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Is there an universal quantity A = g""(T,,) — (g"' T,w)?

(Is there an imaginary term in the trace anomaly of Weyl fermions in D = 47)

Based on:
R. Ferrero, SFV, M. Fréb and W. Lima (2024)

S. Abdallah, SFV and M. Fréb (2023, 2021).



@ Anomalies

® Non-conformal theories

© Chiral fermions and anomalies

O Outlook



Outline

@ Anomalies



Consider a classical field theory. If the system under study possesses a continuous symmetry,

then from Noether's theorem (in a classical, i.e. non-quantum theory)

3j#, 9" = 0.

If the system is quantized, d,, (j*) Z 07

If # 0, the symmetry is said to be anomalous.

(1)



Why anomalies?

® Pion decay (Bell and Jackiw): m — ~+ (anomaly in JY).

® Applications in condensed matter/hydrodynamics (review Chernodub et al., 2021, experiment Gooth et al.,
2017): T = (aﬂg + aRRT2) B (anomaly in J5).

® Kuzmin, Rubakov and Shaposhnikov (1985); still new proposals as QCD baryogenesis [1911.01432v2
[hep-ph]].

® Bouncing universes (instead of Big Bang) from anomalies, Fabris, Pelinson, Shapiro [gr-qc/9810032], Asorey
et al. [2202.00154], Camargo and Shapiro [2206.02839] (trace anomaly).

® Axionic dark matter (Basilakos, Mavromatos, Sola [gr-qc/2001.03465]) (anomaly for a Kalb—Ramond field).

® BRST formalism and cohomological aspects.

® Anomaly cancellation (t' Hooft, but also recently Navarro Salas or Nicolai).



Why nonconformal theories?

® (small?) deviations from conformality generally expected;

® in renormalization group flow, conformality achieved only at fixed points;

® conserved quantities along such flow? c-theorem (Komargodski et al. 2023, Schwimmer et al. 2023)
® trace cancellation in supertheories (Meissner and Nicolai, 2018);

® Weyl fermions and the anomaly? (Bonora, 2022);



The trace anomaly

Consider a field theory in curved space, and analyze the (local) symmetry under changes of scales
—20 kio
g;u/ — € g;l.u: (D,- — € (1)7

where the (n = 4) Weyl weights for matter fields are k; = (—1, —3/2, 0) for scalar, fermionic and vector fields.

5S g 5S
/d4y 8ur(y) + #EOM

do(x) do(x) Oguv(y) = if scale invariant, T#, Zo.
S
= —2g, 3 (x) + #EOM
ny

=—+\/—88gu T"" + #EOM

Does it survive the quantization, i.e. g, (TH*") =07
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Trace anomalies in one line

[1803:09764 [hep-th] Bruque, Cherchiglia and Pérez-Victoria]: consider a two-dimensional space in which the follow-
ing integral appears in a perturbative expansion.

Kk
ho = | Pkt
© / (k2 + m?)?

We need to make sense of it by applying some regularization R : I, — [1,..]R.

[a]R = % [ e /dzkc‘)ku (ﬁ)

R

R

N =

k2+m2

8 U ]® = [0 1] + .

=

k? m? R
_ _HY d2k +
2 (k2 + m2)? (k2 + m2)?

= % [Ioaa +7T]R7

>



Anomaly induced action 1

In n = 4 spacetime dimensions, on dimensional grounds E4: Euler characteristic,
C: Weyl tensor,
g (Tu) = wC? + bE; 4+ cOR + aR? + BF?, w, b, ¢, a, B: depend on the theory.

Consider semi-classical gravity: integrate out
the (free) matter fields. Inflation, bouncing driven by quantum effects:
® Fabris, Pelinson, Shapiro [gr-qc/9810032]
® Hawking, Hertog, Reall [hep-th/0010232]
If the matter action is classically conformal in- °

variant, the induced action for the (classical)
gravitational field should satisfy the variational
equation

U

érind
= —4/— L (THYY.
50(x) \ —88un ( )

We can integrate the anomaly to obtain [Mj,q!
(Riegert, ---)

(©Shapiro+ [hep-th/2012.10554], y ~ H, x ~ H)




Outline

® Non-conformal theories



Nonconformal theories

On physical grounds, the proposal by Duff 1994, Casarin, Godazgar and Nicolai 2018 in dim reg is:

A= g" (Tp) = (Tugh) . (2)

Consider a non-conformal-invariant theory

S= 7% / (VH6Vuo + m’¢® + ER¢?) |/ —gd"x.

Define in terms of the composite operators () := ¢? and <I>Efl), = V¢V, ¢:

v v 1
Ty = (5ﬁ53 - %g”“) o) — %m%@) —¢ (vuv, — g V2 — Ry + 5gWR) EON

-2 1 -2
Ti=g" T = =" g 00) — ~nm*o® +¢(n - V20 — ¢ T_ZRo(.

Renormalization is needed. . .



Follow Hollands and Wald [arXiv:0103074, 0404074], there is (fortunately) a finite renormalization ambiguity; in
n=4

¢(2),ren s ¢(2)7ren + C0,0m2 + C270R,
8 2
¢S;))ren — ¢EL31)/’re" + Z C4,fCL4;i) + m? Z Cz,iC,(fl}i) +coim*gun .

i=1 i=1

Can be used to obtain a conserved EM tensor (diffeo invariance).

What happens in other regularizations? It seems that we need more ingredients:

® involve classically vanishing contribution (EOM);
® “analiticity” in the parameters and dimensionality fixes

E = (EOM) = V26 — 2 (m? + ¢R) 0@ — 2577 o)



Expressing ®(3) in terms of T,

Ap.p., = 8" ((Tuv + Bguv E)") — (T + B E)™")
nB — IB" v ren ren ,ren ,ren
R EYTY: [4g“ (Tie0 + Bguv E™) + 4m? (@) 4 [(n — 2) — 4(n — 1)¢]V? (0@ >} .

It is known that 3 is not universal, i.e. depends on the renormalization scheme; for instance, 8 = —1/4 for locally
covariant schemes (Moretti, 1999).

This creates a preferred value ﬁAtr = "%2 — independence on 3, suggesting the definition

A= gh? <T;;eln/> (T By (BT
(* means conserved EM tensor).

NB:

® Conformal case: the second and third contribution cancel.

® Nonconformal case ( ):

T+ BuE = (n—1)(§ — £c) V22 — mP¢?.



Computation with the HK

Spectral dim reg (other options include dim reg, point splitting; Feynman diagrams, Fujikawa, - -)

e—0*

G (x,x") = —i lim / TOK(x, x"; ) e =IO gy
0

K is the heat kernel, satisfying
O K(x,x";7) =1 (Vz — gR) K(x,x";7).

With the SDW ansatz

A(x, x")

K(x,x"; 1) ~ :
(4n7)2

TET TS i) A, )
k=0
we get a recursion relation
1 1
(V¥oV, + k) Ac(x,x") = [W —¢R+ (VY InA)V, + n (V¥ InA) + 5vz InA:| Ax—1(x,x").

and the A; coefficients can be computed

Ao(x,x) =1, Ai(x,x) = (% 75) R,

1 5
Ax(x, x) = 180 |:RQB’Y6RQBW6 —R*’Rap + 5(1 —6£)’R? +6(1 — 5§)V2R:| .



Using our definition
4 _ 3CHYPT Cpypo — Ea + 5(1 — 6£)%R?
0 360(4)2

)

Al
which is written in terms of the square of the four-dimensional Weyl tensor C and the Euler density:

1
CHYPT Cppo =RPYPI Ry po — 2RV Ry + gR2, &= R*YP R, po — ARPV R, + R%.

® Agrees with Christensen 1976, - - -.

® The R? not Wess-Zumino consistent!

(8x8y — SySx)W = Sy W.



For a non-minimally coupled vector

1 1
Se-1 = —5/ [EF“”FW + (M’ + ER)A* A, + (C — DALALRH + a7 (VMA“)Z} V/—gd"x,

two possible “EOMs"
TS = Tuw + a1 (AuMy + Ay M) + 2008, A, MP .

so that the generalized definition gives

n= 1 vpo
At = 360(4n ) [(90(2 —54)CHP7 Cpppo — (90¢% — 28)E4 + 60(1252 +(¢—1)¢ +&(6¢ — 4))R2} .



° For a Dirac fermion there no surprises, 35/2 =1 — n; g=1/2 = —1.

® For a Weyl fermion, shall we use the modified definition? The same cancellation of the additional terms in
the definition.

® In n =2 we have

(1= 68)No + Ny /o B
B 247 ’

An:2



Polyakov action?

Using the GSDW expansion,

m?gu (27 +4In(m)) (1 — 10¢ + 30¢2) R
Ts=0.n=2\* _ (7 JV2R+V,V,R— 8 ) e
(Ta) 167 120nmn & VeV s )t

Using the covariant perturbation theory (Barvinsky and Vilkovisky 1990, Franchino-Vinas, Netto, Shapiro and Zanusso
2019)

— 12¢ + 12¢% log (-

1 )
CPT __ 2
Moo = ~ 5o R o R+/—gd?x

Integrating our definition,

1 65
A 2
= e R+\/—gd?x



Outline

© Chiral fermions and anomalies



Chiral trace anomaly

® Nakayama [1201.3428]: what if a Pontryagin term (P = RR) ... (actually Wess—Zumino consistent)

® Bonora, Giaccari, Lima de Souza, +++ [arXiv:1403.2606, 1503.03326, 1703.10473, ..., 2207.03279]:

there is a P contribution to the chiral trace anomaly, which is purely imaginary (W%P). Diagrammatic,
heat-kernel (axial gravity).

® Bastianelli, Martelli, Broccoli [arXiv:1610.02304, 1911.02271, 2203.11668]: Pauli-Villars regularization, no P
contribution.

® Abdallah, SF, Fréb [arXiv:2304.08939, arXiv:2101.11382]: diagrammatic, no P contribution.
® Duff [arXiv:2003.02688]: no computation.
® Discussion also on FF contributions to trace anomaly (Bastianelli and Chiese 2023).

® Larue and Quevillon [arXiv: 2309.08670, +Zwicky 2024]: measure in the path integral.



Chiral trace anomaly

We consider a fermion in curved space,

S= f/qz?wvuw\/%d"x, (3)

where as usual we introduce the vielbein
_ b
7= ey,

and the covariant derivative involves the spin connec-
tion

Wypo = Nab (eoaa[#ep]b - ep"a[ueglb + euaa[c,ep]b) .
The fermion is chiral:

b=Pip=(A+v)¥, =P =

How can we compute (T#¥)?
Couple the left-handed fermion to gravity,
right-handed as spectator.

The EM tensor is given by
1- 1 -
TH = SGP_ A TIPS g PV P,

which is classically traceless (on-shell),
since the action is scale invariant.



Chiral trace anomaly

The simplest thing we know to do is to perform an
expansion around a given metric

8uv = Nuv + Khuw

I

1 3
e, = e, (77#9 - Enhup + §K2h“ohap) +0 (1‘63) ,

v

gt =.--

_ <T“"(><) exp [i (55(1) + 525(2))]>
€ {exp [i (S + 2S) ] )
= (T (X)) T & {(T* (X))
+R2(TH (x)) o) + O (%) -

(T (x)) +0(x)

q2
—>
q1
—_—>
q3
——



Dimensional dependent properties

Suppose we define 7&4) = —%e,wp(,’y“fy”'yp'y" in n = 4 dimensions. Then
tr (V97070 ) = —ieuvpatrl,
4
{77} =0.

Consider now 7y, in an arbitrary n with the same anticommutators + ciclicity of the trace:
ntrye = tr (17 7a) = —tr (Y*7x7a) = —tr (x727%) = —ntry. = ntry. =0.

Mutatis mutandis...

n(n = 2)tr (y«yuyv) =0,
n(n —2)(n — 4)tr (v« YuYv¥pYs) =0,

which conflicts with formula (4)’

N
&



BOLLINT and 3. 3. GlaBiAGt
2
with

as)
19)
and
(20)

R

2y M=iyp
{fez=nzz

e 19
11 Noveub
1

vor

ENTO
XUOVO CIMENTO

11, NUO

imensions
¢ of Dime
: The Numbe

izatio
sional Renormali eter.
imen: N ame "
Dim¢ Regularizing Par:
s

0
GIAMBIAG! actas

it and 3.9, 6 e Ciencias Brasl

0. G. Bowus e Fisica, (‘m‘u!:yﬂ'tl’

Departamentt vl de L T

Unicensida

s Cientijicas
igaciones

La Plata
Téenicas

oy

1 de Incest

Nacional d

Constio

sio 1
to '8 Febbra
{ricevut

_ |
aetro- |
— um
— jon of quantun ceelii
dytio extenmon T b
M _ We perform
| sommary.
|

ctions o
as (analytic) I“:‘ appear 18
ummary. — W ments e o
dynamics B ). The u natrix eleme
ensions of pae v of thow mari e ewr)
Thn renormalisation o oo of ultraviolt GCC
‘Tho renormaliia 0% B e
dons whi eulariza
express v anad anatic TR
over the us

nee s
gauge invaria

E—
e

7 the struc-
{ studying the St
1 - Ineoduction -

ossibility of
out the pos
. (1) we pointed ou!

vious pape -
T a nrevion

ensions.
amber of dimen
af the v

]

206

G- HOOf . Vet Gauge felgs

7
Fig s,
SapTltGr 0P iy )
" upm?»m’uplnn!;

The trace may be ey using 3
one obtains

) (34) 204 (35) Taging denomi

1015 together

! Sum +p2 s ppy s
4f dxfqp w
{

© 4 ke 4

K
Using the equations of 3ppendiy 4.
4

20 g s )
i k-8,
1 '@ =4m [ 4x

b ek

Which i manifesly g0, invariany,

€ LIMITATIONS 0. 735 METHOD
The method fg i e

Vard idenities
4 roperties only i iy
Usymmetric tengoy o

uantitis thag haye gy,
Pace. An exampie g e pletely an
0 e particuly g OF this tensor gre
Ward identities 1o p 7%, ! method wil 3 e
08O satisfying e
wiite:

vitalfor the
CEUSE We CAnnor generyiye Ciucg 102
Fequired properties fo, non-inte, for ¥ "One can

! b, a,
g PP
insert this whenever 7’ occurs ang take
eneralized o non-integer j, Iluwcie:. if

the e-tensor Outside of the EXpression to be

we are dealing wigpy Ward iden; es that re.
0% =0 for asl....n
Te Oy o 4,

i g e e g
bl E x‘suhh\hummu\ and, o e iy,
lities are Neede, The ecessary comp. s
e ety o 1



Chiral anomalies

Do we need to consider .7 The standard model is written in terms of chiral fermions.

Helpful to find a solution to this 7. problem:

® give up the ciclicity of the trace (Kreimer+).




Chiral anomalies

Do we need to consider .7 The standard model is written in terms of chiral fermions.

Helpful to find a solution to this 7. problem:

® give up {yu,7+} =0
® give up all (Thompson-Yu);




Chiral anomalies

Do we need to consider .7 The standard model is written in terms of chiral fermions.

Helpful to find a solution to this 7. problem:

® give up {yu,7+} =0

® keep the first four (Breitenlohner-Maison);

BM scheme
n-dimensional usual metric 9,0, Yy, Pu, -

decompose them into a four-dimensional part (X)
and an (n — 4)-dimensional part (X):

Nuv = N + Nuvy Yo =V +5us Pu = Pu + Pus---

n,uyﬁup = ﬁuuﬁyp = ﬁ#m ﬁ;w = ﬁwﬂ

T_]“th/p =0, ﬁuypu = Pu> ﬁuV'Yu :'AY;M"'

€uvpo is a purely four-dimensional object:
Cpuvpo = Euupo: ﬁaufpupo' =0.
7« the same as in four dimensions,

i

Y =~ geuvee YTV



Chiral trace anomaly

It is easy to write down the computations that should
be done...

i
= §P— [(p1 + pP2) e + (P1+ P2)ovu] P+

m q#l... Hm n
(P)= / (@~ 10)i(a + P2 10"

tr [V Py Py Pt P P P

Tt k / qri - ghm
’ (g% —10)[(q — k)? —i0][(q — p)? — 10]

(b)
q2
e
a1 e
R —
q3
R ——
oo
(c)



29007 (p, k) =

7Y P ) [3(/(2)2 — 6k (pk) + 4(pk)2 15K — 6(pk> P+ 3(p2)2} (D + g)

192 (472
1 i
~ 6 @y e [ p? [397 + 26 = 3(pk) | + k7K [20° + 3 = 3(pk) | + p KV 3p” + 367 — 4(pr)]] (D + 1)
L
+ n (4;)277(’”’ (papﬂpﬂp") +pap’epﬂk”)+p°‘pﬁkpk°)+p“k""kpk”)+ kakﬁkpka)),D
15 i . )
BT [(52)2(Goulp, K) + G, K) = 26us(p, k) + (k) (Gaol, &) + Goo(p, k) — 2o, K)) + 492(pk) ( Gus(p, #)
~ Gua(p, K)) + 4K (pk)(Gar(p: k) — Gar(p, K)) + 26K (Gua(p, k) = Gua(p, K) + Gaalp, K) = Gar(p, K) ) |
45 i v o
+ 2 Y 0P p kP [pz(Glz(P7 k) — Gus(p, k)) + k2(621(p, k) — Ga(p, k)) — 2(pk)Ga(p, k)]
45 i
+ any N ) [pz(Gzl(P; k) — Gaa(p, k)) + k2(<;30(p, k) — Gao(p, k)) — 2(pk)Ga1(p, k)]
45 i v b o
Ty et [#(Gus(p, k) = Guu(p, K) + K (Gualp, K) = Gaalp, K)) — 2(pk)Gis(p, K]
15 i
T2 (anp 0 (97676 p”) Goalp, k) + 4p” 7 Pk Gis(p, k) + 667 p7 k™ K*) Gaa(p, K) + 4p” K Kk Gas(p, K) + KK K k) Guo(p, k)]
i wovop o o (1 v _p o _a,B) (1 v _p opa;B) (1 v _pypoa;pB)
+ a2 [P PP’ p? p™p" Fos(p, k) + 6p" p” p’ p? p™ k™ Fis(p, k)+15p" p” p” p” k™ k'™ Fas(p, k) + 20p™" p” p” k% k™ k"’ F33(p, k)
us

+ 15p" p¥ kP k7 k™ kP Fip(p, k) + 6p" k¥ kP k k* k™ Fo1(p, k) + k" k¥ k”k? k® k® Feo(p, k)] ,

where Fj; and Gj; are functions of k and p which satisfy several nontrivial relations.



Chiral trace anomaly

You'd better use tensorial simplifications:

q+ yp + xk)#
Hm(p, k) =2 “d"gdxd
(1) / / / (¢ + Mg — 10)3 ey

Me = y(1 — y)p? + x(1 — x)k® = 2xy(p - k).
Because of symmetry, we can substitute
1
q"q” — n‘“’q2
q"q"q°q" — 73 (P gt (7)
n(n+2) ’

the traceless part of n{#¥ - .. vanishes
p n

_ [yp+xk Jertess
[ZF (P, K)irress = / / 7+ Me — 10)3 d"gdxdy




THreTaB(p ) —

[I“'/pdaﬂ(p, k)] trless
15Z(p — k)
16(—1+ n)(1 + n)(8 + n)

(po

[(2+n)(4+n)k“kﬁk”k“)+4( 44 )k KP KM p?) + 6(—2 + n)nk™ kP pt p”)

+4(—4+ )k p°p"p") 4 (2 4+ n)(4 + n)p“pﬁp“p")]
B 45Z(p — k)
8(—1+ n)(1 + n)(6 + n)(8 + n)

(uv, po

{2%*,;‘” ((—2 T on4+ n)) K2 — 10n(p - k) + (—2 +n(4+ n))pz)
+ kK (@4 ) ((6+ MK = 10(p - K)) + (8+ n(4 + ) p°)

+papﬁ)((8+ n(4 + n))k2 + @2+ n)(—lO(p - k) + (6 + n)pz)):|

. 15Z(p — k)
16(—1 + n)(1 + n)(4 + n)(6 + n)(8 + n)

(nv po 77GE)

{3(4 + n)(6 + m)K* + 4(43 +n(4+ n))(p - k) = 60(4 + n)(p - k)p°

134+ n)(6 + n)p* + 2K (—30(4 Fn)(p- k) + (64 +n(22 + 3n)) pz)j|

A couple of contributions of this
type...

compute spinorial factors
(v

renormalize;

check divergence (diffeo
anomaly);

compute the trace;

identify geometrical
invariants (which are
written as expansions in
h#v).



Chiral trace anomaly 3

Our results are exactly half of the trace anomaly for the Dirac spinor

(& (T"NEX) = 15 2508002 (—11€4 +18CH*77 Cpo + 12V2R)

(Vo (TH)(x) =0,

@’

in terms of the Weyl tensor C,, .- and the four-dimensional Euler density E;, which in four dimensions satisfy

1
CHYPT Cprypo = R¥YPO R,y pe — 2RMY Ry + ng,

Ey = RMP°R,,p0 — 4RM Ry, + R%.

What about the parity-odd contribution?



The parity-odd contribution
Two-point contributions, <Tf>:
€%H7T % symmetric in external momenta = 0 (8)
The (T.J) contribution:
(262BVT NI _ caBYmpATy o §”1rpAp° =0 (9)

The three-point contribution, <T$>:

elProT RN« something = 0 (10)

Dimensionally dependent identities [arXiv:gr-qc/0105066v1, Edgar & Héglund]. The Cayley-Hamilton theorem for
an n x n matrix (“every square matrix over a commutative ring satisfies its own characteristic equation™):

M M, - M 6% =0 (11)



Outline
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Outlook

® We have obtained no parity-odd contribution to the chiral trace anomaly (BM scheme/Feynman diagrams,
Duff's definition of the anomaly).

® Cosmology/astrophysics and (non-)conformal fields (inflation, baryogenesis, ...).
® Cancellation of anomalies in supergravity (a2 HK coefficient, Meissner and Nicolai, 2017).

® RG flow of the generalized anomaly and c-theorem?
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Some current discussions

® For a CFT in n = 4, the correlator of three stress-energy tensors is necessarily parity-even (Stanev, arXiv:
1206.5639)

(Tpuv(x1) Tpo (x2) Tag(x3)) = (parity-even term) + 0 X €eoee, (12)

but this is for the “regular” contribution. One may still have contributions at coincident points (that should
be seen in our computation).

® The folklore says that the definition of the conformal anomaly for nonconformal theories is
A= " (Tuw) = (8" Tuw). (13)

Why should we employ it for a conformal theory?



Anomalies

Consider a massless fermion, coupled to an external EM field A,

L= ipy oup + edyAu, Iy = oy, JY = ytasy (14)
The system has two global symmetries: 1) — e/®1), e/®7s1), so that classically

(on-shell) 8, 4% |, = 0.

(Oudi (x)) ~ /Dd‘)pwapreiI;wawﬂJ\“M

SRy / / aydz (45 GO I N A @A)+ (15)

e2
_ eaﬁo')\Fa

T T 16m2 pFox.

Fie »
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Inflationary application

From Shapiro et al. 1998

1
S= —?/d“x\/—gR—i— Megl,

1111
a

a a2

b, c, correspond to E and [JR.

433" + 3a//2

=

2b
322

)

a//a/2

a3

4b a’*

c a*

2
— M3 a"a=0
Mpr

41

(16)

(17)



Cohomology

Represent the “BRST" coboundary operator using the infinitesimal anticommuting parameter x, acting on the space
of metric tensors x matter (Bonora et al., PLB 1983) (notice change of convention in Weyl weights)

©:=06,+6,, (18)
5
L= 4x y— 1
O /d 2x8p ” ( 9)

08uv

— /d“x;«b%‘ (20)

@¢:

Then, acting on the classical action S¢; and the effective action I,

©5. =0, (21)
er=a. (22)

Given that ©2 = 0, it should be ©A = 0; we can thus write A = Q@w + A, such that no @ satisfying A = O exists.



Baryogenesis

Particle-antiparticle asymmetry in our universe is broken (ng = "Bn;"‘* ~ 10710),
i

A possibility is that it could be related to an electroweak anomaly. Original idea by Kuzmin, Rubakov and Shaposh-
nikov (1985); still new proposals as QCD baryogenesis [1911.01432v2 [hep-ph]]:

B Ji = CGL G
~ CO, KM,

with

2
Kt = etval (AuaaAB + gigAVAaAB) .

By considering transitions among different vacua of G,., one is able to change the baryonic number.



Wess-Zumino consistency conditions

Consider the variation of the W action functional (connected vacuum functional). Consider two transformations X,
Y.

(x8y — SySx)W = bix .y W. (23)
BRST way: be a*9 a local g-form of ghost number k. The WZ consistency condition is
sak9 4 dakthaml = 0. (24)
Descent equation techniques [hep-th/9505173, Barnich, Brndt, Henneaux],

akid £ spk=1d 4 dpoat (25)

then also a¥*1:9=1 is also a solution of the WZ consistency condition.



Induced inflation

) - _o2 - 3c+2b
Mina = Sel[Zuv] + /d“xw /—&{o(wC? + BF?) + bo(E — 3SOR) +2bodac} — = d*x\/—gR?, (26)

Suv = e2<’§w, Sc conformal invariant “integration constant”, A4 Paneitz operator

2 1
By =[P +2R"V,Vu = ZRO+ Z(VFR)V,. (27)



Expansion of (T#")

Define
WHY = FP_ 1P 9% — Y PPy Poth, (28)
JHVP = PP_yHPP g, (29)
as well as the traces W = W#, and h = h*,. In this way, we obtain the coefficients in the expansion of the stress
tensor,
1
pv (nv) _ v
Ty =5 [V vy ], (30)
1
Tl = [2UP + haguo Py —2he ) — el ) — gePleg, 1), (31)
v 1 L v v v) v
T =1 [4h”(‘ W7 — &by b + 800 (57 hao — b anypo )

+3hap (h062) — hoon) } wee % { (4GP — v poe) 97 ho ™ (32)

+ 201097 R T — WU (9 he T = 200 k) 420, 0o ) ] Joor.



From this, one can easily derive the following identities [Breitenlohner:1977hr]:

{'V/.La'AYV} = {:/;u:/v} = 277/41/]17
ﬁ}l«u =n- 47
Ve v} = {1 = 2507,
['Y;u'Y*] = ['7#7"/*] = 25+,
=1,

Py Px = P+A*,

where the last formula is a consequence of the definition of the projectors.

~ A~ o~~~
w W
D O

— — — — — —



The action

the action,



BM scheme

The spinorial contribution at O(k):

tr (73+’YT737"/“73+'7*73,7”) =2 (

The regularized contribution to (T):

(T 0N = 50—

ﬁAp _ ﬁrk,r—]up + ,r—lﬂ'p,r—]u)\) _ 2IETH)\p

) //I(P) I"“”(P)l'lp"(P)—(n—1)""’(“(P)|'|""(P)

T2 (770107 (p) 4+ A ()77 + 197 (p) + 3

x P b (y)dipdiy

=po 2

77 p

)]

(42)



BM scheme

(T ()5 = <T“"(x)>'eg—<7“"(x>>div

“wwe /] [ (%)

[nw )17 (p) — 37140 ()17 (p)] €~ a]phy (v)dl'y (44)

1 5 — _ _
_ (kAo Arv FPO 4 pHY[Po 3FHY PO 2
130 1672 // {p [7 (p) + #¥ (p)777 + 1] (P) + 37717 p?]
+ 270 ()17 ()| oy ()
First line conserved and traceless. Second line is local and can be removed by a counterterm (not covariant):

2019 0°07 hyo (x) + 80" 9 h(x) — 30200, h")P (x) + O [ 870 hpo (x) + B2hH (x) + 7 82h(x)]
(45)

1
= [azhﬂ“azh,,(, + (82h)2 + 30, h?? 8207 Ry o, + 20°hD, 05 h*° + 2 (8,05 h?7)? } dny,
2 8huu(x)



BM scheme 51

Modification in the parity-even sector:

tr (PnyPf’y“PyyAPf'yp) =2 (n”‘n” —nTApke 4 n”’n‘“) — 2ieTHAP (46)



Nonconformal theories 52

General definition of anomaly

A= Tim (8" (T () = (€ Tuw())) (47)



Renormalization

On the existence of a counterterm to cancel divergent term in (T):

(TH (x)) ¥ = 71445\(4 7 [8gWRa/3Ra5 + 56R"* RY 4 20R*" R — 5g"¥ R
™

+ 78" Raprs R¥P7® — 88R, g RHOVP — 28RHOBYRY 5

— T2V2RMY 4 12gMY V2R + 24WV“R] +0 (kﬁ) ,

N 1 5
= TRMYPOR, oo + 8RR, —5R?) y/—gd"x.
720(4m)2 /g 6gw(x)/( wwpo + " ) V-gd'




F integrals

b
(k 5dxdy,
Faslks P) / / x(l—x)k2+y<1—y)p —2(p- k)10

K*Fap—1— K*Fay1,6—1+ p*Fac1,6 — P?Fac1,601 — 2(p - kK)Fap

1—y
a1 b 1 (3—1)'([3—1)'
// R R TI

(a+1)p? (2Fab42 — Faps1) = (b + 1)k (2Fay2,6 — Far1,b)

+(bfa)[ alb!

Grbr2) +2(p- k)Fay1,b11| »

(a+b+2)k?Foinp — (@a+1)k?Fas1p = (@a+ b+ 2)p?Fapra — (b+ 1)p?Fa b1 -



Expansion of geometrical objects

1 1
MPuw =k {&Mhpy) — 5aphw} + K2 [Eh”“aah;w - hpaawhl,)a} + O (,{3) ,
1 « 1 «
Rpouv = K [=0u0photy + 000l hoyy | + K2 [ = 5011 " Oorhve = SOuhy, " Do hya
+ anh[p 80]hua - §8Hh[p 8|,,‘hg]a + 56 h#[padlhm - 58 h,,[p((‘)(,]hua
1 1 1
+ Eauha[paahcr]v - Ealfha[paahalu - Eaahu[paahalv] +0 (53) ’
e 1 2 1 2 1 @ 1 e B
R#,, =k |0 8(#/11,)(1 — 58 h/"‘]/ — 58'“61,/1 + K| = Zaaha huy + 58 hw,agha
1 .5 1 .5 1., 8 1 8 o
+ Eh 0aO0ghyuy + Eh 0u0yhag — 58 hg(u0” hyya + §8ah(u 9%h,)p

1 1
= h*20a0uhi)p = 8 0% hap + 20 h* Dy hap + E%hwa‘%h] +0(x) |

o
&

(55)

(56)



Expansion of geometrical objects 56

1
R==x [aaaﬁhaﬁ - a2h] + K2 [haﬁazhaﬁ - Zaahaath 3%hdgho® + h*P0,0sh

(58)

— 0ah®PO g7 —20°P B0, by — %tha.ya"*ho‘ﬁ + %awhaﬁmhaﬁ} +0 (%),
R? = k% [0a05h*" — 02h]" + O (v*) , (59)
RMV R, = %,# [20%0, hoyer — Phyu — 0,0, h] [2050" h*E — 20 — 9#0h] + O (7) (60)

Roopn RPTHY = 420,01, b, 0" 01 h7 + O (k7). (61)



Conventions

In the following we will employ the conventions of [Freedman:2011hp], in which the metric is (—, +,+, ),
the gamma matrices fulfill the usual Clifford algebra, i.e., {y*,7*} = 2g+¥1, and ¢ = iY*4°. We consis-
tently work in n dimensions in order to employ dimensional regularization, and use the Breitenlohner-Maison
scheme [Breitenlohner:1977hr] for the definition of the chiral matrix . in n dimensions. The Riemann tensor is
R jpr =0, war- -+, and the Ricci tensor is obtained as R, = R” ;.. We use geometric units c = h = 1 and the
totally antisymmetric symbol normalized to €p123 = 1. We denote (idempotent) symmetrization of indices by paren-
theses, e.g., view? = % (vawb + vbwa), and antisymmetrization by brackets, e.g., vlaw?! = % (v"wb — vbw").
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