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(Sierpiński Gasket)

(self-similar) SC
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cf. Standard Dirichlet form and B.M. on the S.G.
(Goldstein ’87, Kusuoka ’87, Barlow-Perkins ’88, ...)

t t
t

V0

t t
t

t
t

t
V1

t t
t

t
t

tt tt
t t t ttt
V2

. . .

Em(u, u) := (5/3)m
∑

x,y∈Vm, x
m∼y

(u(x) − u(y))2

⇒ Em(u, u) = min{Em+1(v, v) | v ∈ RVm+1 , v|Vm = u}

Fst :=
{
u∈C(K)

∣∣Est(u):=↑lim
m→∞

Em(u|Vm , u|Vm)<∞
}

(Est,Fst) on L2(K,Hlog2 3|K)⇌ B.M. on K =
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Dirichlet form&B.M. on self-similar SCs

•A self-similar regular Dirichlet form (E,F) exists.
(Barlow–Bass ’89, ’99, Kusuoka–Zhou ’92)

BB ’89: ∃1τ >1, {Law({Bref ,Dn

τnt }t≥0)}∞
n=0 is tight.

• Such a regular Dirichlet form (E,F) is unique.
(Barlow–Bass–Kumagai–Teplyaev ’10)
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2 Results for Apollonian gasket:Kα,β,γ ↪→ Charmonic

embedding

Thm(K., cf.Teplyaev ’04). ∃1(Eα,β,γ ,Fα,β,γ): non-zero,
str. local, regular symmetric Dirichlet form over Kα,β,γ ,

Re, Im are Eα,β,γ-harmonic on Kα,β,γ\V0!

α

β
γ

r
r rRmk.Choice of a reference measure is irrelevant:

Cα,β,γ :=Fα,β,γ∩C(Kα,β,γ) and Eα,β,γ |Cα,β,γ
are unique.

Thm(K.). LIP|Kα,β,γ is a core of (Eα,β,γ ,Fα,β,γ), and
∀u∈LIP, Eα,β,γ(u,u)=

∑
C⊂arcKα,β,γ

rad(C)
∫
C
|∇Cu|2dvolC.
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Thm 2 (K.). limλ→∞#{n ∈ N | λU
n≤λ}/λd/2=cmHd(U).
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Thm 1 (K.). ∃c0 ∈ (0,∞), ∀α, β, γ ∈ (0,∞), (d := dAG)

limλ→∞#{n ∈ N | λα,β,γ
n ≤λ}/λdAG/2=c0H

dAG(Kα,β,γ).

Prf.To follow Kigami–Lapidus’method [CMP ’93], we use
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Kesten ’74
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Γ×R R(x, s)dν(x)ds!

6Need:• |R(x, s)| ≤ c′e−c|s|α.

•{(Xn, Vn)}∞
n=0 unique. ergodic
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Urbański, Adv.Math. 136 (1998), 26–38

▷Kx\V0=
⋃

k,lKφk,l(x) ▷F (x, s) := e−ds
N

Dir.
x (e2s)

= Ex

[∑∞
n=0 R([Xn], s−Vn)

]
-

Kesten ’74

s → ∞ ∫
Γ×R R(x, s)dν(x)ds!

6Need:• |R(x, s)| ≤ c′e−c|s|α.

•{(Xn, Vn)}∞
n=0 unique. ergodic



11/12
Thm 1 (K.). ∃c0 ∈ (0,∞), ∀α, β, γ ∈ (0,∞), (d := dAG)

limλ→∞#{n ∈ N | λα,β,γ
n ≤λ}/λdAG/2=c0H

dAG(Kα,β,γ).

▷{[Xn]}∞
n=0:MConΓ(shapes),x⇝[φk,l(x)]w.prob.H

d(Kφk,l(x))

▷Vn :=− 1
d
logHd(KXn) (the changes in size along {[Xn]}∞

n=0)

cf. p. 30, Figure 3 of R.D.Mauldin&M.
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5 Proof ingredients for G=Gm with ∂∞G a RSC

•A“self-similar” decomp.
(“fundamental domain” for

the action G↷∂∞G)

▷{ℓk}3
k=1: B2-geodesics,

form △, angles π
2
, π

3
, π
m

▷Γm :=
〈
{Invℓk}

3
k=1

〉
⇝B2=

⋃
τ∈Γm

τ(△ℓ1ℓ2ℓ3)

•S=Sm :=∂BB2(0,∃1rm):

angle(S, ℓ2) = π
3
.

▷G=Gm :=⟨Γm, InvS⟩,
∂∞Gm :=

∪
g∈Gm

g(∂B2)
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•A“self-similar” decomp.(“fund. dom.” for G↷∂∞G)
(requires concrete knowledge of G↷∂∞G; NOT extend easily)

•A version of the “2-dimensional” Nash inequality
(⇝ the spectrum of ∆Kg is discrete & ∃p

Kg
t (x, y) ≤ cgt

−1)

• ι : Kg ↪→ R2 is Eg-harmonic & ΓEg(ι, ι) = νg

⇝can now run a Markov chain on theEuclidean shapes
of the cells and apply Kesten’s renewal thm [AOP ’74].

(⇝{⟨Xg
t , z⟩}t slower than {BR

t }t ⇝ Px[τB(x,r)≤ t] small!)
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•(Grigor’yan–Hu–Lau ’10)Bound for p
Kg

t (x, x)− pU
t (x, x)

in terms of sups∈[t/2,t] p
Kg
s (x, ·)|∂KgU & Px[τU ≤ t]

•(cf.Bonk ’11)The circles in ∂∞G are unif. rel. separated:
∀j ̸= k, dist(Cj, Ck) ≥ δm min{rad(Cj), rad(Ck)}.


