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1. Dirac physics: HEP vs CM
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QFT fermions

The Dirac equation has negative energy solutions: 

Vacuum: the infinite, filled, Dirac sea.

Particles: quantum excitations of the Dirac sea
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Quasiparticles: quantum excitations of the (filled) Fermi sea.

The standard model of condensed matter 

The Landau Fermi liquid for metals*

ε(k) = k2 / 2m* ε(k) = ±v k
ε(k) = k2 / 2m*
m*= ∂2ε(k) / ∂k2 kF

*HEP ref.: J. Polchinski, Effective Field Theory and the Fermi Surface, hep-th/9210046 

Dirac or Weyl semimetal                          

Vacuum: the Fermi sea

?
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Particles and quasiparticles

Dirac and Fermi seas

Particles 

Quasiparticles

are elementary excitations of the            seasDirac     

Fermi{ {

Same equations, same solutions!

Infinitely deep

Compact
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ε(k) = ±v k

QPs are charged massless fermions

Effective low energy description 

around band crossings in crystals.

(2+1)D: graphene (3+1)D: Dirac and Weyl semimetals

Relativistic QFT at  work

Dirac matter
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2. Conformal anomaly (3+1)
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Warning

Omar Zanusso

I will call this scale, or conformal anomaly



3D: QED conformal anomaly

After quantizing, the running coupling constant induces a scale anomaly

Massless QED is scale invariant:

no masses, dimensionless couplingℒ = −

1
4

FμνFμν + ψ̄ iγμDμψ

Scale magnetic effect Scale electric effect

Seff = ∫ d4xτ(x)Tμ
μ(x)

Anomaly induced transport 

B E
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3D Condensed matter  
Nernst effectScale magnetic effect

∇φ ↔ ∇T
T

The thermoelectric coefficient α should.

• Extrapolate to a non zero value as  T->0 and μ=0.

• Linear in B.

• Proportional to vF (larger in cleaner samples).

α ∼ vFB/T

Experimental signatures

Anomaly based: Chernodub, Cortijo, MV, PRL120, 206601 (2018) 
Kubo calculation: Arjona, Chernodub , MV, PRB99 , 235123 (2019) 
Effect of tilt: Ballestad, Cortijo, MV, Qaiumzadeh, PRB107 , 014410 (2023)



3. Graphene: QED(2+1)?
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Low energy expansion around a Fermi point

vF =
3
2

t . a ∼
c

300

Free action: (2+1) Dirac 

Summary of graphene features

TB Dispersion relation

ℒ = ∫ dtd2xΨ̄γμ∂μΨ , γμ = (γ0, vFγi)

E  1–1.5 eV≤



Non-relativistic QED (2+1)?

Substitute the four fermi non-local interaction by a local term

e
Γμ

0(k1, k2, k3) = ieγμ

L = ∫ d2rΨ̄(r, t)γμ(∂μ − ieAμ)Ψ(r, t) Jμ ∼ (Ψ̄γ0Ψ, vΨ̄ ⃗γ Ψ)

J. González, F. Guinea, MV

Nucl. Phys. B424, 593 (1994)Coulomb interaction

α ≡
e2

4πvF

Hint = e∫ d2rΨ̄(r)γ0A0Ψ(r)
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Charges confined to a plane. 
Photons live in D= 3+1 

Graphene: brain reduced QED

Effective 2D photon propagator 

Effective dimensionless coupling constant

α ≡
e2

4πϵvF
= αQED

c
vF

ϵ0

ϵ

V(k) =
1

|k |

Π0
μν =

Unlike QED(2+1) (superrenormalizable) this theory is renormalizable.

And scale invariant! 15



The electric charge is not renormalized 

   (non-perturbative result)

 The Fermi velocity grows to the infrared

α-> 0  Free infrared quantum critical point

RG Analysis. Results

βv = −
e2

16πvF

Finite
Diverges

βe = 0

J. González, F. Guinea, MAHV
Nucl. Phys. B424, 593 (94) 
Phys. Rev. Lett.77, 3589 (96) 
Phys. Rev. B59, R2474 (99)

vF(E ) = v0
F(1 +

α
4

log
E0

E
)

Πµν (k) =
1
2π
e2

v2
gµν −

kµkν
k2

⎛ 
⎝ 
⎜ ⎞ 

⎠ 
k
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RG Analysis. Results

J. González, F. Guinea, MAHV
Nucl. Phys. B  ‘94

•   New zero of the beta function: vF-> c  

•   Non trivial infrared fixed point with g=αQED  

•Wave function renormalization (anomalous dimension) 
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Retarded interaction: v/c finite

1
2π
e2

v2
k 2

vF
2 k 2 −ω 2

gµν −
kµkν
k 2

⎛

⎝
⎜

⎞

⎠
⎟Πμν = finite

βv =

Σ(ω, ⃗k) = ZΨ(ω, ⃗k)[ωγ0 − Zv(ω, ⃗k)v ⃗γ ⋅ ⃗k]

γ = ∂ log
ZΨ

∂l
, G(ω, ⃗k) ∼ω→0

1
ω1−η

, η =
e2

12π2

-> v=1



From cyclotron mass-
Suspended. Clean.
(Elias et al Nat. Phys. 
2011)

From ARPES. Epitaxial
(Lanzara’s group PNAS 2011)

Energy dependent!
Coulomb interactions make it grow at lower energies. 
Disorder does the opposite. 
If you see it constant as  decreasing energies it intrinsically grows.

(Also space dependent in deformed samples)

Experimental confirmation of vF(E)

18
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4. Conformal anomaly in graphene: 
thermodynamics and hydro effects

A reasonable question: will

vF (E) generate a scale anomaly?


(With observable consequences?)



 Hydro aspects of Dirac matter
Fermi liquids in ultrapure crystalsτee >>τany

20



 Graphene: more recent hydro exp.
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Probing viscous electronic transport via magnetic field imaging 
Kim, Jacobi et al

Observation of hydrodynamic plasmons and  
energy waves in graphene  
THz absorption spectra. Zhao et al.

Scanning carbon nanotube single-electron transistor to  
image the Hall voltage of electronic flow through channels of  
high-mobility graphene. 

Sulpizio,Geim et al



Tμν =
i
2

Ψ̄ (γμ∇ν + γν ∇μ) Ψ − ημνΨ̄ i (γt∂t + vF ⃗γ ⋅ ⃗∇ )Ψ

Key expressions 

S0 = ∫ dt d2 ⃗x Ψ̄ i (γt∂t + vF ⃗γ ⋅ ⃗∇ )Ψ

Tα
α = − 2ψ̄ iγμ ∇μψ ≡ 0

• The action

• The stress tensor

• The trace (traceless using eq. of motion)

• The energy density ϵ ≡ T 00 = − vF Ψ̄i ⃗γ ⋅ ⃗∇ Ψ

Under a scale transformation gμν = e2τημν , δgμν = 2τημν

General for massless QED 

The (new) conformal anomaly 

S → Sτ = S + τ∫ dtd2 ⃗x Tμ
μ(x) + O(τ2) vF → vF + τβv

∂Sψ

∂τ
= < ∫ dt d2 ⃗x Tμ

μ > Tμ
μ = βv < Ψ̄i ⃗γ ⃗∇ Ψ > = −

βv

vF
< ϵ >

22
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Consequences of conformal anomaly on hydro

< Tμ
μ > = E − 2P = 0 , E = 2P

• Conformal equation of state:

(1 +
βv

vF ) E = 2P

• Conformal anomaly:
< Tμ

μ > = −
βv

vF
< E >

• Modified EOS:

Specific heat*

* First noticed by Vafek PRL07. Measurable
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• Sound wave velocity 

EOS of relativistic fluid     ( )    c → vF

∂P
∂E

=
v2

s

v2
F

vs(T ) =
vF(T )

2 (1 −
βv

vF(T ) )
−1/2

(1 +
βv

vF ) E = 2P

Measurable?



Bulk viscosity

Kubo: 

Graphene: 
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Measurable?
Main effect: acoustic dispersion (attenuation)



Summary and conclusion


• Novel CM systems modeled with massless Dirac -> scale invariant


• Coulomb interactions


• Novel scale anomaly  in (2+1) from renormalization of Fermi velocity


• Thermodynamics and hydro effects 


• Experimentally accessible?


{ 3D -> standard QED

2D -> brane QED

26
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The adventure of our science of physics is a 
perpetual attempt to recognize that the 
different aspects of nature are really 
different aspects of the same thing.

Condensed matter merges HEP (again)
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Tolman-Ehrenfest effect

Variations of gravitational potentials induce variations of temperature

Precursors

The problem: thermodynamic equilibrium in gravitational fields.

29



 Gravitational potential

as a local source of 

thermal (energy) currents

Φ

7

How can we get Kubo formulas for 

thermal transport coefficients? 

30



Early experiments explained with single particle picture.

Continuum model accounts for most (almost all) low energy features.

E. Andrei´s andP. Kim’s groups

Nature 09

Fractional Quantum Hall Effect

Novoselov et al, Nature 2005

Digression: A puzzling question still 

remaining in graphene

α ≡
e2

ϵvF
= αQED

c
vF

ϵ0

ϵ
∼ 300αQED

ϵ0

ϵ 31



Coulomb interactions (I)
Nucl. Phys. B424, 593 (94) 
Phys. Rev. Lett.77, 3589 (96) 
Phys. Rev. B59, R2474 (99)H =

3
2
ta d2r∫ ψ (r) γ .∇ψ (r) +

e
2

2

d2r1∫ d2r2
ψ (r1)σ3ψ (r1) ψ (r2 )σ 3ψ (r1 )

4π r1 − r2

Substitute the four fermions non-local interaction by a local term Lj = j
µAµ  ,  

23   dt ( ,t) ( ) ( , )
2 FL v d r ieA tµ

µ µψ γ ∂ ψ= −∫ r r

Feymann diagrams building blocks:

Π0
µν = TAµ( t,r)Aν (t' ,r' ) = −iδµν

d4k
(2π )4∫

eik(r− r' )− iω( t− t' )

−ω2 + k2 − iεr r’

G0 (ω,k) = i
−γ 0ω + vγ .k
−ω 2 + v2k2 − iεω,k

e
Γ0 µ(k1,k2,k3 ) = ie

Non-relativistic QED (2+1)

  j
µ ~  (ψ γ 0ψ ,  vψ 

 
γ ψ )

32

L = L[Ψ, A, vF, α]



                                      Electron self-energy

1
G
=
1
G0

− Σ

 Electron self-energy
ω,k 0( , ) Fk v kω ωΣ = −

ω,k
( , ) ( , )[ ( , ) ]vk Z k Z k kψω ω ω ωΣ = −

ω,k
=

• (a) Density of states n(ω) = Im d2∫ k tr G(ω,k)σ3[ ]

• (b) Renormalization of the Fermi velocity (or hopping parameter).

• (c),(d) Wave function renormalization
• Quasiparticle lifetime. 
• Anomalous exponent: η

G(ω) ~
ω→0

 
1
ω1-η

(affects the interlayer hopping) 

τ −1 ~ lim
ω→0

Im Σ(ω,0)

+..



Photon self-energy and vertex

     Photon self-energy:  Π (ω,k)
Its real part renormalizes the interaction.  
Im χ(ω,k) gives the density of electron-hole pairs. 
Its real poles give the plasmon spectra.

     Vertex corrections:
e

Renormalizes the electric charge.  
Related to photon self-energy by gauge invariance.

2 2

2 22 2 2

1( )
2 v

F

k ke kk g
kv k
µ ν

µν µνπ ω

⎛ ⎞
Π = −⎜ ⎟

− ⎝ ⎠µ ν
Finite at the one loop level

The electric charge is not renormalized. Coulomb unscreened.  
The result stays at a non-perturbative level if gauge inv. is maintained.



RG Analysis. Results

Free IR  fixed point.The effective coupling constant  e2/vF renormalizes to zero.

Πµν (k) =
1
2π
e2

v2
gµν −

kµkν
k2

⎛ 
⎝ 
⎜ ⎞ 

⎠ 
k

• The electric charge is not renormalized  
   (non-perturbative result).

µ ν

• The Fermi velocity grows in the infrared (v→c).Zv = 1-
1
16π

e2

v
log

Λ

ω
⎛ 
⎝ 

⎞ 
⎠ 

• The density of states acquires anomalous exponents η. 
• The quasiparticle lifetime grows linearly with the energy.

Zψ (kFω) ~ 1-
1

16π 2
e4

v2 log
Λ

ω
⎛ 
⎝ 

⎞ 
⎠ 

Quantum critical point



A non-perturbative fixed point

2 2

2 2 2

( , )
2

8

eff

F

ik
e kk

v k

ω

ω

−
Π =

+
−

Scalar potential

2Im logg ω ω≈

Phys. Rev. B59, R2474 (99)

= + +..

g=5

g=1

RPA:

Wave function renormalizationFlow of the coupling constant

There is no phase different from that of the 
perturbative regime, and  the strong-coupling regime 
is connected to it through RG transformations. 
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Scale electric effect at the boundary

1.D. M. McAvity and H. Osborn, A DeWitt expansion of the heat kernel for manifolds with a boundary, Class. 
Quantum Gravity 8, 603 (1991). 
2. M. Chernodub, MV, Direct measurement of a beta function and an indirect check of the Schwinger effect near the 
boundary in Dirac semimetals, PRR1, 032002(R) (2019).

µ = 0

Thomas-Fermi screening

It generates a “conformal screening”2

Conformal electromagnetic edge effects1

Measuring the  screening

exponent?

3D Condensed matter II
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Conformal anomaly in graphene
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Viscosity

Fluids: (characterized by velocity field u)

τij = ηijkl
·ukl

Elasticity: 
Response of the stress tensor to  
time dependent strain

Hydro: 
Response of the stress tensor to  
gradients of the fluid velocity: 
 

Coefficient of phenomenological equations 
 

Rotational invariance 
                2D 

ηijkl = ζ(ω)δijδkl + ηsh(ω)(δikδjl + δilδjk − δijδkl)
Bulk Shear

40
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An interesting point of view

Graphene is neither Relativistic nor Non-Relativistic case:  
Thermodynamics Aspects, T. Zaw et al, arXiv:2307.05395

(No v renormalization but fun reading)

Relating hydro and thermodynamics



Measuring the bulk viscosity

A brief introduction to bulk viscosity of fluids 
Bhanuday Sharma, Rakesh Kumar arXiv:2303.08400
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https://arxiv.org/search/physics?searchtype=author&query=Sharma,+B
https://arxiv.org/search/physics?searchtype=author&query=Kumar,+R

