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Is there an universal quantity A = gµν⟨Tµν⟩ − ⟨gµνTµν⟩?

(Is there an imaginary term in the trace anomaly of Weyl fermions in D = 4?)
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Consider a classical field theory. If the system under study possesses a continuous symmetry,
then from Noether’s theorem (in a classical, i.e. non-quantum theory)

∃jµ, ∂µjµ ∗= 0. (1)

If the system is quantized, ∂µ ⟨̂jµ⟩
?= 0?

If ̸= 0, the symmetry is said to be anomalous.
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• Pion decay (Bell and Jackiw): π → γγ (anomaly in JµA ).

• Applications in condensed matter/hydrodynamics (review Chernodub et al., 2021, experiment Gooth et al.,
2017): −→J ϵ =

(
aFF̃ + aRR̃ T 2

)−→
B (anomaly in JµA ).

• Kuzmin, Rubakov and Shaposhnikov (1985); still new proposals as QCD baryogenesis [1911.01432v2
[hep-ph]].

• Bouncing universes (instead of Big Bang) from anomalies, Fabris, Pelinson, Shapiro [gr-qc/9810032], Asorey
et al. [2202.00154], Camargo and Shapiro [2206.02839] (trace anomaly).

• Axionic dark matter (Basilakos, Mavromatos, Solà [gr-qc/2001.03465]) (anomaly for a Kalb–Ramond field).

• BRST formalism and cohomological aspects.

• Anomaly cancellation (t’ Hooft, but also recently Navarro Salas or Nicolai).



Why nonconformal theories? | 7

• (small?) deviations from conformality generally expected;

• in renormalization group flow, conformality achieved only at fixed points;

• conserved quantities along such flow? c-theorem (Komargodski et al. 2023, Schwimmer et al. 2023)

• trace cancellation in supertheories (Meissner and Nicolai, 2018);

• Weyl fermions and the anomaly? (Bonora, 2022);
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Consider a field theory in curved space, and analyze the (local) symmetry under changes of scales

gµν → e−2σgµν , Φi → ekiσΦ,

where the (n = 4) Weyl weights for matter fields are ki = (−1, −3/2, 0) for scalar, fermionic and vector fields.

δS
δσ(x)

=
∫

d4y
δgµν(y)
δσ(x)

δS
δgµν(y)

+ #EOM

= −2gµν
δS
δgµν

(x) + #EOM

= −
√
−ggµνTµν + #EOM

=⇒ if scale invariant, Tµµ
∗= 0.

Does it survive the quantization, i.e. gµν⟨Tµν⟩ = 0?



1 it’s wrong,



1 it’s wrong,
2 it’s trivial



1 it’s wrong,
2 it’s trivial
3 I thought it first.
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[1803:09764 [hep-th] Bruque, Cherchiglia and Pérez-Victoria]: consider a two-dimensional space in which the follow-
ing integral appears in a perturbative expansion.

Iµν =
∫

d2k
kµkν

(k2 + m2)2 .

We need to make sense of it by applying some regularization R : Iµν → [Iµν ]R .

[Iµν ]R = 1
2

[∫
d2k

δµν

k2 + m2 −
∫

d2k ∂kµ

( kν
k2 + m2

)]R

= 1
2

[∫
d2k

δµν

k2 + m2

]R

= δµν

2

[∫
d2k

k2

(k2 + m2)2 + m2

(k2 + m2)2

]R

= δµν

2
[Iαα + π]R ,

=⇒
δµν [Iµν ]R = [δµν Iµν ]R + π.
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In n = 4 spacetime dimensions, on dimensional grounds

gµν⟨Tµν⟩ = wC2 + bE4 + c□R + αR2 + βF 2,

E4: Euler characteristic,

C : Weyl tensor,

w , b, c, α, β: depend on the theory.

Consider semi-classical gravity: integrate out
the (free) matter fields.

⇓

If the matter action is classically conformal in-
variant, the induced action for the (classical)
gravitational field should satisfy the variational
equation

δΓind

δσ(x)
= −

√
−ggµν⟨Tµν⟩.

We can integrate the anomaly to obtain Γind!
(Riegert, · · · )

Inflation, bouncing driven by quantum effects:
• Fabris, Pelinson, Shapiro [gr-qc/9810032]
• Hawking, Hertog, Reall [hep-th/0010232]
• · · ·

(©Shapiro+ [hep-th/2012.10554], y ∼ Ḣ, x ∼ H)
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On physical grounds, the proposal by Duff 1994, Casarin, Godazgar and Nicolai 2018 in dim reg is:

A := gµν ⟨Tµν⟩ − ⟨Tµνgµν⟩ . (2)

Consider a non-conformal-invariant theory

S = −1
2

∫ (
∇µϕ∇µϕ+ m2ϕ2 + ξRϕ2

)√
−gdnx .

Define in terms of the composite operators Φ(2) := ϕ2 and Φ(3)
µν := ∇µϕ∇νϕ:

Tµν =
(
δρµδ

σ
ν −

gµν
2

gρσ
)

Φ(3)
ρσ −

gµν
2

m2Φ(2) − ξ
(
∇µ∇ν − gµν∇2 − Rµν + 1

2
gµνR

)
Φ(2) ,

T : = gµνTµν = −n − 2
2

gρσΦ(3)
ρσ −

1
2

nm2Φ(2) + ξ(n − 1)∇2Φ(2) − ξ
n − 2

2
RΦ(2) .

Renormalization is needed. . .



Follow Hollands and Wald [arXiv:0103074, 0404074], there is (fortunately) a finite renormalization ambiguity; in
n = 4

Φ(2),ren → Φ(2),ren + c0,0m2 + c2,0R ,

Φ(3),ren
µν → Φ(3),ren

µν +
8∑

i=1

c4,i C (4,i)
µν + m2

2∑
i=1

c2,i C (2,i)
µν + c0,1m4gµν .

Can be used to obtain a conserved EM tensor (diffeo invariance).

What happens in other regularizations? It seems that we need more ingredients:

• involve classically vanishing contribution (EOM);

• “analiticity” in the parameters and dimensionality fixes

E := ⟨ϕEOM⟩ = ∇2Φ(2) − 2
(

m2 + ξR
)

Φ(2) − 2gρσΦ(3)
ρσ .



Expressing Φ(3) in terms of T ,

Aβ,βtr := gµν ⟨(Tµν + βgµνE)ren⟩ − ⟨(T + βtrE)ren⟩

= nβ − βtr

n − 2 + 4nβ

[
4gµν

〈
T ren
µν + βgµνE ren

〉
+ 4m2

〈
Φ(2),ren

〉
+ [(n − 2)− 4(n − 1)ξ]∇2

〈
Φ(2),ren

〉]
.

It is known that β is not universal, i.e. depends on the renormalization scheme; for instance, β = −1/4 for locally
covariant schemes (Moretti, 1999).

This creates a preferred value β̂tr = n−2
4 → independence on β, suggesting the definition

A := gµν
〈

T ren
µν

〉⋆ − ⟨T ren⟩⋆ − β̂tr ⟨E ren⟩⋆ ,

(∗ means conserved EM tensor).

NB:
• Conformal case: the second and third contribution cancel.

• Nonconformal case (not simply going on-shell):

T + β̂trE = (n − 1)(ξ − ξcc)∇2ϕ2 −m2ϕ2 .
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Spectral dim reg (other options include dim reg, point splitting; Feynman diagrams, Fujikawa, · · · )

GF(x , x ′) = −i lim
ϵ→0+

∫ ∞

0
ταK(x , x ′; τ) e−i(m2−iϵ)τdτ .

K is the heat kernel, satisfying
∂τK(x , x ′; τ) = i

(
∇2 − ξR

)
K(x , x ′; τ) .

With the SDW ansatz

K(x , x ′; τ) ∼

√
∆(x , x ′)

(4πτ)
n
2

e
iσ(x,x′ )

2τ
−i n−2

4
π

∞∑
k=0

(iτ)k Ak (x , x ′) .

we get a recursion relation

(∇νσ∇ν + k) Ak (x , x ′) =
[
∇2 − ξR + (∇ν ln ∆)∇ν + 1

4
(∇ν ln ∆)2 + 1

2
∇2 ln ∆

]
Ak−1(x , x ′) .

and the Ai coefficients can be computed

A0(x , x) = 1 , A1(x , x) =
(1

6
− ξ

)
R ,

A2(x , x) = 1
180

[
RαβγδRαβγδ − RαβRαβ + 5

2
(1− 6ξ)2R2 + 6(1− 5ξ)∇2R

]
.

Only the first are necessary for the computation of the anomaly; for higher contributions one just need the recursion
relation.



Using our definition
An=4

s=0 = 3CµνρσCµνρσ − E4 + 5(1− 6ξ)2R2

360(4π)2 ,

which is written in terms of the square of the four-dimensional Weyl tensor C and the Euler density:

CµνρσCµνρσ =RµνρσRµνρσ − 2RµνRµν + 1
3

R2 , E4 := RµνρσRµνρσ − 4RµνRµν + R2 .

• Agrees with Christensen 1976, · · · .

• The R2 not Wess-Zumino consistent!

(δX δY − δY δX )W = δ[X,Y ]W .



For a non-minimally coupled vector

Ss=1 = −1
2

∫ [1
2

FµνFµν + (m2 + ξR)AµAµ + (ζ − 1)AµAνRµν + α−1 (∇µAµ)2
]√
−gdnx ,

two possible “EOMs”

Tαi
µν := Tµν + α1 (AµMν + AνMµ) + 2α2gµνAρMρ .

so that the generalized definition gives

An=4
s=1 = 1

360(4π)2

[
(90ζ2 − 54)CµνρσCµνρσ − (90ζ2 − 28)E4 + 60

(
12ξ2 + (ζ − 1)ζ + ξ(6ζ − 4)

)
R2

]
.



• For a Dirac fermion there no surprises, β̂s=1/2
tr = 1− n; βs=1/2 = −1.

• For a Weyl fermion, shall we use the modified definition? The same cancellation of the additional terms in
the definition.

• In n = 2 we have

An=2 =
(1− 6ξ)N0 + N1/2

24π
R.
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Using the GSDW expansion,

〈
T s=0,n=2
µν

〉⋆ =
m2gµν

(
2γ + 4 ln(m)

)
16π

+ (1− 10ξ + 30ξ2)
120m2π

(
−gµν∇2R +∇ν∇µR −

gµνR2

4

)
+ · · · .

Using the covariant perturbation theory (Barvinsky and Vilkovisky 1990, Franchino-Vinas, Netto, Shapiro and Zanusso
2019)

ΓCPT
1-loop = − 1

96π

∫
R

1− 12ξ + 12ξ2 log
(

−∇2

m2

)
∇2 R

√
−gd2x .

Integrating our definition,

IA = − 1
96π

∫
R

1− 6ξ
∇2 R

√
−gd2x .
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• Nakayama [1201.3428]: what if a Pontryagin term (P = R̃R) ... (actually Wess–Zumino consistent)

• Bonora, Giaccari, Lima de Souza, +++ [arXiv:1403.2606, 1503.03326, 1703.10473, . . . , 2207.03279]:

there is a P contribution to the chiral trace anomaly, which is purely imaginary ( i
180 (4π)2

15
4 P). Diagrammatic,

heat-kernel (axial gravity).

• Bastianelli, Martelli, Broccoli [arXiv:1610.02304, 1911.02271, 2203.11668]: Pauli-Villars regularization, no P
contribution.

• Abdallah, SF, Fröb [arXiv:2304.08939, arXiv:2101.11382]: diagrammatic, no P contribution.

• Duff [arXiv:2003.02688]: no computation.

• Discussion also on FF̃ contributions to trace anomaly (Bastianelli and Chiese 2023).

• Larue and Quevillon [arXiv: 2309.08670, +Zwicky 2024]: measure in the path integral.
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We consider a fermion in curved space,

S = −
∫

ψ̄γµ∇µψ
√
−g dnx , (3)

where as usual we introduce the vielbein

γµ ≡ eµbγ
b ,

and the covariant derivative involves the spin connec-
tion

ωµρσ = ηab
(

eσa∂[µeρ]
b − eρa∂[µeσ]

b + eµa∂[σeρ]
b
)
.

The fermion is chiral:

ψ = P+ψ ≡
1
2

(1 + γ∗)ψ, ψ̄ = ψ̄P− ≡
1
2
ψ̄ (1− γ∗) .

How can we compute ⟨Tµν⟩?
Couple the left-handed fermion to gravity,
right-handed as spectator.

The EM tensor is given by

Tµν = 1
2
ψ̄P−γ

(µ←→∇ ν)P+ψ+ 1
2

gµν ψ̄P−γ
ρ←→∇ ρP+ψ,

which is classically traceless (on-shell),
since the action is scale invariant.
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The simplest thing we know to do is to perform an
expansion around a given metric

gµν = ηµν + κhµν

⇓

eµa = e(0)ρ
a

(
ηµρ −

1
2
κhµρ + 3

8
κ2hµσhσρ

)
+O

(
κ3

)
,

gµν = · · · ,

⟨Tµν(x)⟩g =

〈
Tµν(x) exp

[
i
(
κS(1) + κ2S(2)

)]〉〈
exp

[
i
(
κS(1) + κ2S(2)

)]〉 +O
(
κ3

)
= ⟨Tµν(x)⟩(0) + κ ⟨Tµν(x)⟩(1)

+ κ2 ⟨Tµν(x)⟩(2) +O
(
κ3

)
.

hαβ

q1 q2

(a)

hαβ

hρσ

q1
q2

q3

(b)

hαβ

hρσ

q1

q2

q3

(c)
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Suppose we define γ(4)
∗ = − i

4! ϵµνρσγ
µγνγργσ in n = 4 dimensions. Then

tr
(
γ

(4)
∗ γµγνγργσ

)
= −i ϵµνρσtr1,

{γµ, γ(4)
∗ } = 0.

(4)

Consider now γ∗ in an arbitrary n with the same anticommutators + ciclicity of the trace:

n trγ∗ = tr (γ∗γ
αγα) = −tr (γαγ∗γα) = −tr (γ∗γαγ

α) = −n trγ∗ =⇒ n trγ∗ = 0. (5)

Mutatis mutandis...

n(n − 2)tr (γ∗γµγν) = 0,
n(n − 2)(n − 4)tr (γ∗γµγνγργσ) = 0,

...

(6)

which conflicts with formula (4)!
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Do we need to consider γ∗? The standard model is written in terms of chiral fermions.

Helpful to find a solution to this γ∗ problem:

• give up the ciclicity of the trace (Kreimer+).

• give up {γµ, γ∗} = 0

• give up all (Thompson-Yu);
• keep the first four (Breitenlohner-Maison);

BM scheme
• n-dimensional usual metric ηµν , γµ, pµ, · · · .
• decompose them into a four-dimensional part (X̄)

and an (n − 4)-dimensional part (X̂):

ηµν = η̄µν + η̂µν , γµ = γ̄µ + γ̂µ, pµ = p̄µ + p̂µ , . . .
ηµ
ν η̂νρ = η̂µν η̂

ν
ρ = η̂µρ, η̂µν = η̂νµ,

η̄µν η̂νρ = 0, η̄µ
νpν = p̄µ, η̂µ

νγν = γ̂µ, · · ·

• ϵµνρσ is a purely four-dimensional object:
ϵµνρσ = ϵ̄µνρσ , η̂αµϵµνρσ = 0.

• γ∗ the same as in four dimensions,

γ∗ ≡ −
i

4!
ϵµνρσγ

µγνγργσ .
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It is easy to write down the computations that should
be done...

µν

p1

p2

= i
8
P− [(p1 + p2)µγν + (p1 + p2)νγµ]P+ ,

Iµ1···µm (p) ≡
∫

qµ1 · · · qµm

(q2 − i0)[(q + p)2 − i0]
dnq,

tr
[
γµP+γ

τP−γ
σP+γ

δP−γ
αP+γ

λP−
]
,

Iµ1···µm (p, k) ≡
∫

qµ1 · · · qµm

(q2 − i0)[(q − k)2 − i0][(q − p)2 − i0]
dnq.

hαβ

q1 q2

(a)

hαβ

hρσ

q1
q2

q3

(b)

hαβ

hρσ

q1

q2

q3

(c)



Iµνρσαβ(p, k) =
1

192
i

(4π)2
η

(µν
η
ρσ

η
αβ)

[
3(k2)2 − 6k2

(
pk

)
+ 4

(
pk

)2
+ 5k2p2 − 6

(
pk

)
p2 + 3(p2)2

](
D +

3
2

)
−

1
16

i
(4π)2

η
(µν

η
ρσ

[
pαpβ)

[
3p2 + 2k2 − 3

(
pk

)]
+ kαkβ)

[
2p2 + 3k2 − 3

(
pk

)]
+ pαkβ)[3p2 + 3k2 − 4(pκ)]

]
(D + 1)

+
1
4

i
(4π)2

η
(µν

(
papβpρpσ) + pαpβpρkσ) + pαpβkρkσ) + pαkβkρkσ) + kαkβkρkσ)

)
D

−
15
16

i
(4π)2

η
(µν

η
ρσ

η
αβ)

[
(p2)2(G04(p, k) + G02(p, k) − 2G03(p, k)) +

(
k2

)2
(G40(p, k) + G20(p, k) − 2G30(p, k)) + 4p2(pk)

(
G13(p, k)

− G12(p, k)
)

+ 4k2(pk)(G31(p, k) − G21(p, k)) + 2p2k2
(

G11(p, k) − G12(p, k) + G22(p, k) − G21(p, k)
)]

+
45
2

i
(4π)2

η
(µν

η
ρσpαkβ)

[
p2(G12(p, k) − G13(p, k)) + k2

(
G21(p, k) − G31(p, k)

)
− 2(pk)G22(p, k)

]
+

45
4

i
(4π)2

η
(µν

η
ρσkαkβ)

[
p2(G21(p, k) − G22(p, k)) + k2

(
G30(p, k) − G40(p, k)

)
− 2(pk)G31(p, k)

]
+

45
4

i
(4π)2

η
(µν

η
ρσpαpβ)

[
p2(G03(p, k) − G04(p, k)) + k2

(
G12(p, k) − G22(p, k)

)
− 2(pk)G13(p, k)

]
−

15
2

i
(4π)2

η
(µν

[
pρpσpαpβ)G04(p, k) + 4pρpσpαkβ)G13(p, k) + 6pρpσkαkβ)G22(p, k) + 4pρkσkαkβ)G31(p, k) + kρkσkαkβ)G40(p, k)

]
+

i
(4π)2

[
pµpνpρpσpαpβF06(p, k) + 6p(µpνpρpσpαkβ)F15(p, k)+15p(µpνpρpσkαkβ)F24(p, k) + 20p(µpνpρkσkαkβ)F33(p, k)

+ 15p(µpνkρkσkαkβ)F42(p, k) + 6p(µkνkρkσkαkβ)F51(p, k) + kµkνkρkσkαkβF60(p, k)
]

,

where Fij and Gij are functions of k and p which satisfy several nontrivial relations.
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You’d better use tensorial simplifications:

Iµ1···µm (p, k) = 2
∫ 1

0

∫ 1−y

0

∫
(q + yp + xk)µ1 · · ·

(q2 + ME − i0)3 dnq dx dy .

ME ≡ y(1− y)p2 + x(1− x)k2 − 2xy(p · k) .

Because of symmetry, we can substitute

qµqν →
1
n
ηµνq2,

qµqνqρqσ →
3

n(n + 2)
η(µνηρσ)q4,

...

(7)

⇓ the traceless part of η(µν · · · vanishes

[Iµ···(p, k)]trless = 2
∫ 1

0

∫ 1−y

0

∫
[(yp + xk)µ · · ·]trless

(q2 + ME − i0)3 dnq dx dy



Iµνρσαβ(p, k) =
[

Iµνρσαβ(p, k)
]

trless

+
15I(p − k)

16(−1 + n)(1 + n)(8 + n)
η

(ρσ[
(2 + n)(4 + n)kαkβkµkν) + 4(−4 + n2)kαkβkµpν) + 6(−2 + n)nkαkβpµpν)

+ 4(−4 + n2)kαpβpµpν) + (2 + n)(4 + n)pαpβpµpν)
]

−
45I(p − k)

8(−1 + n)(1 + n)(6 + n)(8 + n)
η

(µν
η
ρσ[

2kαpβ)
((

−2 + n(4 + n)
)

k2 − 10n(p · k) +
(

−2 + n(4 + n)
)

p2
)

+ kαkβ)
(

(2 + n)
(

(6 + n)k2 − 10(p · k)
)

+
(

8 + n(4 + n)
)

p2
)

+ pαpβ)
((

8 + n(4 + n)
)

k2 + (2 + n)
(

−10(p · k) + (6 + n)p2
))]

+
15I(p − k)

16(−1 + n)(1 + n)(4 + n)(6 + n)(8 + n)
η

(µν
η
ρσ

η
αβ)[

3(4 + n)(6 + n)k4 + 4
(

48 + n(4 + n)
)

(p · k)2 − 60(4 + n)(p · k)p2

+ 3(4 + n)(6 + n)p4 + 2k2
(

−30(4 + n)(p · k) +
(

64 + n(22 + 3n)
)

p2
)]

A couple of contributions of this
type...
• compute spinorial factors

(γµ · · · );

• renormalize;

• check divergence (diffeo
anomaly);

• compute the trace;

• identify geometrical
invariants (which are
written as expansions in
hµν).



Chiral trace anomaly | 32

Our results are exactly half of the trace anomaly for the Dirac spinor

(gµν ⟨Tµν⟩)ren
(2)(x) = 1

16 · 45(4π)2

(
−11E4 + 18CµνρσCµνρσ + 12∇2R

)
(2)
,

(∇µ ⟨Tµν⟩)ren
(2)(x) = 0,

in terms of the Weyl tensor Cµνρσ and the four-dimensional Euler density E4, which in four dimensions satisfy

CµνρσCµνρσ = RµνρσRµνρσ − 2RµνRµν + 1
3

R2,

E4 = RµνρσRµνρσ − 4RµνRµν + R2.

What about the parity-odd contribution?



The parity-odd contribution | 33

Two-point contributions,
〈

T 2
∗

〉
:

ϵδµστ × symmetric in external momenta = 0 (8)

The ⟨T∗J⟩ contribution:

(2ϵαβγ(τ η̂λ)µ − ϵαβγµη̂λτ )× δν [τpλ]p2 = 0 (9)

The three-point contribution,
〈

T 3
∗

〉
:

ϵ[δµστ η̂α]λ × something = 0 (10)

Dimensionally dependent identities [arXiv:gr-qc/0105066v1, Edgar & Höglund]. The Cayley-Hamilton theorem for
an n × n matrix (“every square matrix over a commutative ring satisfies its own characteristic equation”):

Mc1 [c1 Mc2 c2 · · ·Mcn cnδ
b

a] = 0 (11)
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1 Anomalies

2 Non-conformal theories

3 Chiral fermions and anomalies

4 Outlook
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• We have obtained no parity-odd contribution to the chiral trace anomaly (BM scheme/Feynman diagrams,
Duff’s definition of the anomaly).

• Cosmology/astrophysics and (non-)conformal fields (inflation, baryogenesis, ...).

• Cancellation of anomalies in supergravity (a2 HK coefficient, Meissner and Nicolai, 2017).

• RG flow of the generalized anomaly and c-theorem?
...
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Some current discussions | 37

• For a CFT in n = 4, the correlator of three stress-energy tensors is necessarily parity-even (Stanev, arXiv:
1206.5639)

⟨Tµν(x1)Tρσ(x2)Tαβ(x3)⟩ = (parity-even term) + 0× ϵ••••, (12)

but this is for the “regular” contribution. One may still have contributions at coincident points (that should
be seen in our computation).

• The folklore says that the definition of the conformal anomaly for nonconformal theories is

A = gµν⟨Tµν⟩ − ⟨gµνTµν⟩. (13)

Why should we employ it for a conformal theory?



Anomalies | 38

Consider a massless fermion, coupled to an external EM field Aµ

L = iψ̄γµ∂µψ + eJµV Aµ, JµV = ψ̄γµψ, JµA = ψ̄γµγ5ψ (14)

The system has two global symmetries: ψ → eiαψ, eiαγ5ψ, so that classically
(on-shell) ∂µJµA,V = 0.

⟨∂µJµA (x)⟩ ∼
∫
Dψ̄Dψ∂µJµA ei

∫
iψ̄/∂ψ+eJµV Aµ

= − e2

2
∂xµ

∫ ∫
dydz⟨JµA (x)JνV (y)JσV (z)⟩Aν(z)Aσ(y) + · · ·

= − e2

16π2 ϵ
αβσλFαβFσλ.

(15)







Inflationary application | 41

From Shapiro et al. 1998

S = − 1
κ2

∫
d4x

√
−gR + Γ[g ], (16)

a′′′′

a
−

4a′a′′′ + 3a′′2

a2 + 2
(

3− 2b
c

) a′′a′2

a3 + 4b
c

a′4

a4 −
2
c

M2
Pla′′a = 0 (17)

b, c, correspond to E and □R.



Cohomology | 42

Represent the “BRST” coboundary operator using the infinitesimal anticommuting parameter χ, acting on the space
of metric tensors × matter (Bonora et al., PLB 1983) (notice change of convention in Weyl weights)

Θ : = Θg + Θϕ, (18)

Θg : =
∫

d4x2χgµν
δ

δgµν
, (19)

Θϕ : = −
∫

d4xχϕ
δ

δϕ
. (20)

Then, acting on the classical action Scl and the effective action Γ,

ΘScl = 0, (21)
ΘΓ = ∆. (22)

Given that Θ2 = 0, it should be Θ∆ = 0; we can thus write ∆ = Θω+ ∆̄, such that no ω̄ satisfying ∆̄ = Θω̄ exists.

∆̄ is the anomaly.



Baryogenesis | 43

Particle-antiparticle asymmetry in our universe is broken (ηB = nB −nB̄
nγ
∼ 10−10).

A possibility is that it could be related to an electroweak anomaly. Original idea by Kuzmin, Rubakov and Shaposh-
nikov (1985); still new proposals as QCD baryogenesis [1911.01432v2 [hep-ph]]:

∂µJµB = CGµν G̃µν

∼ C∂µKµ,

with

Kµ = ϵµναβ
(

Aν∂αAβ + 2
3

igAνAαAβ
)
.

By considering transitions among different vacua of Gµν , one is able to change the baryonic number.



Wess-Zumino consistency conditions | 44

Consider the variation of the W action functional (connected vacuum functional). Consider two transformations X ,
Y .

(δX δY − δY δX )W = δ[X,Y ]W . (23)

BRST way: be ak,q a local q-form of ghost number k. The WZ consistency condition is

sak,q + dak+1,q−1 = 0. (24)

Descent equation techniques [hep-th/9505173, Barnich, Brndt, Henneaux],

ak,q ̸= sbk−1,q + dbk,q−1, (25)

then also ak+1,q−1 is also a solution of the WZ consistency condition.



Induced inflation | 45

Γind = Sc [ḡµν ] +
∫

d4x
√
−ḡ{σ(wC̄2 + βF̄ 2) + bσ(Ē − 2

3
□R̄) + 2bσ∆̄4σ} −

3c + 2b
36

∫
d4x

√
−gR2, (26)

gµν = e2σ ḡµν , Sc conformal invariant “integration constant”, ∆4 Paneitz operator

∆4 = □2 + 2Rµν∇µ∇ν −
2
3

R□ + 1
3

(∇µR)∇µ. (27)



Expansion of ⟨T µν⟩ | 46

Define

Ψµν ≡ ψ̄P−γ
µP+∂

νψ − ∂ν ψ̄P−γ
µP+ψ, (28)

Jµνρ ≡ ψ̄P−γ
µνρP+ψ, (29)

as well as the traces Ψ ≡ Ψµµ and h ≡ hµµ. In this way, we obtain the coefficients in the expansion of the stress
tensor,

Tµν(0) = 1
2

[
Ψ(µν) −Ψηµν

]
, (30)

Tµν(1) = 1
4

[
2Ψhµν + hαβΨαβηµν − 2hα(µΨν)

α − hα(µΨαν) − Jαβ(µ∂αhν)
β

]
, (31)

Tµν(2) = 1
16

[
4hρ(µhν)σ − 4hρσhµν + 8hα(µ

(
δ
ν)
ρ hασ − hν)

αηρσ
)

+ 3hαρ
(

hα(µδ
ν)
σ − hσαηµν

)]
Ψρσ + 1

16

[(
4hα(µην)ρ − ηµνhαρ

)
∂σhατ

+ 2hµρ∂σhντ − hασηρ(µ
(
∂ν)hατ − 2∂αhν)

τ + 2∂τhν)
α

)]
Jρστ .

(32)



From this, one can easily derive the following identities [Breitenlohner:1977hr]:

{γµ, γ̂ν} = {γ̂µ, γ̂ν} = 2η̂µν1, (33)
η̂µ
µ = n − 4, (34)

{γµ, γ∗} = {γ̂µ, γ∗} = 2γ̂µγ∗, (35)
[γµ, γ∗] = [γ̄µ, γ∗] = 2γ̄µγ∗, (36)

γ2
∗ = 1, (37)

P±γ
µP∓ = P±γ̄

µ, (38)

where the last formula is a consequence of the definition of the projectors.



The action | 48

the action,

S(0) = −1
2

∫
Ψdnx , (39)

S(1) = 1
4

∫ (
hαβΨαβ − hΨ

)
dnx , (40)

S(2) = 1
16

∫ [(
2hhαβ − 3hαδhβδ

)
Ψαβ +

(
2hαβhαβ − h2

)
Ψ + hαδ∂γhβδJαβγ

]
dnx . (41)



BM scheme | 49

The spinorial contribution at O(κ):

tr
(
P+γ

τP−γ
µP+γ

λP−γ
ρ
)

= 2
(
η̄τµη̄λρ − η̄τλη̄µρ + η̄τρη̄µλ

)
− 2iϵτµλρ , (42)

The regularized contribution to ⟨T ⟩:

⟨Tµν(x)⟩reg
(1) = i

8(n2 − 1)

∫ ∫
I(p)

[
Π̄µν(p)Π̄ρσ(p)− (n − 1)Π̄ρ(µ(p)Π̄ν)σ(p)

−
n − 4

2
p2

(
η̄ρ(µΠ̄ν)σ(p) + Π̄µν(p)η̄ρσ + ηµν Π̄ρσ(p) + 3ηµν η̄ρσp2

)]
× eip(x−y) hρσ(y) d4pd4y ,

(43)



BM scheme | 50

⟨Tµν(x)⟩ren
(1) = ⟨Tµν(x)⟩reg

(1) − ⟨T
µν(x)⟩div

(1)

= − 1
120 · 16π2

∫ ∫ [46
15
− ln

(p2 − i0
µ2

)]
×

[
Π̄µν(p)Π̄ρσ(p)− 3Π̄µ(ρ(p)Π̄σ)ν(p)

]
eip(x−y)[4]phρσ(y)d4y

−
1

120 · 16π2

∫ ∫ [
p2

[
η̄ρ(µΠ̄ν)σ(p) + Π̄µν(p)η̄ρσ + η̄µν Π̄ρσ(p) + 3η̄µν η̄ρσp2

]
+ 2Π̄ρ(µ(p)Π̄ν)σ(p)

]
eip(x−y)[4]phρσ(y)d4y ,

(44)

First line conserved and traceless. Second line is local and can be removed by a counterterm (not covariant):

2∂µ∂ν∂ρ∂σhρσ(x) + ∂µ∂ν∂2h(x)− 3∂2∂(µ∂ρhν)ρ(x) + ∂2
[
η̄µν∂ρ∂σhρσ(x) + ∂2hµν(x) + η̄µν∂2h(x)

]
= 1

2
δ

δhµν(x)

∫ [
∂2hρσ∂2hρσ +

(
∂2h

)2 + 3∂ρhρα∂2∂σhσα + 2∂2h∂ρ∂σhρσ + 2 (∂ρ∂σhρσ)2
]

dny ,
(45)



BM scheme | 51

Modification in the parity-even sector:

tr
(
P+γ

τP−γ
µP+γ

λP−γ
ρ
)

= 2
(
ητµηλρ − ητληµρ + ητρηµλ

)
− 2iϵτµλρ , (46)



Nonconformal theories | 52

General definition of anomaly
A ≡ lim

n→4

(
gµν ⟨Tµν(x)⟩ − ⟨gµνTµν(x)⟩

)
, (47)



Renormalization | 53

On the existence of a counterterm to cancel divergent term in ⟨T ⟩:

⟨Tµν(x)⟩div = N
1440(4π)2

[
8gµνRαβRαβ + 56RµαRνα + 20RµνR − 5gµνR2

+ 7gµνRαβγδRαβγδ − 88RαβRµανβ − 28RµαβγRναβγ

− 72∇2Rµν + 12gµν∇2R + 24∇µ∇νR
]

+O
(
κ3

)
,

= N
720(4π)2

1
√
−g

δ

δgµν(x)

∫ (
7RµνρσRµνρσ + 8RµνRµν − 5R2

)√
−gdnx .

(48)

N ≡ −
2

n − 4
− γ − log

(
µ2

4π

)
. (49)



F integrals | 54

Fab(k, p) =
∫ 1

0

∫ 1−y

0

xayb

x(1− x)k2 + y(1− y)p2 − 2xy(p · k)− i0
dxdy , (50)

k2Fa,b−1 − k2Fa+1,b−1 + p2Fa−1,b − p2Fa−1,b+1 − 2(p · k)Fab

=
∫ 1

0

∫ 1−y

0
xa−1yb−1dxdy = (a − 1)!(b − 1)!

(a + b)!
,

(51)

(a + 1)p2 (2Fa,b+2 − Fa,b+1) = (b + 1)k2 (2Fa+2,b − Fa+1,b) (52)
+ (b − a)

[ a!b!
(a + b + 2)!

+ 2(p · k)Fa+1,b+1

]
, (53)

(a + b + 2)k2Fa+2,b − (a + 1)k2Fa+1,b = (a + b + 2)p2Fa,b+2 − (b + 1)p2Fa,b+1 . (54)



Expansion of geometrical objects | 55

Γρµν = κ

[
∂(µhρν) −

1
2
∂ρhµν

]
+ κ2

[1
2

hρα∂αhµν − hρα∂(µhν)α

]
+O

(
κ3

)
, (55)

Rρσµν = κ
[
−∂µ∂[ρhσ]ν + ∂ν∂[ρhσ]µ

]
+ κ2

[
−

1
2
∂[ρh|µ|

α∂σ]hνα −
1
2
∂µh[ρ

α∂σ]hνα

+ 1
2
∂νh[ρ

α∂σ]hµα −
1
2
∂µh[ρ

α∂|ν|hσ]α + 1
2
∂αhµ[ρ∂σ]hνα −

1
2
∂αhν[ρ∂σ]hµα

+ 1
2
∂µhα[ρ∂

αhσ]ν −
1
2
∂νhα[ρ∂

αhσ]µ −
1
2
∂αhµ[ρ∂

αhσ]ν

]
+O

(
κ3

)
,

(56)

Rµν = κ

[
∂α∂(µhν)α −

1
2
∂2hµν −

1
2
∂µ∂νh

]
+ κ2

[
−

1
4
∂αh∂αhµν + 1

2
∂αhµν∂βhαβ

+ 1
2

hαβ∂α∂βhµν + 1
2

hαβ∂µ∂νhαβ −
1
2
∂αhβ(µ∂

βhν)α + 1
2
∂αh(µ

β∂αhν)β

− hαβ∂α∂(µhν)β − ∂(µhν)
α∂βhαβ + 1

4
∂(µhαβ∂ν)hαβ + 1

2
∂(µhν)

α∂αh
]

+O
(
κ3

)
,

(57)



Expansion of geometrical objects | 56

R = κ
[
∂α∂βhαβ − ∂2h

]
+ κ2

[
hαβ∂2hαβ −

1
4
∂αh∂αh + ∂αh∂βhαβ + hαβ∂α∂βh

− ∂αhαβ∂γhβγ − 2hαβ∂β∂γhαγ −
1
2
∂βhαγ∂γhαβ + 3

4
∂γhαβ∂γhαβ

]
+O

(
κ3

)
,

(58)

R2 = κ2
[
∂α∂βhαβ − ∂2h

]2 +O
(
κ3

)
, (59)

RµνRµν = 1
4
κ2

[
2∂α∂(µhν)α − ∂2hµν − ∂µ∂νh

] [
2∂β∂µhνβ − ∂2hµν − ∂µ∂νh

]
+O

(
κ3

)
, (60)

RρσµνRρσµν = 4κ2∂ρ∂[µhν]σ∂
µ∂[ρhσ]ν +O

(
κ3

)
. (61)



Conventions | 57

In the following we will employ the conventions of [Freedman:2011hp], in which the metric is (−,+,+, · · · ),
the gamma matrices fulfill the usual Clifford algebra, i.e., {γµ, γν} = 2gµν1, and ψ̄ = iψ∗γ0. We consis-
tently work in n dimensions in order to employ dimensional regularization, and use the Breitenlohner-Maison
scheme [Breitenlohner:1977hr] for the definition of the chiral matrix γ∗ in n dimensions. The Riemann tensor is
Rσµρν = ∂ρΓσµν+· · · , and the Ricci tensor is obtained as Rµν = Rρµρν . We use geometric units c = ℏ = 1 and the
totally antisymmetric symbol normalized to ϵ0123 = 1. We denote (idempotent) symmetrization of indices by paren-
theses, e.g., v (awb) = 1

2

(
vawb + vbwa

)
, and antisymmetrization by brackets, e.g., v [awb] = 1

2

(
vawb − vbwa

)
.
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