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Motivation

Motivation

m Anomalies are a crucial gateway to non-perturbative aspects of Quantum Field
Theory (QFT)

m 't Hooft anomaly matching conditions place constraints in RG flows
m Gauge anomalies signal quantum inconsistencies which put severe constraints on possible
spectra and interactions.
m Conformal symmetry, albeit generically broken either spontaneously or explicitly,
characterizes UV and IR fixed points of RG flows and the corresponding anomalies
determine protected universal quantities independent of the details of RG flow

m Conformal symmetry is instrumental in addressing such issues in quantum gravity as
renormalizability and singularity resolution.
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Trace anomalies

Weyl symmetry

m General coordinate transformations z# — z# + £#(z) induce

5£g;w = Du& + DyE,, Su = g,ul/fu (1)

m Weyl transformations are

5wg,uu(x) = 2&)(1‘) g,uu(x) (2)
s The energy momentum tensor 7, = % gj} [;‘ZJ, is both conserved on shell and traceless

DT, (z) =0,  TV(z)=0 (3)
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Cohomological problem

m Due to
0eg! = 10 (4)
we can define BRST nilpotent transformations
=0, 65=0, 80, +06,0c =0 (5)
m Cocycles
(bp +0s) W = A+ Ag (6)
satisfy
6% =0 62=0, Opds+056r=0 (7)
m In known cases, Ag = 0gC, and we can redefine W — W/ = W — C, so that
SrW' = AR=0 (8)
SsW' = Ag—6sC=Ak (9)
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Trace anomalies

Weyl cocycles

Nontrivial cocycles of §,, with vanishing diffeomorphism partner in 4d are
Alg,w] = /d4x VowT(z), dwAlg,w] =0
where the density T' can be the quadratic Weyl density
W? = Run, RN — 2R, R™ + éR%
the Gauss-Bonnet (or Euler) density,
E = Ry, R"™ — AR,,,R" + R?,

and the Pontryagin density,

1,0
P = (Y Ruuna ).

DN |
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Weyl fermions and trace anomalies

Classically conserved stress-energy tensors for Weyl fermions

m The classically conserved and traceless (on-shell) stress-energy tensor

— & 1
Tp(f) = ZwR’mVﬂﬁR + {u < v}, V,.=D,+ Wt Vi (14)
provides the standard coupling to gravity 7),,(z) = % 52*31, after redefining

1
Yr = |9|TYR
m Another possible definition follows from no redefinition

~ 71— 7 — R
T,LS,]V%) = Z¢R7ﬂvuwR + (:U’ AN V) - guug@bR’V)\vﬂ/)R = T;(Lf/%) - g,uI/T)(\R)Aa (15)

m This possible source of ambiguity affecting the trace at quantum level was checked to
be removed by introducing the local counterms needed to preserve diff-W1ls, which
have a non-Weyl invariant part.
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Weyl fermions and trace anomalies

Ward Identities

m In terms of the generating functional

o0 n+7" 1 n T
Wik V] = W+ Y 5o / T s 1 ) T o () Vi o)
77,77’7 =1

(0TI, (1) - TER), ()i (1) - 5% (9)]0) (16)

where gh” = nH + h* and Jg, = i&R%ﬂﬁR, WIs can be written in compact form in

terms of (T} (z)) = 2(35%[5(’;/)}‘

m If we define trace anomaly in the perturbative case as

9" (T (2))) — (9" T (2))) = TTg](x) (17)

any ambiguity in the relevant amplitudes is removed.
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Weyl fermions and trace anomalies

Gauge-induced odd parity trace anomaly

m For T)(\f) = (0|TT§M($)jR>\(y)jRp(z)’0>’

T (ky, kQ)‘Odd + TG (ko k) = 241?5#,,”%1@5, (18)
m For T/E)\/)) = " (0| T TRy (2)irA(¥)JRp(2)]0),
T,Ef;“(k ko) + T )“(kz,kl)‘odd 481 — ki kS . (19)
m Formula (17) implies
A = g (T (@] (0 Tr ()], = = syt (FFY)  (20)
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Weyl fermions and trace anomalies

Gravity-induced odd parity trace anomaly (I)

m Since for a CFT (0|7 T, T (x )T/E V) (y)To(ég) (2)]0)(©4) vanishes identically for algebraic
reasons,

(T ()0 = 0, (21)

= For Ty = <0|TT£R>“<x>T£fB<y>T$’<z>|o><°dd>,

= (tot) arB 2 2 (21)
T (k1 k2) = 3072 o kRS (6 + B 4 kroks) tuwras — tprrag) - (22)

where

21
tl(“j;/,/,{)\ = k2,uk1,u’5uu’n)\ + kQVkII/IE/Lu/Ii)\ + k2,uk11/’51/,u%)\ + k?ukly’guu’m)\ (23)
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Weyl fermions and trace anomalies

A few comments

m The term kf‘kg (k? + k3)tuuvrap vanishes on the shell k7 = k3 = 0. It produces a
cocycle removed by a diff-breaking counterterm

~ / d*z h e 9,002 O\h pe (24)

which however can be removed by field redefinition.
m We can define a restricted cohomology defined up to terms [Jh,, and CIEX.

m To lowest order we get

o i v T o T o
(T (@)D = s b0 (0,0, 0] 06Oy — DD, 020 D) (25)
covariantized to
odd i 1 VA oT
(T @)D = s 5 Y R Rir (26)
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Weyl fermions and trace anomalies

Gravity-induced odd parity trace anomaly (II)

m Formula (17) implies

1
LR Ry (27)

Tlol@) = 2652 5

m The anomalies (20) and (27) violate P, but, due to the imaginary coefficient in front,
do not violate T. CPT invariance implies they do not violate C'P either. However the
quantum effective Hamiltonian becomes complex, which may signal violation of
unitarity.

m The Kimura-Delbourgo-Salam anomaly

"M Ry Rypor- (28)

-
0" Jon = 76372

is an ABJ-type anomaly of a Dirac fermion theory rigidly linked to odd parity trace
anomalies.
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A metric-axial-tensor background (MAT)

m Generalizing Bardeen’s approach we consider the metric g, (%) = gu + 75 fu with
7 = x1 + Y572 with a natural conjugate coordinate & = x1 — y522.

m One must introduce axially-extended (AE) diffeomorphisms
BT @), =gt asc” (29)

and AE Weyl transformations

o~

./g\;w — ezw./g\um W=w+vyn (30)
m The geodesic
S VN (31)
is parametrized by §
ds ~ AV
= VI T T (32)
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A metric-axial- SO ound (MAT)

Fermions in a MAT background

m The action is given by

5= [ats (inyave (0.+59) v) @ (33)
m The MAT e.m. tensor
Ty, = —%ﬂ% (ap + ;@) v+ p) = —gmﬁpw + (A p) (34)
where 7\ = 7,e§ and Ty, = T, + 7575, satisfies the classical WIs

T(x) = Tuwg" +Tsu ' =0, (35)
T5(x) = Twf" + Tsuwg"” =0, (36)
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o~

= = mt) o / d3 (47ip?3) 3 \Ge (3, 7, 9)] (37)
0

where ®(Z,7,8) = Y°° o dn (2, 7)(i5)" is determined by a heat kernel equation.

m By dimensional regularization the trace anomaly is determined as

o A 1 . —
/d4xtr (w\/gg“ @W> 162 /d4xtr (\/gw[ag]\m:0> (38)
where %M%L G)W and
g
— om'— R4 R — — Ry — — R R + — Ry B
@] 2" T T g 120 54 T 180" ™ 180" M
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A metric-axial-tensor background (MAT)

MAT trace anomalies

m For a general MAT background

_ v (Hap (—ap

T@) = fepeme™ (VIR RuasRS ™ + Vo= R RS, (40)
o (=)

Ts(0) = a2 (VI RabsBhy = VI-Rins R, (41)

where R, = Py R + PR

m In the chiral limit

Py Py
gMV%an—i_%a fMV%%7 (42)
T(@) = 153625 RuwasRrp™” = Th(x) (43)
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Different kinds of anomalies

m Odd-parity trace anomalies trace back their origin to the obstructions to the
existence of a Weyl fermion propagator, similarly to chiral gauge anomaly which are
encoded by an non-trivial family’s index. As such, whenever the gravity background
is dynamical, they signal an inconsistency which must be removed through one of the
known anomaly cancellation mechanisms.

m Even-parity trace anomalies appear also in a Dirac fermion theory, for which
propagators are well defined (their family’s index vanishes!) and similarly to
odd-parity anomalies of the ABJ type they find large applications in
phenomenological applications.
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Anomaly cancellations

MSM trace-gravity
The multiplet of the Minimal Stantard Model (MSM), when weakly coupled to gravity,
will produce an overall non-vanishing (imaginary) coefficient for the Pontryagin density in

the trace anomaly.
— Sterile neutrinos can naturally cancel it

MSM trace-gauge

m We have six units of the anomaly (20) with curvature F' = F*3) and six units with
opposite sign. Therefore the MSM multiplet is free of these anomalies.

= We have instead 4 units of the same anomaly with gauge field F = F54(2) and positive
sign, computed in the doublet representation of su(2).

m Finally we have a U(1) gauge-induced trace anomaly with vanishing total coefficient:

6(2)'~3(3) -3(-4)" +2(-3)" - =0
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Conclusions and outlook

Conclusions and outlook

m Odd-parity trace anomalies have been computed thorugh a number of both
perturbative and non-perturbative techniques giving consistent results. Family’s
index theorem, through the correspondence of quantum numbers (form degree,
dimension, parity, Lorentz covariance) for the densities (of the Chern and Pontryagin
classes), might provide further evidence.

m They have far-reaching implications on our understanding of the possible extensions
of the Standard Model and on Quantum Gravity..

m ...work in progress
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Conclusions and outlook

Thanks

!
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