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Unimodular Discrete Spaces

o A discrete (metric) space: D
o A rooted discrete space:[; 0] 2 D

o 0: the origin or the root
o Every ballN,(0) contains nitely many points (boundedly nite)

@ A random rooted discrete spaceD); 0]
o Unimodular if (heuristically) "o is uniformly distributed inD"
" # " #
X X
8g:E g[D;o;v] = E g[D;v;o]  (mtp)
v2D v2D
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@ Unimodular Random Graphs (with M.O. Haji-Mirsadeghi & A. Kredi}
o Examples
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Example 1: Palm probabilities

Palm version of stationary point processes
e A random discrete subsets &
e Distribution invariant under translations
@ Conditioned on containing the origin

All covariant graphs on stationary point processes under their Palm
version are unimodular
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Example 2: Graph of a process with stationary increme

f Xngn2z a stationary stochastic process with values onRY

S =0, § §1=X 15122
X1 X1

Xn; 1>0, §= Xn; 1<0
n=0 n= i

The graph [G; (0; 0)] with G = fi; Sig; is unimodular

S
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Example 3: Finite graph limits

An a.s. nite random graph with a root picked at random in the set
of vertices is a unimodular rooted discrete space for graph dista

A local weak limit of such a random rooted graph is unimodular
[Aldous Lyons 07]

Canopy Tree Example
@ Binary tree with sayN generations
@ Choose a rooby at random and letN tend to in nity

o The local weak limit is theCanopy EFT which has in nitely many
generations, numbered liks

@ The index (w.r.t. the generation of the root) of the last generati in
this limit is geometrically distributed with parameter 1/2
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Example 4 Eternal Galton-Watson Tree

o distribution onf0;1;2; 3;:::g with meanm( )=1and (1)< 1
@ Size-biased distribution of, *(k) = k (k) forallk 0
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@ Unimodular Random Graphs (with M.O. Haji-Mirsadeghi & A. Kredi}

@ Covariant Processes
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Covariant process

D: a deterministic discrete space which is boundedly- nite
Marking of D: a function fromD D to a measure space

Covariant process Z with values in
map that assigns to everp a random markingZ p s.t.

@ Z is compatible with isometries8 isometries : D1 ! Da, Zp, 1
of D, has the same distribution a&p,

@ For every measurable subsat D, the function
[D;0] 7' P[[D;0;Zp] 2 A]

is measurable
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Marked Spaces

Lemma
Let [D; 0] be a unimodular discrete space.
If Z is a covariant process oD, then [D;0;Zp] is also unimodular

Examples:

e Deterministic : in a one ended tree, mark each edge incident to a
node with its direction to the end

@ Random: in a graph, declare the directed edge from a node to one
its neighbors independently for all neighbors but with a proitigb
that depends on the degree of the node

Marked unimodular graphs are referred to astworks
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Covariant subset, Intensity

Covariant subset:
Set S of points with mark 1 in somé O; 1g-valued covariant process
Intensity :

If [D; 0] is a unimodular discrete space, then tirgensity of S in D is
dened by p(S):= P[o 2 Sp]
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@ Unimodular Random Graphs (with M.O. Haji-Mirsadeghi & A. Kredi}

@ Poincae recurrence lemma
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Poincae Recurrence Lemma

Unimodular Poincae recurrence lemma

[F.B. Haji-Mirsadeghi, Khezeli 18], [Loasz 20]

Let [G; 0] be a unimodular network s.tV (G) is a.s. in nite.

Then any covariant subse® of V (G) is a.s. either empty or in nite :

P#Ss2f01g]=1

Several otheunimodular extensions of the theory of measure
preserving transformations have been discussed
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@ Vertex and point shifts (with M.O. Haji Mirsadeghi & A. Khezgli
@ Phase Classi cation theorem
o Family Trees and EFTs
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Dynamics on a Discrete Random Structure

Dynamics: point-shifts, vertex-shifts
@ Select one node (point/vertex)

@ in the discrete rooted structure
@ as a function of the discrete rooted structure

@ Move the origin/root there
Point-shifts in the literature

o [Mecke 75]: mass stationarity

o [Thorisson 00]: this terminology

@ [Holroyd & Peres 05] : allocation rule
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Examples of Point-Shifts on Poisson Point Processes

Strip Routing PS on R?
[Ferrari, Landim & Thorisson 05] L) i

.
7 |progress of PM

Directional PS on R?
[F.B. & Bordenave 07] PM
(radial spanning tree)

.
7 | progress of PM

Locally de ned \navigation rule” on the support of the point poess
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Mecke's Invariance Theorem

Theorem [J. Mecke 75]
Let f be a point-shift on a stationary point process . Then; preserves

the Palm distribution of if and only if f is almost surely bijective on the
support of

Unimodular Mecke Theorem [B-H-K 18]
Let f be a vertex-shift and@; o] be a unimodular network. Theng

preserves the distribution ofd; 0] if and only iffg is almost surely
bijective on \g
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Vertex/Point-Shift Graph

f -Graph of (point/vertex)-shift f:
directed graph with verticesV (D) and edgesf (v;f (v))gv2v

AL
f@gﬂt

ol
~ - A’ZT&\ ‘n

Euclidean instanceunion of all orbits, starting from allv
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Foliation of a Point/Vertex-Shift

Discrete analogue of thetable manifold of a smooth dynamics
Foil partition of the set of points equivalence relation

X tyY,9 n2N;f"(x)= f"(y)

f -foliation : L, equivalence classes of the set of nodes w.r.t.
The partition Lf is are nement of the partition C
The foil of the root is aunimodular discrete space
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lllustration: f -graph and foliation of strip PS on a P.P.P.

Poisson P.P.
in R? Strip
Point-Shift
The f -Graph has
a.s. one
component

Foil of
origin
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@ Vertex and point shifts (with M.O. Haji Mirsadeghi & A. Khezgli
@ Phase Classi cation theorem

Frarcois Baccelli Phase Transitions in Unimodular Random Tre December 2024 16/46



Phase Classi cation

Theorem [F.B., Haji-Mirsadeghi, Khezeli 18]

Let f be a covariant point-shift on a unimodular random discrete spac
[D; o].

Almost surely the component of the origin is a unimodular discrete
space that belongs t@ne of the following three phases:

@ F=F-Phase: C is nite, each of itsf-foils is nite
Q | =F -Phase: C is a two-end directed tree with all it6-foils nite
O | =l -Phase: C is a one-end directed and all ifsfoils are in nite

Proof based on the Unimodular Poincae Recurrence Lemma
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F/F Phase

ClassF =F:
@ C is nite (no in nite end)
o each of itsf -foils is nite
# foils: 1 n<1

C has aunique cycle of lengthn

Vertices of this cyclef! (C)

Example
nearest neighbor point-shift on the P.P.P.
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| =F Phase

Class| =F:

o Cisinnite

e Each of itsf -foils is nite
C is aunimodular directed tree

Each foil has gunior foil

£1 (C): unique2 end path In nite numb_er_ of dgscendants
Finite foil
Example: later in the talk
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| =I Phase

Class| =l :
o Cisinnite
o All its f -foils are in nite
o Foils order likeN or like Z
C is aone-ended unimodular tree

[ ]
fl(C)=;
Finite number of
Examples: descendants
e Strip PS on 2 dim. P.P.P. In nite foil
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@ Vertex and point shifts (with M.O. Haji Mirsadeghi & A. Khezgli

o Family Trees and EFTs
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Family Trees

Family Tree (FT):
Directed treeT in which the out-degree of each vertex is at most 1

Eternal Family Tree (EFT)
When the out-degrees of all vertices are exactly 1

Rooted FT or EFT :
as above

Parent:

For a vertexv with one outgoing edgew, F(v) := w

Descendants:
e of generation n of x: Dp(x) := fy : FM(y) = xg, dn(X) := # Dn(x)
o Tree of descendants D(x) of x, the subtree with vertice$ %:o Dn(x)
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Random Family Tree

Random Family Tree:
a random network with values it almost surely

Unimodular FT :
de ned as above via mtp

Proper random FT:
a randomFT in which 0< E[dp(0)]< 1 foralln O
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Properties of Unimodular EFTs

Proposition
Let [T ;0] be a unimodulaT
@ If T has in nitely many vertices a.s., then it is eternal a.s.
Moreover, T ;0] is a proper randonEFT, with
e E[dn(0)]=1foralln O
e E[d(0)]=1

@ If T is nite with positive probability, thenE[d,(0)] < 1 for alln> 0

The subtree of descendants of the root of an EFT can be seen agsom
generalized branching process

@ No independence assumption

A unimodular EFT is alwaysritical in the sense that the mean number o
children of the root is 1

Frarcois Baccelli Phase Transitions in Unimodular Random Tre December 2024 23/46



Unimodular EFTs and

Dynamics on Unimodular Discrete Spaces

From vertex-shift on unimodular network to unimodular EFT
@ [G;0]: a unimodular network and a vertex-shift
@ C,0): the connected component of thie-graph G' containingo
@ Then [Cg,0); 0], conditioned on being in nite, is ainimodular EFT

Conversely
@ [T ;0]: a unimodular EFT
@ p: the parent vertex-shift is covariant
@ The p-graph is T ; o] itself
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Joining of a sequence of directed trees

(ITi; oi])ilz ; astationary sequence of random rooted trees
Regard eachT ;0;] as a Family Tree by directing edges towards
Add a directed edg®;0; 1 for eachi 2 Z

Leto := 0g

The resulting random rooted EFT, de
noted by [T ;0], is the joining of the
sequence {[ i;0i)L ,
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Decomposition Result on tHe=F Phase

IfE[#V(To)] < 1, onecan move the root of to a typical vertex ofT g:
2 3
1

X
PYAl = — — E4 1A([T;v])® probability measure
9A] EFV (T o) ity A(TvD2 p ty

Theorem [B-H-K 18]

Let [T ; 0] be the joining of a stationary sequence of tree$ ([oi])ilz 1
such thatE[# V(To)] < 1.

Let [T 09 be a random rootedEFTwith distribution P°

@ [T%0Y9is a unimodulafEFTand of clasd =F a.s. As a result, all
generations off and T %are nite a.s.

@ Any unimodular non-ordere@&FTof classl =F can be constructed by
joining a stationary sequence of trees
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© EFTs Everywhere
@ Renewal EFTs (with O. Sodre & S. Khaniha)
@ Record EFTs (with B. Roy Choudhury)
@ Evolutionary Trees (Ongoing work with O. Gascuel)
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© EFTs Everywhere
@ Renewal EFTs (with O. Sodre & S. Khaniha)
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The Renewal EFT

e Graph: grid onZ

o Marksm(i), i 2 Z, i.i.d. Vertex Shift
with distrib. onN F@i)= i+ m(i)

@ Unimodular Network

Frarcois Baccelli Phase Transitions in Unimodular Random Tre December 2024 27146



Finite Mean Interarrival Times

Theorem [F.B., A. Sodre 22]

Assume that has nite mean and is aperiodic. Then the-graph is an
EFT (the Renewal EFT) which

@ is unimodular
o is I/IF

@ has a covariant subset of individuals with in nite progeny
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In nite Mean Interarrival Times

Theorem [F.B., S. Khaniha, M.-O. Mirsadeghi 22]
Assume that has nite mean and is aperiodic. Then the-graph
(Recurrence Time EFF)

@ Can either be a tree or a forest made of an in nite collection ofds
(depending on the tail of the renewal CDF)

In the tree case, thd&kenewal EFT
@ is unimodular
o is I/l
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© EFTs Everywhere

@ Record EFTs (with B. Roy Choudhury)
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Stochastic processes with stationary increments

e Stationary integer-valued sequenee= ( X;)n2z such that their
common mean exists

o Stochastic procesS = ( Sy)n2z is given by

S=0
y(l
n>0; §= Xi
i=0
Xl

n< 0 S = Xi

I=n

o Graph of the process, f(n;S,): n2 Zg.
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Record graph

e Given a stationary integer-valued sequente= ( Xp)n2z, its record
map Rx : Z! Z is given by
inffn>i:S, Sgifinf exists

i 71 Ry (i) =
x (1) i otherwise

; ; P n 1
(5 S isequivalentto _;Xx 0).
o The Record Graph Zfﬁ is the random graph given by

vertices:V (Z%) = z
Directed Edges:E(Z)Fé) = f(i;Rx(i)): 12 Z andi 6 Rx(i)g

o ZR(i) denotes the component of integérin the record graph

Frarcois Baccelli Phase Transitions in Unimodular Random Tre December 2024 31/46



Record graph picture

)

n Xx forn< 0
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Phase transition of the record graph

Theorem [F. B., B. Roy Choudhury 24]

Let X = ( Xp)n2z be a stationary and ergodic sequence of random
variables such that their common mean exists. [Z8 denote the record
graph of the network Z; X)

o If E[Xg] < O, then a.s. every component dffé is of classF =F.
o If E[Xo] > O, then a.s.Z® is connected, and it is of clads=F a.s.

o If E[Xo] =0, then a.s. Z& is connected, and it is either of clagsF
or of classl = .

Component of 0 in the record graph is a unimodular tree
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Skip-free random walkg&[Xo] = 0 Example

Theorem [F. B., B. Roy Choudhury 24]

Let X = ( Xp)n2z be the increments of skip-free to the left random walk
and Z§ be the record graph of the networkz( X)

If E[Xo] = 0, then [Z§(0); 0], the component of 0 in the record graph is
distributed as the ordere@GWT( ), where D Xo+1
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© EFTs Everywhere

@ Evolutionary Trees (Ongoing work with O. Gascuel)
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The evolution tree of In uenza [Wikipedia]
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Evolutionary Trees and their Limits

Reference: Book of M. Steel: Phylogeny, SIAM, 2016
Several classes of models:

Branching : Bienayne-Galton-Watson (neutral)
Coalescent (neutral)

Yule{Harding (neutral)

Caterpillar model (non neutral)
Brunet-Derrida-Mueller-Munier (non neutral)

When choosing direction from o spring to parent, and when selegtia
node at random as root, each of them admits a local weak limit Bifien
letting some size parameter tend to in nity

Ansatz

Prelimit evolution models should belong to one of two phases
depending on the phase of their limit
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Examples of Limits and Phase Transitions

@ Critical branching :
Unimodular
Bienayme-Galton-Watson
EFT

o | =l when variance of
0 spring distribution is
positive
o | =F otherwise
o Coalescent

o | =I when the set of
nodes per generation 8

o | =F otherwise(Hence |nstance of Coalescent - Local view of
some neutral models case onz
are | =F)
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Examples of Limits and Phase Transitions (Continued)

e Caterpillar model !
Caterpillar EFT: always
| =F

@ Brunet-Derrida-Mueller-
Munier model ! BDMM
EFT: always | =F
Individuals reproduce
independently like in a
branching process

Each individual has a tness, oyery generation only the most t

which is that of its parent
plus an increment with
positive mean

individuals reproduce
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The BDMM Model and the FKPP Universality Class

The Fischer Kolmogorov Petro-
vskii Piscounov waves

The tness of the individuals
evolves with time as a wave prop-
agating to the right at a constant
speed

The BDMM Model belongs to the FKPP Universality Class
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The | =F phase and the FKPP Universality Class

Let
@ [T ;0] be an I/F unimodular EFT
o fo/gz be the special individual sequence
o f[T);0]gi2z be the trees in the joining decomposition of
@ gk be the number of the descendants of order 0 in T,

Conditionally ono = og
e fgk0c o IS stationary inl (joining theorem)
@ Go= | g0k has nite mean
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| =F and FKPP - continued

De ne the tness of o and of all its descendants im; to bel

The tness of generation is best
represented by the random measu

X
=+ Oi+i;l i 1+i

i<0

The key observation is thatelative to |, the random measures|, have
the same probability distributions for all

Generic extension of the FKPP wave valid for all I/F models
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Individual's Success

Call successof a species (or an individual) the number of its descendant
species of all generations.

e In thel =l phase, the success of the typical individual is nite but
with in nite mean
A numbering of generations by implies that whennavigating the
foil/generation of the typical species, one nds subsequence of
individuals with a success tending to in nity a.s. This sequence of
successes is stationary. If it is ergodic, when exploring thie doe
will nd species with a success that dwarfs that of any otherdso
visited earlier

@ In the | =F phase,success in a generation is in nite for the

individual of the generation belonging to the bi-in nite path
(the special individual of this generation) and nite for thethers
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What triggers the phase transition?

Renewal EFT

e nite mean jumps: I/F

@ in nite mean jumps: /I
Record EFT when interpreting state as tness

@ negative drift of tness: I/F

e zero drift of tness: I/l
Neutral coalescent EFT

@ nite state space: I/F

@ in nite state space : I/l
UBGW EFT

@ zero variance: I/F

@ positive variance : I/l
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© Conclusions
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Conclusions

Discrete unimodularityextends Palm calculus beyond Euclidean

Several ofergodic theory like results despite no measure preserving
transformation available

Unimodular EFTs allow one to describe structural propertiesany
dynamics on any discrete unimodular spaces

The unimodular Poincae recurrence lemma leads telassi cation
of dynamics that hold across parametric models

Such random structures arebiquitous
In particular, this should havemplications on evolution
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