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Flat sections of Lie group

Take the product bundle over CP! with the fiber G,
(CP! x G, m,CP), (G is a reductive Lie group).
Consider the flat section s

s:CP' > G
x > V(x)
we associate the meromorphic connection :

vV =0 , V=d-D(x)dx (1)

where:

D(x) € g® C(x).
g is the Lie algebra of the group G.
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The flat section can be written in some faithful representation of G
as :
d
d—\ll(x) =D(x)V(x) V(x)eG. (2)
X

Example (Airy differential system)
For G = SL(2,C) (g =s/(2,C)), and

o-(2 )

The flat section WV is given in terms of two linearly independent
solutions of the Airy differential equation:

f'—xf=0 (3)

Ai(x) Bi(x)

W(x) = (A,.,(X) BI.,(X)) € G=SL(2,C).
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Example (Gaussian Unitary Ensemble (GUE))

Let N > 0 be positive integer. For G = GL(2,C) (g = gl(2,C)), and

20-(3 3)

The flat section is given by:
_(Hna(x) Avaa(x)
o= ( v Fn(x) )

where Hy(x) is the N*" Hermite polynomial, and Hy is the Nt
Hermite function (which is not a polynomial of x). Both Hy and
Hpy are solutions of the equation:

f"'(x) = xf'(x) + Nf(x) = 0.
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Adjoint Flat sections

Consider now a flat section M in the adjoint bundle with an adjoint
connection:

vad_] = d - [DdX, .]7 vadJM = O_
In other words:

2 M(x) = [D(), M)

The connection V acts in the adjoint bundle by the commutator.
We have the following lemma:

Let U a flat section of the group bundle. Every adjoint flat section
M must be of the form:

M(x) = W(x)EV(x)™" = Ady(x) E

where E € g is constant.
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Correlators

Take a faithful representation of the group G into GL(r,C), we
define the following functions:

Definition (Correlators)

Let W(x) a once for all chosen flat section of the group bundle. Let
M(x.E) = W(x)EW(x)! a flat section of the adjoint bundle,
parametrized by E € g. We define:

Wi(x.E) = TrD(x)M(x.E)
and for n>2

Tr le]:l M(Xai(l) .Eo,i(l))
IT71 (X5 = Xo(i))

Wn(Xl.El,...,Xn.En) = Z (—1)0

1-cycl
e, Y

where &5 9% is the subset of &, of permutations having just
1-cycle.
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Correlators

with X = x.E ¢ CP! x g, is a pair of a point and a Lie algebra
element, i.e. a Lie algebra weighted point.

These funcions were first introduced in [BEQ9] (for random matrix
theory), and then used in [BDY16b; BDY16a](for integrable
systems, KDV, intersection numbers). They are useful functions in
many applications (random matrix theory, integrable systems...).

Example (Correlators Wa, W3)

ﬁTVM(Xl)M(Xz)

TrM(X1)[M(X2), M(X3)]
(x1 = x2)(x2 = x3)(x3 — x1)

Wao (X1, X2) =

W3 (X1, X2, X3) =

We can now using these definitions exhibit the differential equations
satisfied by these W,,s
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ODEs for Correlators

Let's try to find the ODE for Wy, we have:

Wi (x) = TrD(x)M(X)
W{(X) =Tr (D' (x)M(X) + D(X) [D(x), M(X)]) = Tr (D' (x)M(X))
W' (X) = Tr (D" (x) + [D'(x), D(x)]) M(X)

k
TWA(X) = T () M(X)
dxk
where:

Dk+1 =’DL+ [Dk,D], Do =D

For each k, Dx(x) € g ® C(x). Since g is finite dimensional, at
most dim g of them can be linearly independent over the field C(x).
Therefore, there exist some rational coefficients a(x) such that

dimg

> a(x)Di(x) =0.

k=0

Then we can state the following theorem:
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Wi (x) satisfies a linear differential equation of order dim g, with
polynomial coefficients au(x):

dimg dk
Z ak(X)W Wi (x.E) =0. (4)
k=0

The coefficients o (x) are determined by

dimg
Z Oék(X)Dk(X) =0 where Do =D 9 Dk+1 = DL+[Dk,D]

k=0
(5)

10/46



Example (Airy)

2 =(2 ) piea=(88) . 2a0-(3 )
Ds(x) = (20x _02)

The linear relation is:

%D3 = 2xD; - Dy,
The ODE is: ]
> = 2xW, — W

The 3 linearly independent solutions to this equation are:

Wi (x.E)

with E any linear combination of the 3 Chevaley—basis vectors.
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GUE

We have g = gl(2) with dim gl(2) = 4:

Do(X)=(,)\<, _01)7 DI(X):((l) 8), Dz(X)=(_(;V _01)

2N x 0 4N -x2 +1
Da(x) = (—Nx zN)  Dalx) = (4/\/2 - Nx® - N 0

The linear relation is
Dy = (x2 = 4N)D;, + xD; - D.
The ODE is:

WY = (x® = 4N) W, + xW, - Wi

)
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ODE for W,

We have: .

d

—— Wa(X1, X2) = TrDi(x1, X2) M(X1)

dx{
where

M(X
Do(x1, X2) = (—2)2
(x1-x)

d
Dys1(x1, X2) = d_XIDk(X17X2) +[Dr(x1,X2), D(x1)]

We can state the following theorem:

Wh (X1, Xa) satisfies an xy—differential equation of order dim g, with
coeflicients cu(x1; X2) polynomials of x; :

dimg dk
Y au(x; X2) — Wa(X1, X2) = 0.
k=0 dx
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Example for Airy

00(x1,%2) = —6x* Ait (x0) + 43 A (30) + 1653 A () AT (x)
+ 2)(12><22 Ai* (x2) - 16xf)<2 Ai? (Xz)Ai’Z(xz) - 2X12 Al (x2) AP (x2)
_102A1 " (30) — dx1x0 AP (30) AT (30) + 12x06AT ()
+8x Al )A (30) +6x2 AR (x0) AT (x2) - 22AT (x2)
630 A" (x2) = 83 Al (0)AT (x2) + 6AZ () AT~ ()

01 (1, x2) = 4 Ai* (x0) + Bxxa AT (30) + 8 A2 (x)AT (x2)
_ 32 AP (30) - 165350 A2 ()AT - (x2) - A3 AR (o) AT (x2)
_a3AT (0) + B2 AR (o)A () + 8x2x0 A (x2) AT’ (x2)
+ 8X12X2Ail4(X2) - 3x2 Ai* (x2) + 4x2 Ai (X2)Ai,3(X2)
—4x1x2 A% (x2) A (x2) - 4x1x22Ai,4(x2) +6x160 Ai* (x2)
—8xpa Al ()AT () + 32 At () + 532 Al ()AT - (x)
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ODE for W, n>2

There is a tensor Qo € (g*)®", such that:
Wh(X1,..., Xn) = Qo.n(M(X1), M(X2),...,M(Xp,))

whose coefficients are rational functions of xi, ..., x,. For g/(r,C),
the expression of Qp , can be written as:

1 n
€ty @ ® €l

QO,n = Z (_1)0 Z

O_EGIrl;cyc/e [1’.“’[" HI(XI _XO'(I))

(7)

with e ; € gl(r,C)* and satisfy e; j(M) = M; j for any M € gl(r,C).
Morevoer, we get,
dk
WW,,(XL...,X”) = Qu.n(M(X1), M(X2),...,M(Xp,))
1

where J
Qk+1,n = d—Qk,n + [Qi,n, D(x1) 1.
x1
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The space (g*)®" has dimension (dimg)”, and so at most (dimg)”
such tensors can be linearly independent. This implies

There exist some coefficients G n(X1;X2,...,Xn) € C[x1,...,Xn],
such that
dimg” dk
Z dk,n(xly---;Xn)_kWn(XI;X%--'aXn):0-
k=0 dxy

The (dimg)” linearly independent solutions are obtained by
choosing (Ey, Ep, ..., E,) € g®".
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ODE for W,

Let's apply the previous formalism to Wa (X1, X2), for g = gl(r,C),
M(X1) and M(X3) are both r x r matrices, we can write:

r
Wo (X1, X2) = > My jr(X2)Qo.ir jr.ij(x1,x2) M j(X1)
INENE

with Qo(x1,x2) the r? x r? matrix

(5,7]’(5,’7}
QO;I’,J’,I,_](X]-?XQ) - (Xl —X2)2‘
Then we have:
dk
ok W2 (X1, %) = QuM(X1), M(Xz)).
1

Qx is a rational quadratic form, belongs to g* ® g*
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We have the recursion:
d
Qk+1 = d—Qk +[Qk,D(x1) |1
X1

where the commutator acts only on the 1st factor of g* ® g* The
space g* ® g* has dimension (dimg)? and thus there must exist
some polynomial coefficients a(x1,x2) € C[x1,x2], such that

(dimg)?
Z A (x1,x2) Q(x1,x2) = 0.

k=0

This implies,

W, satisfies a polynomial ODE of order (dim g)?. There exist some
coeflicients éy(x1,x2) € C[x1,x2], such that

(dim g)? dk
Y, ak(x1, %) —— Wa(X1, X2) = 0.
k=0 dx
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Recursion relations

Let's consider a compatible sequence of integrable systems indexed
by an integer N, i.e. we have a section WV (x) of a Lie group G
principal bundle over CP! with rational connections:

L) () = DM ()

dx ’
That satisfies a recursion

WV () = RMW N (),

where each R(Y)(x) is rational in x.

Proposition (Compatibility relation /discrete Lax equation)

The ODE and recursion are compatible:

DNVD RN (x) - R(N)(X)D(N)(x)— R(N)(x)
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We also define adjoint flat sections
MM (x.E) = wN) () EwM ()71,

The adjoint flat section satisfies also a recursion and ODE:

Proposition (Recursion and ODE for the adjoint section)

MV (x) = RM () MW (x)RM (x) 72,

d
2 MM () = [DM ), MM ()]
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. \
Recursion for W,

N s a 0
W].( ) satisfies a recursion relation:

Wl(N) (x.E) satisties a linear recursion relation of order dim g, with

polynomial coefficients af(N) (x), independent of E:

dimg
S oMW (x) = 0.
k=0

where

WM (x.E) = Tr DIV (x) MM (x.E)
with

D5 (x) = D™ (x)

k-1 ) k .
D[((N) (X) — H R(N+’)(X)_1 D(N+k) (X) HR(N+k_I)(X)
i=0 i=1
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o \/
Recursion for W,"’, n>?2

Theorem (Recursion equation for W,gN))

W,SN)(Xl, ..., Xn) satisties a linear recursion relation of order

(dimg)", with coefficients af{N) (X1,.--,%n) €C[x1,...,%n]:
" ) (N+k)
ak,n (Xl,...,Xn)Wn (Xl,...,Xn)ZO.
k=0
(N)

where o,/ are determined by:

Initial term : Qo n)(xl7 ,Xn) = Qo,n(X1, .-, Xn)
Recursion : Qk+1 A(X1y e Xn) =

((Adgwen(x1) ® .. ® Adgues (x1)) Q1)) (31, -+, o)

(dim g)" ()
Linear relation : Z ozk (X1, Xn)Q (x1,---,xn) = 0.
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Applications
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One-Matrix model

The partition function Z is defined as:

_ 2_—TrV(A)
Z- Mfw A(N)%e dAr...d A,

where
A = diag(A, ..., Ay) €4V

is the diagonal matrix A of eigenvalues,
L 2_—TrV(A)
du(N) = WA(A) e dA

is the eigenvalues induced measure, V is called the potential, dA is
the product measure on VN, and the Vandermonde determinant
A(N) is defined as
AN =TT(Ai=x)
i<j
We choose integration domain such that the partition function is
well defined i.e. the integral is absolutely convergent.
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Example (Gaussian Unitary Ensemble (GUE))

The Gaussian Unitary Ensemble is the case v =R and V/(x) = %x2.

It is, thus, a probability law on R":
1 _1TA2
du(A) = WA(/\)% 2 TG

Z™™) is known to be proportional to the Barnes function

v N-1
zZM = 2rm)2 TT 4!
k=0
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Wave function and orthogonal polynomials

We define the wave function as the expectation value of the
characteristic polynomial:

M (x) = et(x - N).
P00 = [, du(h)det(x-A)

It is a polynomial of x of degree N. These polynomials form a
family of orthogonal polynomials for the measure e~V ) dx on 7,
namely

[dx p™M () M) (x) eV 0 =AMy .
Y

These wave functions can be normalized such that:

_1
e 2

vV h(N)

V(x)

¥ M(x) - p™ (x)
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We also define the dual wave function:

' —V( ’)p( )(X)
vV h(N) X —x'

the matrix wave function can be written as:

(VD () N1 (x
V0o - (www) o s (i)))

# M (x) = =

p™M (x) = Hy(x) = Hermite polynomial
fR Hiy (x) Hin(x)e 3 dx = V27 N1y

h(N)

(N) _ | (N) _
BN —VoaNl . .

_JR

27/46



Resolvents and Cumulants

Definition (Resolvents)
Let

2 1
W - f du(N) Tr
AN X —
and in general

5n2

#/(N) _ : f & 1
W, vy Xp) = ———— du (N T
n (Xla » X ) (X1—X2)2+ 4N ,u( )H rX,—

Definition (Cumulants/ Connected correlators)

We define the cumulants W,gN) by inverting the formula:

A ()
W0 )= Y WP @)

p{x1, X} i=1

i.e. the sums over all partitions of the n variables, of products of
cumulants of each part.

e . e e . s, S e —————— 28, [ 16



The system of equations (8) that define the cumulants is a
triangular system.

For example Wl(N) = WI(N) and the n =2 cumulant is the
covariance of resolvents:

WY (1, x2) = WY (x0, x2) = WY Ga) WY ().
For n =3 the cumulant is given by:
W (51, x0,x3) = WY (x1, 32, x3) = WY () WAV (32, x3)

W ) W) (x, x3) - WY () WY (1, x2)
20N )W Go)y W™ (xs).
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There is a relation between cumulants and correlators:

Proposition (Correlators and Cumulants)
Let

E- ((1) 8) MM () = W () BN ()1,
We have
W™ (x) = T (x) EW ()~

W2(N)(x1,x2) = ZTFM(N)(X]_)M(N)(XQ)

(x1 = x2)

and in general we have

WM™ (x1, ..., xn) = Wa(x1.E, ..., xn.E)

The right hand side is the W,, for the correlators.
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Recursion and ODE for the wave function

The orthogonal polynomials satisfy a 3 terms recursion relation:

xp™M (x) = p(N* D) (x) + SV p(M) () + (N-1)(x)

(N 1>”
Which gives:
X () =y VDY () 1 SO () 1My D) )

It implies that the matrix wave function satisfies a recursion
relation:
WD (x) = R ()w (x) (9)

0 1
RM(x) = ( W s ) :

,Y(N+1) ,Y(N+1)

where

is called the shift operator.

31/46



Hermite polynomials satisfy
PN (x) = xp™ () = NN (x),

hence, matrix wave function satisfies a recursion relation, with

R(N)(X)z(_ 0N >1< )

N+1 V/N+1
()
N = arNt, (W) - h’ZN_l) =VN, sM=g

Now we have a recursion relation for the wave function matrix. In
order to apply our general method for the correlators to one-matrix
model, we need an ODE for W(x). The following theorem makes
this possible.

32/46



ODE for the wave function

Proposition (ODE for W)

If V'(x) is a rational function, then the orthogonal polynomials
satisfy an ODE with rational coefficients, which in matrix form can

be written ;
d—w“")(x) = DM )wM (%) (10)
X
where
V() _~(N)
T 0 wn-1,n-1(x)  wy-1,n(X) 0 v
P (X)_( 0 —‘/,§X))+( wyn-1(x)  wun(x) J 4V 0
where

A \/h(N_)h(N_' [ e tax p(x )M M (x')

We have

TrDM(x)=0
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Hermite polynomials satisfy
d (AN DG\ (x 1) (pND(x)
i\ P )T v o U pme )
which implies
2 () = DV Gu M (x),
X

where

1, )

§X
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Recursion and ODE for W, "’ (x)

Theorem (Recursion)

At most 3 of the matrices DIN:0)(x), ..., DIN:3)(x) can be linearly

independent, therefore there exist some coefficients C(N¥)(x),
polynomials of x, such that

3
> MR GOWIM(x) = 0
k=0

Theorem (ODE)

At most 3 of the matrices DN (x), ..., DN:3)(x) can be linearly

independent, therefore there exist some coefficients C(N:K)(x),
polynomials of x, such that

3

x¢ &0 00 L i ) -

DO () = DM (), D4 (x) = DM () [BH (), D (x)]

i — . — i — i ———e—
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ETNTIES

Example (Recursion and ODE of Wl(N) in GUE)

The recursion is given by

(N +2)W N () = (x> = Ny WM (x)

+ (= N=-3)WND () - (N+ )W (x) = 0.

The ODE of order 3 is

3
(X+ (4N—x2)di),< + %) Wl(N)(x) =0
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Minimal models

Minimal models arise as limits of matrix models. They can also be
defined independently of matrix models, from integrable hierarchies,
KdV, KP, Toda, see [BBT03]. They are classified by two integers
(p,q), in short, the (p,g) minimal model can be formulated in
terms of a differential system of order g, with polynomial
coefficients whose degree is bounded by p.

Definition (Gelfand-Dikii polynomials)

We define by recursion the following differential polynomials

R.(U) eQ[U, U, U, U,...]
Ro(U) =2
. . . 1 ...
Ru1 = ~2URy ~ URy + 7 R

and we choose the primitive that is homogeneous (in U and ™).
The first few are

1,
Ry=2 , Ri=-2U , R,=3U*- 2U ; :—5U3+ UU+ U2 8U

V.
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Minimal models

Definition (Lax pair)

Let
R(x 1) = (x 2o cl))
Define,
Ba(x,U) = 2 3 x"IRy(U)
j=0
Define

1.
-=B B
Dn = 2N . n
() ((x +2U)B, - 1B, %B,,)
Notice that R(x, t) and D,(x, t) are traceless, so that they belong
to the Lie algebra s/(2,C).
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ODE with respect to time for W,

Proposition (Gelfand-Dikii)

We have

Do, ) + [Da(x,£), ROx, )] = =R ((1J 8)

the following proposition is a consequence of this equation, which
enables us to determine the two differential equations (with respect
to time and x) of the wave function W,
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Proposition (Compatibility and wave function)

Let m >0 an integer. Let t = (ty,t1,t,...,tm) a set of parameters
(called higher times). Let

D(x,t,t) = Y tDi(x,t).
k=0

D(x, t; t) satisfies the Lax equation
9 Dix, t:7) + [D(x, £ B), R(x, )] = LR (x, £)
. X, T, X, L ’ ’ = )
dt ’ dx

if and only if U is solution to the equation

Z thk+1(U) = =i,
k=0

In this case, there exists a matrix W(x, t; t) such that

i\IJ =DV | i\Il =RV
dx dt
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Example (m =0 : Airy)
take t = (1), eq (11) reduces to:

—2U =t

We have

R(x,t) = (XS t é) D(x, t)

The matrix W(x,t) = W(x + t) satisfies the Airy equation, and is
worth:

W(x,t) = W(x+ t) = (A"<X+ t) Bi(x+ r))

Ai'(x+t) Bi'(x+t)

Proposition (ODE for W)
W satistfies the following ODE of order 3:

m

T T
Wy = Z tk((2(X+2U)Bk = EBk)Wl I EBkwl = EBkwl)
k=0
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Example (Airy m =0, ODE W)

T
W1—2(X+t)W1+§W1=O

Example (Painlevé 1, m=1, ODE W)

. 1. . 1
Wl—(2x2+2Ux—U2+t)W1+§UW1+§(x—U)W1:O
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Conclusion

As conclusion we have shown how to exploit the ODE satisfied by
the wave function (flat section of a Lie group bundle) or
equivalently the adjoint ODE satisfied by M (flat section of the
adjoint Lie algebra bundle) to derive, in a systematic way, linear
ODE and recursions with polynomial coefficients for every
correlator W,,. This approach can be further generalized to non
trivial bundles, it is a general method that can be applied to every
Lax system, in particular systems that depend on other parameters
(time dependent wave function), these ODEs can be shown useful
in resurgence theory for example.
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