pseudo)tensors under Lorentz group

∇µj
µ

(0) = ∇µ(nuµ
) = 0

5

vorticity

Examples at :𝒪(∂)

ω
µ

=
1

2
ε
µνλρuν∇λuρ

1. Chiral hydrodynamics - Construction

➡ Most general hydrodynamic 1-point functions for chiral 
charged fluid in strong magnetic field
 [Ammon, Kaminski et al.; JHEP (2017)]

[Ammon, Grieninger, Hernandez, Kaminski, Koirala, Leiber, Wu; JHEP (2020)]

< jμ > = nuμ + 𝒪(∂) + 𝒪(∂2) + . . .
charge gradient 

(covariant derivative)∇μn

[Jensen, Kaminski, Kovtun, Meyer, et al.; 
PRL (2012)]

[Banerjee et al.; JHEP (2012)]

[JHEP (2011)]

[Haehl et al.; PRL (2015)]
[Crossley et al.; (2015)]

Idea: generating 
functional W[T, μ]

⟨Tμν⟩ ∼
δW[T, μ]

δgμν

⟨TμνTαβ⟩ ∼
δ2W

δgμνδgαβ

cf. method reported in talk by J. Liao 
(used there for spin hydro)

magnetic 
vorticity

http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/2012.09183
http://arxiv.org/abs/arXiv:1203.3556
https://arxiv.org/abs/1203.3544
https://arxiv.org/pdf/1112.4498.pdf
https://arxiv.org/abs/1412.1090
https://arxiv.org/abs/1511.03646
https://indico.math.cnrs.fr/event/10773/contributions/11977/
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1. Chiral hydrodynamics - conductivity Kubo formulae

z

current

Parallel conductivity

Perpendicular resistivity

B

z

current

B

x

hJzJzi(!,k = 0) ⇠ �||

hJxJxi(!,k = 0) ⇠ ⇢?

Very different parallel versus perpendicular

||

? perpendicular

parallel
lim
ω→0

lim
ω→0

⟨JzJz⟩

⟨JxJx⟩

[Ammon, Grieninger, Hernandez, Kaminski, Koirala, Leiber, Wu; JHEP (2020)]

For any anisotropic fluid:


➡ also two distinct shear 

viscosities  and   


➡  has no lower bound


➡ affects hydro modeling !

η⊥ η||

η||

[Cartwright,Garbiso-Amano,Kaminski,Wu; PPNP 
review (accepted version on arXiv)] on rotation

[Ammon,Cartwright,Grieninger,Hernandez, 
Kaminski; PPNP review (to appear)] on strong B

Two Prog.Part.Nucl.Phys. review articles:

cf. [Florkowski, Ryblewski; PRC (2010)]
[Martinez, Strickland; Nucl.Phys.A (2010)]

https://arxiv.org/abs/2012.09183
https://arxiv.org/abs/2308.11686
http://arxiv.org/abs/1007.0130
http://arxiv.org/abs/1007.0889
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Shear-induced Hall conductivity c10

7

1. Chiral hydrodynamics - novel transport coefficient c10

charge current 

z

x

y

uν = (1, 0, uy(z), uz(y))

⟨jx⟩ ∼ c10(∂yuz + ∂zuy)

shear in fluid flow 
(in yz-plane)

c10 ∼ lim
ω→0

1
ω
Im⟨Ttx Tyz⟩(ω, ⃗k = 0)

➡ novel Hall response


➡ non-dissipative                          


➡ interplay: shear-charge

[Ammon, Grieninger, Hernandez, Kaminski, Koirala, Leiber, Wu; JHEP (2020)]

https://arxiv.org/abs/2012.09183
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Perpendicular magnetic vorticity susceptibility M2

8

1. Chiral hydrodynamics - novel equilibrium coefficient M2

magnetic vorticity
z

x

y
Bx(y)

Bz Ωμ
B ∼ (∇xBy − ∇yBx)

magnetic vorticity :

[Ammon, Grieninger, Hernandez, Kaminski, Koirala, Leiber, Wu; JHEP (2020)]

M2 = − lim
kz→0

1
2kzB2

0
Im⟨TxzTyz⟩(ω = 0, kz)

response in energy/pressure :

➡ Can we test these Kubo formulae and constitutive relations 

on the lattice or in experiments?

⟨Ttt⟩ =

https://arxiv.org/abs/2012.09183
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Chiral hydrodynamics - all coefficients
[Ammon, Grieninger, Hernandez, Kaminski, Koirala, Leiber, Wu; JHEP (2020)]

 cf. [Hernandez, Kovtun; JHEP (2017)]

➡ novel transport relevant for QGP ?!

cf. poster by E. Garnacho-Velasco
➡ CME in equilibrium on the lattice ?!

as well as by K. Fukushima
cf. talk by E. 
Garnacho-Velasco

https://arxiv.org/abs/2012.09183
http://arxiv.org/abs/arXiv:1703.08757
https://indico.math.cnrs.fr/event/10773/contributions/11925/
https://indico.math.cnrs.fr/event/10773/contributions/11971/
https://indico.math.cnrs.fr/event/10773/contributions/11973/
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HOLOGRAPHY
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HYDRODYNAMICS & 
THERMODYNAMICS

A winning team: hydrodynamics and holography in parallel 
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1. Novel transport coefficients: deriving chiral hydrodynamics


2. Holographic model of chiral hydrodynamics


3. Holographic transport far from equilibrium

OUTLINE
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Charged magnetic black branes dual to charged plasma in strong B

• charged magnetic analog of Reissner-Nordstrom black brane

• asymptotically AdS5

[D’Hoker, Kraus; JHEP (2010)]

Einstein-Maxwell-Chern-Simons action dual to N=4 Super-Yang-Mills (SYM)

5-dimensional Chern-Simons term 
encodes chiral anomaly of SYM

2. Holographic model for chiral hydrodynamics
➡ Construct holographic dual to charged plasma in strong B


➡ Compute values for all transport coefficients of N=4 SYM

[Ammon, Kaminski et al.; JHEP (2017)] 
[Ammon, Grieninger, Hernandez, Kaminski, Koirala, Leiber, Wu; JHEP (2020)]

[Son,Surowka; PRL (2009)]
cf. [Erdmenger,Haack,Kaminski,Yarom; JHEP (2008)]

5-dimensional Einstein-Maxwell term 
encodes N=4 Super-Yang-Mills (SYM)

https://arxiv.org/pdf/0911.4518.pdf
http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/2012.09183
http://www.arxiv.org/abs/0906.5044
http://www.arxiv.org/abs/0809.2488
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Shear-induced 

Hall conductivity c10

Perpendicular magnetic 
vorticity susceptibility M2

➡ not zero, finite, Onsager relations satisfied

➡ all Kubo formulae consistent 

➡ transport coefficient relations satisfied

➡ confirms chiral hydrodynamics

B
T2

= 0.05

B
T2

= 12.5

B
T2

= 30

μ
T

= 0

[Ammon, Grieninger, Hernandez, Kaminski, Koirala, Leiber, Wu; JHEP (2020)]

2. Holographic model for chiral hydrodynamics - Results

μ
T

> 0

https://arxiv.org/abs/2012.09183
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1. Novel transport coefficients: deriving chiral hydrodynamics


2. Holographic model of chiral hydrodynamics


3. Holographic transport far from equilibrium 

OUTLINE
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CME far from equilibrium, strong B

non-expanding plasma


expanding plasma

HOLOGRAPHY

15

CME near equilibrium (+hydro)

weak magnetic field B


strong B

Chiral Magnetic Effect (CME) 
from chiral anomaly

[Son,Surowka; PRL (2009)]

[Son,Surowka; PRL (2009)]
ti

m
e

[Neiman,Oz; JHEP (2010)]

[Gosh,Grieninger,Landsteiner,Morales-Tejera; PRD (2021)]

Frequency dependence of CME
[Amado,Landsteiner,Pena_Benitez; JHEP (2011)]

[Li,Yee; PRD (2018)]
[Koirala; PhD thesis (2020)]

[Ammon,Leiber,Macedo; JHEP (2016)]

[Ammon, Kaminski et al.; JHEP (2017)]

[Ammon, Grieninger, Hernandez, Kaminski, Koirala, 
Leiber, Wu; JHEP (2021)]

[Erdmenger,Haack,Kaminski,
Yarom; JHEP (2008)]

[Banerjee et al.; JHEP (2011)]

Chiral Vortical Effect


fluid/gravity correspondence

gives constitutive equations

contain weird parity-odd term

hydro and holo in 
parallel

[Kharzeev,Yee;  PRD (2011)]

Jμ
A = ξBB

[Cartwright,Kaminski,Schenke; PRC (2022)]

Jμ
A = ξVΩμ

vorticity
ξV ∼ C μ2

A + bT2

[Neiman,Oz; JHEP (2010)]

[Kharzeev; PRC (2004)]

HYDRODYNAMICS & 
THERMODYNAMICS

A winning team: hydrodynamics and holography in parallel 
DISCLAIMER: More balanced review in 

my Section 5.2 on Hydrodynamics 

in White Paper [Sorensen et al.; 
Prog.Part.Nucl.Phys. (2024)]

cf. talk by A.F. Dobrin

cf. talk by Huan Huang

cf. talk by S. Grieninger

cf. talk by D. Kharzeev

[Grieninger,Morales-Tejera; PRD (2023)]

http://www.arxiv.org/abs/0906.5044
http://www.arxiv.org/abs/0906.5044
https://arxiv.org/abs/1011.5107
https://arxiv.org/abs/2105.05855
https://arxiv.org/abs/1102.4577
https://arxiv.org/abs/1805.04057
https://www.proquest.com/dissertations-theses/transport-strongly-coupled-charged-relativistic/docview/2454193407/se-2?accountid=14472
https://arxiv.org/abs/1601.02125
http://arxiv.org/abs/arXiv:1701.05565
https://arxiv.org/abs/2012.09183
http://www.arxiv.org/abs/0809.2488
http://www.arxiv.org/abs/0809.2596
http://arxiv.org/abs/arXiv:1012.6026
https://arxiv.org/abs/2112.13857
https://arxiv.org/abs/1011.5107
https://arxiv.org/abs/hep-ph/0406311
https://arxiv.org/abs/2301.13253
https://indico.math.cnrs.fr/event/10773/contributions/11976/
https://indico.math.cnrs.fr/event/10773/contributions/11975/
https://indico.math.cnrs.fr/event/10773/contributions/11953/
https://indico.math.cnrs.fr/event/10773/contributions/11962/
https://arxiv.org/abs/2308.14829
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3. Far from equilibrium holography

Anti-de Sitter 
space boundary

radial AdS

coordinate z

black 
hole

thermal

QFT “lives” here

temperature T

Horizon formation in gravity:

T=0

QFT

Thermalization in field theory:

gauge/gravity 
correspondence

T=0 particle “soup”

thermal 
QFT

nonzero T plasma

[Chesler, Yaffe; PRL (2009)]
[Janik,Peschanski; PRD (2006)]

gμν(v)⟨Tμν⟩(v)

time

collapsing 
dust shell

➡solve time-dependent Einstein equations

[DOE Highlight Article; 
Cartwright,Kaminski, 
Schenke (2023)]

http://arxiv.org/abs/arXiv:0812.2053
https://arxiv.org/abs/hep-th/0512162
https://www.energy.gov/science/np/articles/holographic-view-quantum-anomalies
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3.1 CME far from equilibrium - Reminder: near equilibrium CME

The Chiral Magnetic Effect (CME) 
caused by chiral anomaly

[Son,Surowka; PRL (2009)]
[Neiman,Oz; JHEP (2010)]

ξχ = C μA

∇μJμ
A = C E ⋅ B

Jμ = ξχB

[Kharzeev; PRC (2004)]

Electric charge current:

Chiral magnetic conductivity:

axial charges are 
generated in 

aligned E- and B-
fields

Anomalous axial current divergence:

+ ++
- - - -

Needed for observation: 


➡chiral anomaly


➡axial charge imbalance


➡magnetic field


➡sufficient life time

[Fukushima,Kharzeev,Warringa; PRD (2008)][DOE Highlight Article; 
Cartwright,Kaminski,

Schenke (2023)]

http://www.arxiv.org/abs/0906.5044
https://arxiv.org/abs/1011.5107
https://arxiv.org/abs/hep-ph/0406311
https://arxiv.org/pdf/0808.3382.pdf
https://www.energy.gov/science/np/articles/holographic-view-quantum-anomalies
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3.1 CME far from equilibrium - Bjorken-expanding plasma
[Cartwright,Kaminski,Schenke; PRC (2022)]

Milne coordinates (τ, x1, x2, ξ; r)

Metric Ansatz

figure generated by Casey Cartwright

Bjorken flowproper time

rapidity 

AdS radial coordinate  r

boundary at   has boost invariant Milne metric:r = ∞

[DOE Highlight Article; 
Cartwright,Kaminski,

Schenke (2023)]

https://arxiv.org/abs/2112.13857
https://indico.bnl.gov/event/7012/
https://www.energy.gov/science/np/articles/holographic-view-quantum-anomalies
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[Cartwright,Kaminski,Schenke; PRC (2022)]

➡CME-current depends strongly on initial conditions (strength 

of magnetic field vs. axial imbalance vs. collision energy)

Matching to QCD: 

SUSY value for 

L=1fm fixes 

α
κ

Initial state: 

nonzero , B,

pressure anisotropy


time-dependent , B

plasma expanding 
along beam line 

nA

nA

T(τ0)=165 MeV

T(τ0)=181 MeV

T(τ0)=199 MeV

T(τ0)=225 MeV

T(τ0)=299 MeV

T(τ0)=577 MeV

-1 0 1 2 3 4
0.00

0.05

0.10

0.15

0.20

0.25

τ [fm]

<
J V

1
>
[1

0
-

4
G

e
V

3
]

Fixed initial eB ≈ m2
π , nA = 0.00032 GeV3

3.1 CME far from equilibrium - case I

Near-equilibrium CME

ξχ = C μAJμ
V = ξχB

 [Son,Surowka; PRL (2009)]
[Fukushima,Kharzeev,Warringa; PRD (2008)]
[Kharzeev; PRC (2004)]

see also the non-expanding holographic model: 
[Gosh,Grieninger,Landsteiner,Morales-Tejera; PRD (2021)]

[DOE Highlight Article; 
Cartwright,Kaminski,S

chenke (2023)]

https://arxiv.org/abs/2112.13857
http://www.arxiv.org/abs/0906.5044
https://arxiv.org/pdf/0808.3382.pdf
https://arxiv.org/abs/hep-ph/0406311
https://arxiv.org/abs/2105.05855
https://www.energy.gov/science/np/articles/holographic-view-quantum-anomalies
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3.1 Chiral Magnetic Effect in Bjorken-expanding plasma
[Cartwright,Kaminski,Schenke; PRC (2022)]

top-RHIC energy: [STAR Collaboration; (2021)]
low-energy update: [STAR Collaboration; (2022)]

high energy update: [ALICE Collaboration; (2022)]

Compare to experiments:

compare: [Gosh,Grieninger,Landsteiner,Morales-Tejera; PRD (2021)]

Area: 

Charge accumulated in detector 
over time  due to CMEΔτ = τf − τi

different combinations of initial 
energy, initial chiral imbalance, 
initial magnetic field

[DOE Highlight Article; 
Cartwright,Kaminski,S

chenke (2023)]

[Grieninger, Morales-Tejera; PRD (2023)]

➡CME-current depends strongly on initial conditions (strength 

of magnetic field vs. axial imbalance vs. collision energy)

Spin & Rotation

collision energy

ac
cu

m
ul

at
ed

 c
ha

rg
e

https://arxiv.org/abs/2112.13857
https://arxiv.org/abs/2109.00131
https://arxiv.org/abs/2209.03467
https://arxiv.org/abs/2210.15383
https://arxiv.org/abs/2105.05855
https://www.energy.gov/science/np/articles/holographic-view-quantum-anomalies
https://arxiv.org/abs/2308.14829
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3.2 Far from equilibrium shear: Results

Δt = 0.3 fmsNN = 200 GeV

Tfinal = 310 MeV

RHIC parameters:

➡ Shear transport ratio first drops below 60%,  

then rises above 110% of KSS value 1/(4 )π

[Bleicher, Kaminski, Wondrak; Phys.Lett.B (2020)]

T = THawking

s ∼
∂Son−shell

∂T

Tc = 155 MeV

η
s

KSS equilibrium result 
η
s

=
1

4π

[Kovtun,Son,
Starinets; 

PRL (2005)]

Entropy density from 
generating functional

Temperature

No universal bound
[Buchel, Myers, Sindha; 

JHEP (2008)]

https://arxiv.org/abs/2002.11730
https://arxiv.org/abs/hep-th/0405231
https://arxiv.org/abs/0812.2521
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3.2 Far from equilibrium shear: Results - continued

➡ stark contrast: near equilibrium lattice QCD / FRG suggest          

whereas far from equilibrium Super-Yang-Mills (SYM) plasma suggests  


➡ currently underestimating flow generated at early times

η/s > 1/(4π)

η/s < 1/(4π)

[Bleicher, Kaminski, Wondrak; Phys.Lett.B (2020)]

FRG results from

[Christiansen, Haas, Pawlowski, Strodthoff; PRL (2015)]
Lattice QCD data from

[Astrakhantsev, Braguta, Kotov; JHEP (2017)]

FRG and holography minimum

η
s

[Bernhard, Moreland, Bass, Nature (2019)]

https://arxiv.org/abs/2002.11730
https://arxiv.org/abs/1411.7986
https://arxiv.org/abs/1701.02266
https://doi.org/10.1038/s41567-019-0611-8
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Comments: Spin hydrodynamics & hydrodynamics in rotating fluids

Spin hydrodynamics

✦ spin connection sources spin current, like 

metric sources energy-momentum tensor


✦ spin connection independent from metric 
(vielbein   ) iff torsion nonzero,       
dictated by differential geometry:


✦ special case: if zero torsion,            ,    
spin current and energy-momentum tensor 
display pseudogauge dependence because 
their sources are equivalent


T = 0

⇒ ω ∼ − (e)−1∂e

Σμ
̂ab̂

= −
2
e

δW
δω ̂ab̂

μ torsion=0

Hydrodynamics in rotating fluids

✦ analytically known rotating vortical fluid


✦ stems from rotating equilibrium state on      
3-sphere after stereographic projection


✦ hydrodynamic modes of this rotating fluid 
appear as if in boosted fluid


✦ all these results plus applicability of 
hydrodynamics discussed in review:


[Hongo,Huang,Kaminski,Stephanov,Yee; JHEP (2021)]

in agreement with [Gallegos,Gursoy,Yarom; SciPost (2021)]
[Gallegos,Gursoy,Yarom; JHEP (2023)]

[Garbiso-Amano, Kaminski; JHEP (2019)]

[Bantilan, Ishii, Romatschke; PLB (2018)]

cf. talk by A. Palermo
cf. talk by Shu Lin

e

De = ∂e + e * ω = T (torsion)

[Cartwright,Garbiso-Amano, Kaminski,Wu; PPNP review 
(accepted version on arXiv)]

cf. talk by M. Shokri
cf. talk by A. Daher

cf. talk by 
M. Buzzegoli

cf. talk by V. Braguta
cf. talk by K. Fukushima

yesterday v2 on arXiv
40 70 pages!→

http://arxiv.org/abs/arXiv:1203.3556
https://arxiv.org/abs/2101.04759
https://arxiv.org/abs/2101.04759
https://arxiv.org/pdf/1904.11507
https://arxiv.org/abs/1803.10774
https://indico.math.cnrs.fr/event/10773/contributions/11972/
https://indico.math.cnrs.fr/event/10773/contributions/11931/
https://arxiv.org/abs/2308.11686
https://indico.math.cnrs.fr/event/10773/contributions/11934/
https://indico.math.cnrs.fr/event/10773/contributions/11926/
https://indico.math.cnrs.fr/event/10773/contributions/11954/
https://indico.math.cnrs.fr/event/10773/contributions/11961/
https://indico.math.cnrs.fr/event/10773/contributions/11970/
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Discussion

Outlook

• calculate novel transport coefficients on the lattice and in perturbative QCD


• explore effect on elliptic flow and hydrodynamic modeling in general

• construct chiral magneto-hydrodynamics


• include dynamical magnetic field and dynamically created axial imbalance 
to model QGP and CME far from equilibrium

Summary

• chiral hydrodynamics for charged chiral fluids in strong magnetic field 


• derived Kubo formulae for 27 transport coefficients (8 novel) 


• confirmed Kubo formulae by computation in holographic model


• Chiral Magnetic Effect depends on initial values (axial imbalance, B, T, )


• Far from equilibrium specific shear viscosity drops below 1/(4 )

ϵ

π

[AdS4CME Collaboration]

Our upcoming ECT* Workshop:
March 24-28, 2025 (with Gursoy/Kharzeev/Landsteiner)

Holographic perspectives on 
chiral transport and spin dynamics

[Cartwright,Garbiso-Amano,Kaminski,Wu; PPNP 
review (accepted version on arXiv)] on rotation

[Ammon,Cartwright,Grieninger,Hernandez, 
Kaminski; PPNP review (to appear)] on strong B

Two review articles on rotation and strong B in Progress in Particle and Nuclear Physics:yesterday v2 on arXiv
40 70 pages!→

https://ads4cme.wixsite.com/ads4cme
https://ads4cme.wixsite.com/ads4cme
https://indico.ectstar.eu/event/163/
https://arxiv.org/abs/2308.11686
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APPENDIX
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Simple (non-chiral) example in 2+1 dims:

uµ
= (1, 0, 0)

fluctuations

sources

one point functions       (use               )

(fix T and u)

D =
σ

χ

At, Ax ∝ e−iωt+ikx

Einstein relation:

two point functions⇒

 APPENDIX: Kubo-formula derivation example: hydrodynamic correlators in 2+1

Pµν
= gµν

+ uµuν

∇µjµ
= 0

27

susceptibility: χ =
∂n

∂µ

jµ
= nuµ

+ σ

[

Eµ − TPµν
∂ν

( µ

T

)]

n = n(t, x, y) ∝ e−iωt+ikx

〈jt〉 = n(ω, k) =
ikσ

ω + ik2 σ
χ

(ωAx + kAt)

〈jx〉 =
iωσ

ω + ik2 σ
χ

(ωAx + kAt)

〈jy〉 = 0
〈jxjx〉 =

δ〈jx〉

δAx

=
iω2

σ

ω + iDk2

∆
µν ∆

µν

Kubo formula:⇒ � = lim
!!0

1

i!
hjxjxi(!, k = 0)
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Vector current (e.g. QCD electromagnetic U(1))

 APPENDIX: Chiral effects in vector and axial currents

Axial current (e.g. QCD axial U(1))

Jµ
V = · · ·+ ⇠V !

µ + ⇠V V B
µ + ⇠V AB

µ
A

Jµ
A = · · ·+ ⇠!µ + ⇠BB

µ + ⇠AAB
µ
A

chiral 
vortical 
effect

chiral 
separation 

effect

chiral 
magnetic 

effect

see e.g. [Jensen, Kovtun, Ritz; JHEP (2013)]

➡phenomenology needs both currents


➡Holographic model with two currents

χ

http://arxiv.org/abs/arXiv:1307.3234
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Einstein-Maxwell-Chern-Simons action with two gauge fields  and Aμ Vμ

 APPENDIX: Holographic model with two currents

S =
1

2κ2 ∫ d5x −g (R − 2Λ −
L2

4
FμνFμν −

L2

4
F(5)

μν Fμν
(5) +

α
3

ϵμνρστAμ (3FνρFστ + F(5)
νρ F(5)

στ ))

counter term action
 equations of motion


gravitational Maxwell-CS stress tensors


[Gosh,Grieninger,Landsteiner,Morales-Tejera; PRD (2021)]

https://arxiv.org/abs/2105.05855
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Einstein-Maxwell-Chern-Simons action 
with two gauge fields  and Aμ Vμ

Chern-Simons term 
encoding chiral anomaly

 APPENDIX: Holographic model with two currents

Einstein-
Hilbert

S =
1

2κ2 ∫ d5x −g (R − 2Λ −
L2

4
FμνFμν −

L2

4
F(5)

μν Fμν
(5) +

α
3

ϵμνρστAμ (3FνρFστ + F(5)
νρ F(5)

στ ))
Maxwell “axial 


Maxwell”

Jµ
V = · · ·+ ⇠V !

µ + ⇠V V B
µ + ⇠V AB

µ
A

Jµ
A = · · ·+ ⇠!µ + ⇠BB

µ + ⇠AAB
µ
A

Vμ
5D vector 

gauge field

5D axial 

gauge field Aμ

4D conserved vector current

4D anomalous axial current

gravitational 
coupling κ

Chern-Simons 
coupling α

[Gosh,Grieninger,Landsteiner,Morales-Tejera; PRD (2021)]
[Grieninger, Morales-Tejera; PRD (2023)]

https://arxiv.org/abs/2105.05855
https://arxiv.org/abs/2308.14829
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APPENDIX: Kubo formulae: two shear viscosities

x

y
@uy

@x

fluid 
velocity
uy

Shear viscosity perpendicular

Shear viscosity parallel

x

z

fluid 
velocity

B

B

Hall resistivityperpendicular 
resistivity

➡ Value of shear viscosity depends on 
direction of magnetic field

➡ Can lead to creation of flow at early times
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 APPENDIX: Far from equilibrium shear: Perturbations

Linear response: retarded correlator from metric fluctuation (only shear perturbation )hxy

= gμν dxμdxν ⇒

hμν ∼ h(0)
μν + ⟨Tμν⟩ z4 + …

Perturb the background metric

Wigner transform 
trel = tp − t2

Gxy,xy
R (tp, t2) → Gxy,xy

R (tavg, trel) ∼ G̃xy,xy
R (tavg, ω) e−iωtrel

Generalized Kubo formula for “shear viscosity” far from equilibrium 

[Bleicher, Kaminski, Wondrak; Phys.Lett.B (2020)]

[Bleicher, Kaminski, Wondrak; Phys.Lett.B (2020)]

[Son, Starinets; JHEP (2002)]

shear source localized at a time tp

[Iqbal, Liu; Fortschr.Phys. (2008)]
[van Rees, Skenderis; PRL (2008)]

[Ishii; arXiv:1605.08387]

source one-point function

gμν → gμν+ hμν

Near-boundary expansion
metric perturbation

linearized Einstein equations for hμν

η
s

Equilibrium result

η = − lim
ω→0

1
ω

ℑ G̃xy,xy
R (ω)

[Kubo formula]

https://arxiv.org/abs/2002.11730
https://arxiv.org/abs/2002.11730
https://arxiv.org/abs/hep-th/0205051
https://arxiv.org/abs/0903.2596
https://arxiv.org/abs/0805.0150
https://arxiv.org/abs/1605.08387
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APPENDIX: Bjorken - expanding plasma
[Cartwright,Kaminski,Schenke; PRC (2022)]

Bjorken flow equation

Holographic Bjorken flow equation

Energy and pressures

➡time-dependent 

axial charge and B

Recall the metric:

➡CME current

https://arxiv.org/abs/2112.13857
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APPENDIX: Holographic Bjorken - expanding plasma
[Cartwright,Kaminski,Knipfer; (2022)]

Metric Ansatz :

Anisotropy function : 

Initial conditions :

https://arxiv.org/abs/2207.02875
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 APPENDIX: Bjorken - expanding plasma: -codeC3
[Cartwright,Kaminski,Schenke; PRC (2022)]

taken from Casey Cartwright’s talk

https://arxiv.org/abs/2112.13857
https://indico.bnl.gov/event/7012/
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APPENDIX: Same magneto response in LQCD and N=4 SYM with magnetic field

36

[Endrödi, Kaminski, Schäfer, Wu, Yaffe; JHEP (2018)]

Lattice QCD with 2+1 flavors, dynamical quarks, physical masses

pT = �LT

V

@FQCD

@LT

pL = �LL

V

@FQCD

@LL

transverse pressure:

longitudinal pressure:

FQCD… free energy

… transverse system sizeLT

… longitudinal system size

… system volume

LL

V

https://arxiv.org/abs/1806.09632

