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constant-factor sub-optimality

asymptotic optimality
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Recent literature focuses on simple, static policies
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Research question: How to design adaptive policies?
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e.g. Euclidean graph ⇒ cost is distance 
(pickup time in ridehailing)
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<latexit sha1_base64="OeXKDOfhxBhv/DNKcbvFqGVyjR8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKGo8BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc99ETaL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxTZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBtfVq/vLSr2Wx1GEEziFcwigBnW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD11PjdU=</latexit>µ

1

j

m

3 Optimality criterion

<latexit sha1_base64="ZWG9P2BjlRDEPEdgwzKXYPAkqto="></latexit>

lim sup
t!1

E[T⇡(t)]

t
� ⌧⇤
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<latexit sha1_base64="qVP1+cgTw3wWm6i4V8f0XxenkR0="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="fujL5FqbvKmDYSB7vAUxt10GijA="></latexit>

<latexit sha1_base64="YWqr6HxX3hHSXLK+TwTO5BLBbio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvHisYD+gDWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZQ2Nre2d8q7lb39g8Oj6vFJx8SpZrzNYhnrXkANl0LxNgqUvJdoTqNA8m4wvZv73SeujYjVI2YJ9yM6ViIUjKKVulcDoULMhtWaW3cXIOvEK0gNCrSG1a/BKGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny/OnZELq4xIGGtbCslC/T2R08iYLApsZ0RxYla9ufif108xvPVzoZIUuWLLRWEqCcZk/jsZCc0ZyswSyrSwtxI2oZoytAlVbAje6svrpHNd99y699CoNd0ijjKcwTlcggc30IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8ASPwj18=</latexit>

<latexit sha1_base64="OKLMYv3stAz3Cp0aNw/wFoWQhq0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZQu9kNhkzs7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VZXUai1i1AtRM8IjVDTeCtRLFUAaCNYPhzcRvPjGleRzdm1HCfIn9iIecorFSq9NHKbH70C2V3Yo7BVkkXk7KkKPWLX11ejFNJYsMFah123MT42eoDKeCjYudVLME6RD7rG1phJJpP5veOybHVumRMFa2IkOm6u+JDKXWIxnYTolmoOe9ifif105NeOVnPEpSwyI6WxSmgpiYTJ4nPa4YNWJkCVLF7a2EDlAhNTaiog3Bm395kTROK95F5fzurFy9zuMowCEcwQl4cAlVuIUa1IGCgGd4hTfn0Xlx3p2PWeuSk88cwB84nz8J6I/8</latexit>�j cost-throughput target
<latexit sha1_base64="0yZuNKhXZbb/60QBdgkoxAX3QZ4=">AAAB83icbVDLSsNAFL2pr1pfVZduBotQi5REfC2LblxWsA9o0jKZTtqhk0mYmQgl9DfcuFDErT/jzr9x2mahrQcuHM65l3vv8WPOlLbtbyu3srq2vpHfLGxt7+zuFfcPmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR3dTv/VEpWKReNTjmHohHggWMIK1kdwy6VbOXI2TbuW0VyzZVXsGtEycjJQgQ71X/HL7EUlCKjThWKmOY8faS7HUjHA6KbiJojEmIzygHUMFDqny0tnNE3RilD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOOlTMSJpoLMFwUJRzpC0wBQn0lKNB8bgolk5lZEhlhiok1MBROCs/jyMmmeV52r6uXDRal2m8WRhyM4hjI4cA01uIc6NIBADM/wCm9WYr1Y79bHvDVnZTOH8AfW5w9NMZCS</latexit>

(c⇤, ⌧⇤)
<latexit sha1_base64="ml9i4ODhVA3KuC+cHamR0B183ik=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF20puMmZ1dZmaFsOQjvHhQxKvf482/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFSi/UyfvIw6ZUrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOyFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJlWwI3uLLf0nztOpdVM/vziq16zyOIhzAIRyDB5dQg1uoQwMYjOAJXuDVSZxn5815n7cWnHxmH37B+fgGOdSPgw==</latexit>ci,j

<latexit sha1_base64="OeXKDOfhxBhv/DNKcbvFqGVyjR8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKGo8BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc99ETaL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxTZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBtfVq/vLSr2Wx1GEEziFcwigBnW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD11PjdU=</latexit>µ
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j

m

3 Optimality criterion

<latexit sha1_base64="ZWG9P2BjlRDEPEdgwzKXYPAkqto="></latexit>

lim sup
t!1

E[T⇡(t)]

t
� ⌧⇤

<latexit sha1_base64="hhbfzZBQT7GxAgXDGOxP9J9WC4Q="></latexit>

lim sup
t!1

E[C⇡(t)]

t
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<latexit sha1_base64="qVP1+cgTw3wWm6i4V8f0XxenkR0="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="fujL5FqbvKmDYSB7vAUxt10GijA="></latexit>

<latexit sha1_base64="YWqr6HxX3hHSXLK+TwTO5BLBbio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvHisYD+gDWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZQ2Nre2d8q7lb39g8Oj6vFJx8SpZrzNYhnrXkANl0LxNgqUvJdoTqNA8m4wvZv73SeujYjVI2YJ9yM6ViIUjKKVulcDoULMhtWaW3cXIOvEK0gNCrSG1a/BKGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny/OnZELq4xIGGtbCslC/T2R08iYLApsZ0RxYla9ufif108xvPVzoZIUuWLLRWEqCcZk/jsZCc0ZyswSyrSwtxI2oZoytAlVbAje6svrpHNd99y699CoNd0ijjKcwTlcggc30IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8ASPwj18=</latexit>

<latexit sha1_base64="OKLMYv3stAz3Cp0aNw/wFoWQhq0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZQu9kNhkzs7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VZXUai1i1AtRM8IjVDTeCtRLFUAaCNYPhzcRvPjGleRzdm1HCfIn9iIecorFSq9NHKbH70C2V3Yo7BVkkXk7KkKPWLX11ejFNJYsMFah123MT42eoDKeCjYudVLME6RD7rG1phJJpP5veOybHVumRMFa2IkOm6u+JDKXWIxnYTolmoOe9ifif105NeOVnPEpSwyI6WxSmgpiYTJ4nPa4YNWJkCVLF7a2EDlAhNTaiog3Bm395kTROK95F5fzurFy9zuMowCEcwQl4cAlVuIUa1IGCgGd4hTfn0Xlx3p2PWeuSk88cwB84nz8J6I/8</latexit>�j cost-throughput target
<latexit sha1_base64="0yZuNKhXZbb/60QBdgkoxAX3QZ4=">AAAB83icbVDLSsNAFL2pr1pfVZduBotQi5REfC2LblxWsA9o0jKZTtqhk0mYmQgl9DfcuFDErT/jzr9x2mahrQcuHM65l3vv8WPOlLbtbyu3srq2vpHfLGxt7+zuFfcPmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR3dTv/VEpWKReNTjmHohHggWMIK1kdwy6VbOXI2TbuW0VyzZVXsGtEycjJQgQ71X/HL7EUlCKjThWKmOY8faS7HUjHA6KbiJojEmIzygHUMFDqny0tnNE3RilD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOOlTMSJpoLMFwUJRzpC0wBQn0lKNB8bgolk5lZEhlhiok1MBROCs/jyMmmeV52r6uXDRal2m8WRhyM4hjI4cA01uIc6NIBADM/wCm9WYr1Y79bHvDVnZTOH8AfW5w9NMZCS</latexit>

(c⇤, ⌧⇤)
<latexit sha1_base64="ml9i4ODhVA3KuC+cHamR0B183ik=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF20puMmZ1dZmaFsOQjvHhQxKvf482/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFSi/UyfvIw6ZUrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOyFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJlWwI3uLLf0nztOpdVM/vziq16zyOIhzAIRyDB5dQg1uoQwMYjOAJXuDVSZxn5815n7cWnHxmH37B+fgGOdSPgw==</latexit>ci,j

<latexit sha1_base64="OeXKDOfhxBhv/DNKcbvFqGVyjR8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKGo8BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc99ETaL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxTZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBtfVq/vLSr2Wx1GEEziFcwigBnW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD11PjdU=</latexit>µ
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m

3 Optimality criterion

<latexit sha1_base64="ZWG9P2BjlRDEPEdgwzKXYPAkqto="></latexit>

lim sup
t!1

E[T⇡(t)]

t
� ⌧⇤

<latexit sha1_base64="hhbfzZBQT7GxAgXDGOxP9J9WC4Q="></latexit>

lim sup
t!1

E[C⇡(t)]

t
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<latexit sha1_base64="qVP1+cgTw3wWm6i4V8f0XxenkR0="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="fujL5FqbvKmDYSB7vAUxt10GijA="></latexit>

<latexit sha1_base64="YWqr6HxX3hHSXLK+TwTO5BLBbio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvHisYD+gDWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZQ2Nre2d8q7lb39g8Oj6vFJx8SpZrzNYhnrXkANl0LxNgqUvJdoTqNA8m4wvZv73SeujYjVI2YJ9yM6ViIUjKKVulcDoULMhtWaW3cXIOvEK0gNCrSG1a/BKGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny/OnZELq4xIGGtbCslC/T2R08iYLApsZ0RxYla9ufif108xvPVzoZIUuWLLRWEqCcZk/jsZCc0ZyswSyrSwtxI2oZoytAlVbAje6svrpHNd99y699CoNd0ijjKcwTlcggc30IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8ASPwj18=</latexit>

<latexit sha1_base64="OKLMYv3stAz3Cp0aNw/wFoWQhq0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZQu9kNhkzs7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VZXUai1i1AtRM8IjVDTeCtRLFUAaCNYPhzcRvPjGleRzdm1HCfIn9iIecorFSq9NHKbH70C2V3Yo7BVkkXk7KkKPWLX11ejFNJYsMFah123MT42eoDKeCjYudVLME6RD7rG1phJJpP5veOybHVumRMFa2IkOm6u+JDKXWIxnYTolmoOe9ifif105NeOVnPEpSwyI6WxSmgpiYTJ4nPa4YNWJkCVLF7a2EDlAhNTaiog3Bm395kTROK95F5fzurFy9zuMowCEcwQl4cAlVuIUa1IGCgGd4hTfn0Xlx3p2PWeuSk88cwB84nz8J6I/8</latexit>�j cost-throughput target
<latexit sha1_base64="0yZuNKhXZbb/60QBdgkoxAX3QZ4=">AAAB83icbVDLSsNAFL2pr1pfVZduBotQi5REfC2LblxWsA9o0jKZTtqhk0mYmQgl9DfcuFDErT/jzr9x2mahrQcuHM65l3vv8WPOlLbtbyu3srq2vpHfLGxt7+zuFfcPmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryR3dTv/VEpWKReNTjmHohHggWMIK1kdwy6VbOXI2TbuW0VyzZVXsGtEycjJQgQ71X/HL7EUlCKjThWKmOY8faS7HUjHA6KbiJojEmIzygHUMFDqny0tnNE3RilD4KImlKaDRTf0+kOFRqHPqmM8R6qBa9qfif10l0cOOlTMSJpoLMFwUJRzpC0wBQn0lKNB8bgolk5lZEhlhiok1MBROCs/jyMmmeV52r6uXDRal2m8WRhyM4hjI4cA01uIc6NIBADM/wCm9WYr1Y79bHvDVnZTOH8AfW5w9NMZCS</latexit>

(c⇤, ⌧⇤)
<latexit sha1_base64="ml9i4ODhVA3KuC+cHamR0B183ik=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF20puMmZ1dZmaFsOQjvHhQxKvf482/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFSi/UyfvIw6ZUrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOyFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJlWwI3uLLf0nztOpdVM/vziq16zyOIhzAIRyDB5dQg1uoQwMYjOAJXuDVSZxn5815n7cWnHxmH37B+fgGOdSPgw==</latexit>ci,j

<latexit sha1_base64="OeXKDOfhxBhv/DNKcbvFqGVyjR8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKGo8BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc99ETaL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxTZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBtfVq/vLSr2Wx1GEEziFcwigBnW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD11PjdU=</latexit>µ
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3 Optimality criterion

<latexit sha1_base64="UjGmrVGqUgwAm2fEMVk10A6LYGc="></latexit>

lim sup
t!1

E[C⇡(t)]

t
 c⇤ · (1 + ✏)

<latexit sha1_base64="JxS9BzhHu3qyhUT1WDhqcSIeY4g="></latexit>

lim sup
t!1

E[T⇡(t)]

t
� ⌧⇤ · (1� ✏)



Some challenges

o  Average-cost infinite-dimensional MDP: formulation

o“Endogenous” market thickness: steady-state induced by policy

o  No scaling: Unlike O(1)-regret dynamic matching results Ashlagi et al. [‘23], 
Gupta [‘22], Wei et al. [‘23]
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o  Average-cost infinite-dimensional MDP: formulation

o“Endogenous” market thickness: steady-state induced by policy

oNo asymptotic scaling & thin market ⚠: unlike O(1)-regret dynamic 
matching Ashlagi et al. [‘23], Gupta [‘22], Wei et al. [‘23]



“Minimal” level abandonment

Static LP relaxation [AS, ’20]



Static LP relaxation [AS, ’20]

<latexit sha1_base64="7PUnn8qAqmKLQXYwZ76sKQ4+mHE="></latexit>

(SLP) min
xi,j ,xi,a�0

X
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ci,j · xi,j

s.t.
X

j

xi,j + xi,a = �i , 8i

X

(i,j)

xi,j � ⌧⇤ ,

µi

�j
· xi,j  xi,a , 8(i, j)
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Static LP relaxation [AS, ’20]

<latexit sha1_base64="7PUnn8qAqmKLQXYwZ76sKQ4+mHE="></latexit>

(SLP) min
xi,j ,xi,a�0

X

(i,j)

ci,j · xi,j

s.t.
X

j

xi,j + xi,a = �i , 8i

X

(i,j)

xi,j � ⌧⇤ ,

µi

�j
· xi,j  xi,a , 8(i, j)



The value of adaptive policies



Optimality gap

3 customer types, one server type with
<latexit sha1_base64="bj4yifvygHRxNzigHR62RH9Ap0Y=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNSHxuh4MZlBfuA6VAymUwbmkmG5I5Qhn6GGxeKuPVr3Pk3pu0stPVA4HDOueTeE6aCG3Ddb6e0tr6xuVXeruzs7u0fVA+POkZlmrI2VULpXkgME1yyNnAQrJdqRpJQsG44vpv53SemDVfyESYpCxIylDzmlICV/L6w0YjgW+wNqjW37s6BV4lXkBoq0BpUv/qRolnCJFBBjPE9N4UgJxo4FWxa6WeGpYSOyZD5lkqSMBPk85Wn+MwqEY6Vtk8Cnqu/J3KSGDNJQptMCIzMsjcT//P8DOKbIOcyzYBJuvgozgQGhWf344hrRkFMLCFUc7srpiOiCQXbUsWW4C2fvEo6F3Xvqn750Kg1G0UdZXSCTtE58tA1aqJ71EJtRJFCz+gVvTngvDjvzsciWnKKmWP0B87nD+NQkE8=</latexit>

� = 1

The value of adaptive policies



Optimality gap Static LP integrality gap

3 customer types, one server type with
<latexit sha1_base64="bj4yifvygHRxNzigHR62RH9Ap0Y=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNSHxuh4MZlBfuA6VAymUwbmkmG5I5Qhn6GGxeKuPVr3Pk3pu0stPVA4HDOueTeE6aCG3Ddb6e0tr6xuVXeruzs7u0fVA+POkZlmrI2VULpXkgME1yyNnAQrJdqRpJQsG44vpv53SemDVfyESYpCxIylDzmlICV/L6w0YjgW+wNqjW37s6BV4lXkBoq0BpUv/qRolnCJFBBjPE9N4UgJxo4FWxa6WeGpYSOyZD5lkqSMBPk85Wn+MwqEY6Vtk8Cnqu/J3KSGDNJQptMCIzMsjcT//P8DOKbIOcyzYBJuvgozgQGhWf344hrRkFMLCFUc7srpiOiCQXbUsWW4C2fvEo6F3Xvqn750Kg1G0UdZXSCTtE58tA1aqJ71EJtRJFCz+gVvTngvDjvzsciWnKKmWP0B87nD+NQkE8=</latexit>

� = 1

The value of adaptive policies
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Single queue: An exact Dynamic LP

o Decision variable    : stationary probability that                servers are waiting, and the 

optimal policy is about to match them with a customer in 

<latexit sha1_base64="RTQQrsQ8qveWA0UU3FIg8cpwg4c=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj2XBjRuhgn1AE8tketMOnUzCzEQsob/hxoUibv0Zd/6NkzYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3ypr21vbO7V9k/aKs4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfJ37nUeQisXiXk8S8CMyFCxklGgjeU/97Hb64AHntt2vVJ2aMwNeJm5BqqhAs1/58gYxTSMQmnKiVM91Eu1nRGpGOUxtL1WQEDomQ+gZKkgEys9mN0/xiVEGOIylKaHxTP09kZFIqUkUmM6I6JFa9HLxP6+X6vDKz5hIUg2CzheFKcc6xnkAeMAkUM0nhhAqmbkV0xGRhGoTUx6Cu/jyMmmf1dyL2vldvdqoF3GU0RE6RqfIRZeogW5QE7UQRQl6Rq/ozUqtF+vd+pi3lqxi5hD9gfX5AyvvkRU=</latexit>

x`
M

<latexit sha1_base64="mKpLoKtS8MSDjPFX3ka/CJqaxV4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURXwsXBTeupIJ9QBPKZHrTDp1MwsxEKKHgr7hxoYhbv8Odf+OkzUJbDwwczrmXe+YECWdKO863VVpaXlldK69XNja3tnfs3b2WilNJoUljHstOQBRwJqCpmebQSSSQKODQDkY3ud9+BKlYLB70OAE/IgPBQkaJNlLPPvCAc+wxgTMvInoYBPhuUunZVafmTIEXiVuQKirQ6NlfXj+maQRCU06U6rpOov2MSM0oh0nFSxUkhI7IALqGChKB8rNp/Ak+Nkofh7E0T2g8VX9vZCRSahwFZjKPqOa9XPzP66Y6vPIzJpJUg6CzQ2HKsY5x3gXuMwlU87EhhEpmsmI6JJJQbRrLS3Dnv7xIWqc196J2fn9WrV8XdZTRITpCJ8hFl6iOblEDNRFFGXpGr+jNerJerHfrYzZasoqdffQH1ucP4GCUxw==</latexit>

` 2 N
<latexit sha1_base64="AnkbIwv0Gs5qtQFhgyJa+HfL2i8=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkoi9bEsuHEjVLAPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822trK6tb2yWtsrbO7t7FXv/oK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHyT+51HKhWLxYOeJNSP8FCwkBGsjdS3K14YS8w5ujvzKOflvl11as4MaJm4BalCgWbf/vIGMUkjKjThWKme6yTaz7DUjHA6LXupogkmYzykPUMFjqjys1nwKToxygCZBOYJjWbq740MR0pNosBMRliP1KKXi/95vVSH137GRJJqKsj8UJhypGOUt4AGTFKi+cQQTCQzWREZYYmJNl3lJbiLX14m7fOae1m7uK9XG/WijhIcwTGcggtX0IBbaEILCKTwDK/wZj1ZL9a79TEfXbGKnUP4A+vzB4vvklU=</latexit>

8M, `
(PASTA property [Wolff ‘82])



Single queue: An exact Dynamic LP

o Decision variable    : stationary probability that                servers are waiting, and the 

optimal policy is about to match them with a customer in 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)

<latexit sha1_base64="HjkRy/Qfai+GWDjcV58jwGtkyK0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJIMoafTk7TpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkP3VhpzDl67JUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTY7eIJOnNJHbrcradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HvUZ5oSy8eOYKKZuxWRIdaYWJdRyYUQLL68TJpn1eCyenF3Xqmd53EU4QiO4RQCuIIa3EIdGkBAwDO8wpunvRfv3fuYtxa8fOYQ/sD7/AGL65A2</latexit>

8j

<latexit sha1_base64="RTQQrsQ8qveWA0UU3FIg8cpwg4c=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj2XBjRuhgn1AE8tketMOnUzCzEQsob/hxoUibv0Zd/6NkzYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3ypr21vbO7V9k/aKs4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfJ37nUeQisXiXk8S8CMyFCxklGgjeU/97Hb64AHntt2vVJ2aMwNeJm5BqqhAs1/58gYxTSMQmnKiVM91Eu1nRGpGOUxtL1WQEDomQ+gZKkgEys9mN0/xiVEGOIylKaHxTP09kZFIqUkUmM6I6JFa9HLxP6+X6vDKz5hIUg2CzheFKcc6xnkAeMAkUM0nhhAqmbkV0xGRhGoTUx6Cu/jyMmmf1dyL2vldvdqoF3GU0RE6RqfIRZeogW5QE7UQRQl6Rq/ozUqtF+vd+pi3lqxi5hD9gfX5AyvvkRU=</latexit>

x`
M

<latexit sha1_base64="mKpLoKtS8MSDjPFX3ka/CJqaxV4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURXwsXBTeupIJ9QBPKZHrTDp1MwsxEKKHgr7hxoYhbv8Odf+OkzUJbDwwczrmXe+YECWdKO863VVpaXlldK69XNja3tnfs3b2WilNJoUljHstOQBRwJqCpmebQSSSQKODQDkY3ud9+BKlYLB70OAE/IgPBQkaJNlLPPvCAc+wxgTMvInoYBPhuUunZVafmTIEXiVuQKirQ6NlfXj+maQRCU06U6rpOov2MSM0oh0nFSxUkhI7IALqGChKB8rNp/Ak+Nkofh7E0T2g8VX9vZCRSahwFZjKPqOa9XPzP66Y6vPIzJpJUg6CzQ2HKsY5x3gXuMwlU87EhhEpmsmI6JJJQbRrLS3Dnv7xIWqc196J2fn9WrV8XdZTRITpCJ8hFl6iOblEDNRFFGXpGr+jNerJerHfrYzZasoqdffQH1ucP4GCUxw==</latexit>

` 2 N
<latexit sha1_base64="AnkbIwv0Gs5qtQFhgyJa+HfL2i8=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkoi9bEsuHEjVLAPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822trK6tb2yWtsrbO7t7FXv/oK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHyT+51HKhWLxYOeJNSP8FCwkBGsjdS3K14YS8w5ujvzKOflvl11as4MaJm4BalCgWbf/vIGMUkjKjThWKme6yTaz7DUjHA6LXupogkmYzykPUMFjqjys1nwKToxygCZBOYJjWbq740MR0pNosBMRliP1KKXi/95vVSH137GRJJqKsj8UJhypGOUt4AGTFKi+cQQTCQzWREZYYmJNl3lJbiLX14m7fOae1m7uK9XG/WijhIcwTGcggtX0IBbaEILCKTwDK/wZj1ZL9a79TEfXbGKnUP4A+vzB4vvklU=</latexit>

8M, `

<latexit sha1_base64="Au9S2nT3STI7Z6fOxpsBXQzkST4="></latexit>

min
x�0

X

`,M

X

j2M

�j · cj · x`
M

s.t. (x`
M )M,` 2 K

X

`

X

M :j2M

x`
M  1 ,

X

`

X

M

�(M) · x`
M � ⌧⇤ .

(PASTA property [Wolff ‘82])

birth-death process



Single queue: An exact Dynamic LP

o Decision variable    : stationary probability that                servers are waiting, and the 

optimal policy is about to match them with a customer in 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)

<latexit sha1_base64="HjkRy/Qfai+GWDjcV58jwGtkyK0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJIMoafTk7TpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkP3VhpzDl67JUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTY7eIJOnNJHbrcradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HvUZ5oSy8eOYKKZuxWRIdaYWJdRyYUQLL68TJpn1eCyenF3Xqmd53EU4QiO4RQCuIIa3EIdGkBAwDO8wpunvRfv3fuYtxa8fOYQ/sD7/AGL65A2</latexit>

8j

<latexit sha1_base64="RTQQrsQ8qveWA0UU3FIg8cpwg4c=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj2XBjRuhgn1AE8tketMOnUzCzEQsob/hxoUibv0Zd/6NkzYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3ypr21vbO7V9k/aKs4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfJ37nUeQisXiXk8S8CMyFCxklGgjeU/97Hb64AHntt2vVJ2aMwNeJm5BqqhAs1/58gYxTSMQmnKiVM91Eu1nRGpGOUxtL1WQEDomQ+gZKkgEys9mN0/xiVEGOIylKaHxTP09kZFIqUkUmM6I6JFa9HLxP6+X6vDKz5hIUg2CzheFKcc6xnkAeMAkUM0nhhAqmbkV0xGRhGoTUx6Cu/jyMmmf1dyL2vldvdqoF3GU0RE6RqfIRZeogW5QE7UQRQl6Rq/ozUqtF+vd+pi3lqxi5hD9gfX5AyvvkRU=</latexit>

x`
M

<latexit sha1_base64="mKpLoKtS8MSDjPFX3ka/CJqaxV4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURXwsXBTeupIJ9QBPKZHrTDp1MwsxEKKHgr7hxoYhbv8Odf+OkzUJbDwwczrmXe+YECWdKO863VVpaXlldK69XNja3tnfs3b2WilNJoUljHstOQBRwJqCpmebQSSSQKODQDkY3ud9+BKlYLB70OAE/IgPBQkaJNlLPPvCAc+wxgTMvInoYBPhuUunZVafmTIEXiVuQKirQ6NlfXj+maQRCU06U6rpOov2MSM0oh0nFSxUkhI7IALqGChKB8rNp/Ak+Nkofh7E0T2g8VX9vZCRSahwFZjKPqOa9XPzP66Y6vPIzJpJUg6CzQ2HKsY5x3gXuMwlU87EhhEpmsmI6JJJQbRrLS3Dnv7xIWqc196J2fn9WrV8XdZTRITpCJ8hFl6iOblEDNRFFGXpGr+jNerJerHfrYzZasoqdffQH1ucP4GCUxw==</latexit>

` 2 N

<latexit sha1_base64="zIwv3M9baVjBpih+mIke86fiOMI="></latexit>

� ·
X

M

x`�1
i,S =

X

M

x`
M · (�(M) + µ · `)

<latexit sha1_base64="AnkbIwv0Gs5qtQFhgyJa+HfL2i8=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkoi9bEsuHEjVLAPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822trK6tb2yWtsrbO7t7FXv/oK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHyT+51HKhWLxYOeJNSP8FCwkBGsjdS3K14YS8w5ujvzKOflvl11as4MaJm4BalCgWbf/vIGMUkjKjThWKme6yTaz7DUjHA6LXupogkmYzykPUMFjqjys1nwKToxygCZBOYJjWbq740MR0pNosBMRliP1KKXi/95vVSH137GRJJqKsj8UJhypGOUt4AGTFKi+cQQTCQzWREZYYmJNl3lJbiLX14m7fOae1m7uK9XG/WijhIcwTGcggtX0IBbaEILCKTwDK/wZj1ZL9a79TEfXbGKnUP4A+vzB4vvklU=</latexit>

8M, `

<latexit sha1_base64="DBm1vpOutysP1iMDxan0DYuQmWI=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2F0PEQsKuxEcjBGxshAjmAdk1zE4myZDZBzOzYlj2C2z8FRsLRWyt7fwbJ5sUmnhg4Nxz7uXOPV7EmVSW9W3kFhaXllfyq4W19Y3NLXN7pyHDWBBaJyEPRcvDknIW0LpiitNWJCj2PU6b3vBy7DfvqZAsDG7VKKKuj/sB6zGClZY6ZgkOwJGx30mu4Qgcyjmk8KCr9C4rLsAGBzpm0SpbGWCe2FNSRFPUOuaX0w1J7NNAEY6lbNtWpNwEC8UIp2nBiSWNMBniPm1rGmCfSjfJzkmhpJUu9EKhX6AgU39PJNiXcuR7utPHaiBnvbH4n9eOVe/cTVgQxYoGZLKoF3NQIYyzgS4TlCg+0gQTwfRfgQywwETpBAs6BHv25HnSOC7bp+WTm0qxWpnGkUd7aB8dIhudoSq6QjVURwQ9omf0it6MJ+PFeDc+Jq05Yzqzi/7A+PwB6UeZdg==</latexit>X

M,`

x`
M = 1

<latexit sha1_base64="Au9S2nT3STI7Z6fOxpsBXQzkST4="></latexit>
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M

s.t. (x`
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(PASTA property [Wolff ‘82])

detail balance

probas-sum-to-1

birth-death process

<latexit sha1_base64="jF0uipkWG/rk14fVcFNv7kdikOM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi+AlgnlgsoTZSScZMju7zMwKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbHg2rjut7O0vLK6tp7byG9ube/sFvb26zpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3kz8xhMqzSP5YEYx+iHtS97jjBorPZbSNqOC3I1POoWiW3anIIvEy0gRMlQ7ha92N2JJiNIwQbVueW5s/JQqw5nAcb6daIwpG9I+tiyVNETtp9OLx+TYKl3Si5QtachU/T2R0lDrURjYzpCagZ73JuJ/XisxvSs/5TJODEo2W9RLBDERmbxPulwhM2JkCWWK21sJG1BFmbEh5W0I3vzLi6R+WvYuyuf3Z8XKdRZHDg7hCErgwSVU4BaqUAMGEp7hFd4c7bw4787HrHXJyWYO4A+czx98XZAo</latexit>

(K)



Single queue: An exact Dynamic LP

o Decision variable    : stationary probability that                servers are waiting, and the 

optimal policy is about to match them with a customer in 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)

<latexit sha1_base64="HjkRy/Qfai+GWDjcV58jwGtkyK0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJIMoafTk7TpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkP3VhpzDl67JUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTY7eIJOnNJHbrcradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HvUZ5oSy8eOYKKZuxWRIdaYWJdRyYUQLL68TJpn1eCyenF3Xqmd53EU4QiO4RQCuIIa3EIdGkBAwDO8wpunvRfv3fuYtxa8fOYQ/sD7/AGL65A2</latexit>

8j

<latexit sha1_base64="RTQQrsQ8qveWA0UU3FIg8cpwg4c=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj2XBjRuhgn1AE8tketMOnUzCzEQsob/hxoUibv0Zd/6NkzYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3ypr21vbO7V9k/aKs4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfJ37nUeQisXiXk8S8CMyFCxklGgjeU/97Hb64AHntt2vVJ2aMwNeJm5BqqhAs1/58gYxTSMQmnKiVM91Eu1nRGpGOUxtL1WQEDomQ+gZKkgEys9mN0/xiVEGOIylKaHxTP09kZFIqUkUmM6I6JFa9HLxP6+X6vDKz5hIUg2CzheFKcc6xnkAeMAkUM0nhhAqmbkV0xGRhGoTUx6Cu/jyMmmf1dyL2vldvdqoF3GU0RE6RqfIRZeogW5QE7UQRQl6Rq/ozUqtF+vd+pi3lqxi5hD9gfX5AyvvkRU=</latexit>
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M
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probas-sum-to-1

<latexit sha1_base64="jF0uipkWG/rk14fVcFNv7kdikOM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi+AlgnlgsoTZSScZMju7zMwKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbHg2rjut7O0vLK6tp7byG9ube/sFvb26zpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3kz8xhMqzSP5YEYx+iHtS97jjBorPZbSNqOC3I1POoWiW3anIIvEy0gRMlQ7ha92N2JJiNIwQbVueW5s/JQqw5nAcb6daIwpG9I+tiyVNETtp9OLx+TYKl3Si5QtachU/T2R0lDrURjYzpCagZ73JuJ/XisxvSs/5TJODEo2W9RLBDERmbxPulwhM2JkCWWK21sJG1BFmbEh5W0I3vzLi6R+WvYuyuf3Z8XKdRZHDg7hCErgwSVU4BaqUAMGEp7hFd4c7bw4787HrHXJyWYO4A+czx98XZAo</latexit>
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birth-death process



Single queue: An exact Dynamic LP

o Decision variable    : stationary probability that                servers are waiting, and the 

optimal policy is about to match them with a customer in 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)

<latexit sha1_base64="HjkRy/Qfai+GWDjcV58jwGtkyK0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJIMoafTk7TpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkP3VhpzDl67JUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTY7eIJOnNJHbrcradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HvUZ5oSy8eOYKKZuxWRIdaYWJdRyYUQLL68TJpn1eCyenF3Xqmd53EU4QiO4RQCuIIa3EIdGkBAwDO8wpunvRfv3fuYtxa8fOYQ/sD7/AGL65A2</latexit>
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<latexit sha1_base64="jF0uipkWG/rk14fVcFNv7kdikOM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi+AlgnlgsoTZSScZMju7zMwKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbHg2rjut7O0vLK6tp7byG9ube/sFvb26zpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3kz8xhMqzSP5YEYx+iHtS97jjBorPZbSNqOC3I1POoWiW3anIIvEy0gRMlQ7ha92N2JJiNIwQbVueW5s/JQqw5nAcb6daIwpG9I+tiyVNETtp9OLx+TYKl3Si5QtachU/T2R0lDrURjYzpCagZ73JuJ/XisxvSs/5TJODEo2W9RLBDERmbxPulwhM2JkCWWK21sJG1BFmbEh5W0I3vzLi6R+WvYuyuf3Z8XKdRZHDg7hCErgwSVU4BaqUAMGEp7hFd4c7bw4787HrHXJyWYO4A+czx98XZAo</latexit>
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birth-death process



Single queue: An exact Dynamic LP

o Decision variable    : stationary probability that                servers are waiting, and the 

optimal policy is about to match them with a customer in 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)

<latexit sha1_base64="RTQQrsQ8qveWA0UU3FIg8cpwg4c=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj2XBjRuhgn1AE8tketMOnUzCzEQsob/hxoUibv0Zd/6NkzYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3ypr21vbO7V9k/aKs4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfJ37nUeQisXiXk8S8CMyFCxklGgjeU/97Hb64AHntt2vVJ2aMwNeJm5BqqhAs1/58gYxTSMQmnKiVM91Eu1nRGpGOUxtL1WQEDomQ+gZKkgEys9mN0/xiVEGOIylKaHxTP09kZFIqUkUmM6I6JFa9HLxP6+X6vDKz5hIUg2CzheFKcc6xnkAeMAkUM0nhhAqmbkV0xGRhGoTUx6Cu/jyMmmf1dyL2vldvdqoF3GU0RE6RqfIRZeogW5QE7UQRQl6Rq/ozUqtF+vd+pi3lqxi5hD9gfX5AyvvkRU=</latexit>

x`
M

<latexit sha1_base64="mKpLoKtS8MSDjPFX3ka/CJqaxV4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURXwsXBTeupIJ9QBPKZHrTDp1MwsxEKKHgr7hxoYhbv8Odf+OkzUJbDwwczrmXe+YECWdKO863VVpaXlldK69XNja3tnfs3b2WilNJoUljHstOQBRwJqCpmebQSSSQKODQDkY3ud9+BKlYLB70OAE/IgPBQkaJNlLPPvCAc+wxgTMvInoYBPhuUunZVafmTIEXiVuQKirQ6NlfXj+maQRCU06U6rpOov2MSM0oh0nFSxUkhI7IALqGChKB8rNp/Ak+Nkofh7E0T2g8VX9vZCRSahwFZjKPqOa9XPzP66Y6vPIzJpJUg6CzQ2HKsY5x3gXuMwlU87EhhEpmsmI6JJJQbRrLS3Dnv7xIWqc196J2fn9WrV8XdZTRITpCJ8hFl6iOblEDNRFFGXpGr+jNerJerHfrYzZasoqdffQH1ucP4GCUxw==</latexit>
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<latexit sha1_base64="jF0uipkWG/rk14fVcFNv7kdikOM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi+AlgnlgsoTZSScZMju7zMwKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbHg2rjut7O0vLK6tp7byG9ube/sFvb26zpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3kz8xhMqzSP5YEYx+iHtS97jjBorPZbSNqOC3I1POoWiW3anIIvEy0gRMlQ7ha92N2JJiNIwQbVueW5s/JQqw5nAcb6daIwpG9I+tiyVNETtp9OLx+TYKl3Si5QtachU/T2R0lDrURjYzpCagZ73JuJ/XisxvSs/5TJODEo2W9RLBDERmbxPulwhM2JkCWWK21sJG1BFmbEh5W0I3vzLi6R+WvYuyuf3Z8XKdRZHDg7hCErgwSVU4BaqUAMGEp7hFd4c7bw4787HrHXJyWYO4A+czx98XZAo</latexit>
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Single queue: An exact Dynamic LP

o Decision variable    : stationary probability that                servers are waiting, and the 

optimal policy is about to match them with a customer in 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)

<latexit sha1_base64="RTQQrsQ8qveWA0UU3FIg8cpwg4c=">AAAB83icbVDLSsNAFJ3UV42vqks3g0VwVRKpj2XBjRuhgn1AE8tketMOnUzCzEQsob/hxoUibv0Zd/6NkzYLbT1w4XDOvdx7T5BwprTjfFulldW19Y3ypr21vbO7V9k/aKs4lRRaNOax7AZEAWcCWpppDt1EAokCDp1gfJ37nUeQisXiXk8S8CMyFCxklGgjeU/97Hb64AHntt2vVJ2aMwNeJm5BqqhAs1/58gYxTSMQmnKiVM91Eu1nRGpGOUxtL1WQEDomQ+gZKkgEys9mN0/xiVEGOIylKaHxTP09kZFIqUkUmM6I6JFa9HLxP6+X6vDKz5hIUg2CzheFKcc6xnkAeMAkUM0nhhAqmbkV0xGRhGoTUx6Cu/jyMmmf1dyL2vldvdqoF3GU0RE6RqfIRZeogW5QE7UQRQl6Rq/ozUqtF+vd+pi3lqxi5hD9gfX5AyvvkRU=</latexit>

x`
M

<latexit sha1_base64="mKpLoKtS8MSDjPFX3ka/CJqaxV4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURXwsXBTeupIJ9QBPKZHrTDp1MwsxEKKHgr7hxoYhbv8Odf+OkzUJbDwwczrmXe+YECWdKO863VVpaXlldK69XNja3tnfs3b2WilNJoUljHstOQBRwJqCpmebQSSSQKODQDkY3ud9+BKlYLB70OAE/IgPBQkaJNlLPPvCAc+wxgTMvInoYBPhuUunZVafmTIEXiVuQKirQ6NlfXj+maQRCU06U6rpOov2MSM0oh0nFSxUkhI7IALqGChKB8rNp/Ak+Nkofh7E0T2g8VX9vZCRSahwFZjKPqOa9XPzP66Y6vPIzJpJUg6CzQ2HKsY5x3gXuMwlU87EhhEpmsmI6JJJQbRrLS3Dnv7xIWqc196J2fn9WrV8XdZTRITpCJ8hFl6iOblEDNRFFGXpGr+jNerJerHfrYzZasoqdffQH1ucP4GCUxw==</latexit>

` 2 N

<latexit sha1_base64="zIwv3M9baVjBpih+mIke86fiOMI="></latexit>

� ·
X

M

x`�1
i,S =

X

M

x`
M · (�(M) + µ · `)

<latexit sha1_base64="AnkbIwv0Gs5qtQFhgyJa+HfL2i8=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkoi9bEsuHEjVLAPaEKZTCft0MkkzEyEGvolblwo4tZPceffOGmz0NYDA4dz7uWeOUHCmdKO822trK6tb2yWtsrbO7t7FXv/oK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHyT+51HKhWLxYOeJNSP8FCwkBGsjdS3K14YS8w5ujvzKOflvl11as4MaJm4BalCgWbf/vIGMUkjKjThWKme6yTaz7DUjHA6LXupogkmYzykPUMFjqjys1nwKToxygCZBOYJjWbq740MR0pNosBMRliP1KKXi/95vVSH137GRJJqKsj8UJhypGOUt4AGTFKi+cQQTCQzWREZYYmJNl3lJbiLX14m7fOae1m7uK9XG/WijhIcwTGcggtX0IBbaEILCKTwDK/wZj1ZL9a79TEfXbGKnUP4A+vzB4vvklU=</latexit>

8M, `

<latexit sha1_base64="DBm1vpOutysP1iMDxan0DYuQmWI=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2F0PEQsKuxEcjBGxshAjmAdk1zE4myZDZBzOzYlj2C2z8FRsLRWyt7fwbJ5sUmnhg4Nxz7uXOPV7EmVSW9W3kFhaXllfyq4W19Y3NLXN7pyHDWBBaJyEPRcvDknIW0LpiitNWJCj2PU6b3vBy7DfvqZAsDG7VKKKuj/sB6zGClZY6ZgkOwJGx30mu4Qgcyjmk8KCr9C4rLsAGBzpm0SpbGWCe2FNSRFPUOuaX0w1J7NNAEY6lbNtWpNwEC8UIp2nBiSWNMBniPm1rGmCfSjfJzkmhpJUu9EKhX6AgU39PJNiXcuR7utPHaiBnvbH4n9eOVe/cTVgQxYoGZLKoF3NQIYyzgS4TlCg+0gQTwfRfgQywwETpBAs6BHv25HnSOC7bp+WTm0qxWpnGkUd7aB8dIhudoSq6QjVURwQ9omf0it6MJ+PFeDc+Jq05Yzqzi/7A+PwB6UeZdg==</latexit>X

M,`

x`
M = 1

<latexit sha1_base64="Au9S2nT3STI7Z6fOxpsBXQzkST4="></latexit>

min
x�0

X

`,M

X

j2M

�j · cj · x`
M

s.t. (x`
M )M,` 2 K

X

`

X

M :j2M

x`
M  1 ,

X

`

X

M

�(M) · x`
M � ⌧⇤ .

(PASTA property [Wolff ‘82])

<latexit sha1_base64="jF0uipkWG/rk14fVcFNv7kdikOM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi+AlgnlgsoTZSScZMju7zMwKYclfePGgiFf/xpt/4yTZgyYWNBRV3XR3BbHg2rjut7O0vLK6tp7byG9ube/sFvb26zpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3kz8xhMqzSP5YEYx+iHtS97jjBorPZbSNqOC3I1POoWiW3anIIvEy0gRMlQ7ha92N2JJiNIwQbVueW5s/JQqw5nAcb6daIwpG9I+tiyVNETtp9OLx+TYKl3Si5QtachU/T2R0lDrURjYzpCagZ73JuJ/XisxvSs/5TJODEo2W9RLBDERmbxPulwhM2JkCWWK21sJG1BFmbEh5W0I3vzLi6R+WvYuyuf3Z8XKdRZHDg7hCErgwSVU4BaqUAMGEp7hFd4c7bw4787HrHXJyWYO4A+czx98XZAo</latexit>

(K)

<latexit sha1_base64="Au9S2nT3STI7Z6fOxpsBXQzkST4="></latexit>

min
x�0

X

`,M

X

j2M

�j · cj · x`
M

s.t. (x`
M )M,` 2 K

X

`

X

M :j2M

x`
M  1 ,

X

`

X

M

�(M) · x`
M � ⌧⇤ .



Single queue: Primal-dual solution

Lemma [AAS‘24]: DLP describes weakly coupled average-cost MDPs, where an 

optimal policy has queue length-dependent thresholds        (increasing concave).
<latexit sha1_base64="JijQIPIYK3KDVpr4sAcZ45Zm+98=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSRSP44FLx4r2A9oYtlsJu3SzSbsToRS+je8eFDEq3/Gm//GTZuDtj4YeLw3w8y8IBVco+N8W6W19Y3NrfJ2ZWd3b/+genjU0UmmGLRZIhLVC6gGwSW0kaOAXqqAxoGAbjC+zf3uEyjNE/mAkxT8mA4ljzijaCTPC0EgffRAiMqgWnPqzhz2KnELUiMFWoPqlxcmLItBIhNU677rpOhPqULOBMwqXqYhpWxMh9A3VNIYtD+d3zyzz4wS2lGiTEm05+rviSmNtZ7EgemMKY70speL/3n9DKMbf8plmiFItlgUZcLGxM4DsEOugKGYGEKZ4uZWm42oogxNTHkI7vLLq6RzUXev6pf3jVqzUcRRJifklJwTl1yTJrkjLdImjKTkmbySNyuzXqx362PRWrKKmWPyB9bnD4wlkVU=</latexit>

�`



Single queue: Primal-dual solution

Lemma [AAS‘24]: DLP describes weakly coupled average-cost MDPs, where an 

optimal policy has queue length-dependent thresholds        (increasing concave).

i i
j1

j2

j3

j4

<latexit sha1_base64="LvRFmun4ZZUYw/ArA9nwoJEJG6g=">AAACGnicbVDLSgMxFM34tr6qLt0Ei+DGMiO+EATBjRtBwbZCU4dMemtTM5kxuSOUod/hxl9x40IRd+LGv3Gm7UKrBwKHc87l5p4gVtKi6345Y+MTk1PTM7OFufmFxaXi8krVRokRUBGRisxVwC0oqaGCEhVcxQZ4GCioBbcnuV+7B2NlpC+xG0Mj5DdatqTgmEl+0TvzGShFjyhLO0xqenYo/A7dYtgG5JQpuKOsCQr5dZ5jvYJfLLlltw/6l3hDUiJDnPvFD9aMRBKCRqG4tXXPjbGRcoNSKOgVWGIh5uKW30A9o5qHYBtp/7Qe3ciUJm1FJnsaaV/9OZHy0NpuGGTJkGPbjnq5+J9XT7B10EiljhMELQaLWomiGNG8J9qUBgSqbka4MDL7KxVtbrjArM28BG/05L+kul329sq7Fzul451hHTNkjayTTeKRfXJMTsk5qRBBHsgTeSGvzqPz7Lw574PomDOcWSW/4Hx+A8n7n3c=</latexit>

M` = {j 2 M : cj � ✓  �`}

<latexit sha1_base64="UL+fgYZMHmkJuM8lNVLpn2eak5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXrwIEcwDkiXMTnqTITOzy8ysEEJ+wYsHRbz6Q978G3eTPWhiQUNR1U13VxALbqzrfjuFtfWNza3idmlnd2//oHx41DJRohk2WSQi3QmoQcEVNi23AjuxRioDge1gfJv57SfUhkfq0U5i9CUdKh5yRm0m3fe9Ur9ccavuHGSVeDmpQI5Gv/zVG0QskagsE9SYrufG1p9SbTkTOCv1EoMxZWM6xG5KFZVo/On81hk5S5UBCSOdlrJkrv6emFJpzEQGaaekdmSWvUz8z+smNrzxp1zFiUXFFovCRBAbkexxMuAamRWTlFCmeXorYSOqKbNpPFkI3vLLq6R1UfWuqpcPtUq9lsdRhBM4hXPw4BrqcAcNaAKDETzDK7w50nlx3p2PRWvByWeO4Q+czx/+Fo2F</latexit>

M1

j5

<latexit sha1_base64="JJfjYjlB3SZ7M6OGlwIisTpD+yc=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXrwIEcwDkiXMTmaTITOzy0yvEEJ+wYsHRbz6Q978G3eTPWhiQUNR1U13VxBLYdF1v53C2vrG5lZxu7Szu7d/UD48atkoMYw3WSQj0wmo5VJo3kSBkndiw6kKJG8H49vMbz9xY0WkH3ESc1/RoRahYBQz6b5fK/XLFbfqzkFWiZeTCuRo9MtfvUHEEsU1Mkmt7XpujP6UGhRM8lmpl1geUzamQ95NqaaKW386v3VGzlJlQMLIpKWRzNXfE1OqrJ2oIO1UFEd22cvE/7xuguGNPxU6TpBrtlgUJpJgRLLHyUAYzlBOUkKZEemthI2ooQzTeLIQvOWXV0nroupdVS8fapV6LY+jCCdwCufgwTXU4Q4a0AQGI3iGV3hzlPPivDsfi9aCk88cwx84nz8CtI2I</latexit>

M4

j1

j2

j3

j4

j5

reduced cost reduced cost



Single queue: Primal-dual solution

Theorem 1 [AAS‘24]: There exists a Fully Polynomial Time Approximation Scheme 

for the bi-criteria dynamic matching problem with a single queue. For each 

     ,  we compute a           -approximate policy in time                   .
<latexit sha1_base64="n/oZYEB/xYxFigXoJ3zLKnzQYPA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSEnE17LoxmUF+4AmlMn0ph06mYSZiVJiP8WNC0Xc+iXu/BunbRbaeuDC4Zx7ufeeIOFMacf5tpaWV1bX1gsbxc2t7Z1du7TXVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwZuK3HkAqFot7PUrAj0hfsJBRoo3UtUseJIrxWHhM4Ipz4h537bJTdabAi8TNSRnlqHftL68X0zQCoSknSnVcJ9F+RqRmlMO46KUKEkKHpA8dQwWJQPnZ9PQxPjJKD4exNCU0nqq/JzISKTWKAtMZET1Q895E/M/rpDq88jMmklSDoLNFYcqxjvEkB9xjEqjmI0MIlczciumASEK1SatoQnDnX14kzdOqe1E9vzsr167zOAroAB2iCnLRJaqhW1RHDUTRI3pGr+jNerJerHfrY9a6ZOUz++gPrM8fkA+S5g==</latexit>

✏ 2 (0, 1)
<latexit sha1_base64="cxr9MBxe8IMWJPk24R0Z9COme6I=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoMQEcKu+DoGvXiMYB6QXcLsZDYZMjszzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3RZJRbTzv2ymsrK6tbxQ3S1vbO7t75f2DlhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsa3U399hNRmgr+aMaShAkacBpTjIyVgqp/FhCpKRP8tFeueDVvBneZ+DmpQI5Gr/wV9AVOE8INZkjrru9JE2ZIGYoZmZSCVBOJ8AgNSNdSjhKiw2x288Q9sUrfjYWyxY07U39PZCjRepxEtjNBZqgXvan4n9dNTXwTZpTL1BCO54vilLlGuNMA3D5VBBs2tgRhRe2tLh4ihbCxMZVsCP7iy8ukdV7zr2qXDxeV+m0eRxGO4Biq4MM11OEeGtAEDBKe4RXenNR5cd6dj3lrwclnDuEPnM8f8qOQ/w==</latexit>

(1 + ✏)
<latexit sha1_base64="2BzkVP8VJW7ewknqcC7hK6E+tV4=">AAACIHicbVDLSgNBEJz1bXxFPXoZDEI8GHbF11H0oicVjArZGGYnvcmQ2ZllplcIaz7Fi7/ixYMietOvcRJz8FXQUFR1090VpVJY9P13b2R0bHxicmq6MDM7N79QXFy6sDozHKpcS22uImZBCgVVFCjhKjXAkkjCZdQ57PuXN2Cs0OocuynUE9ZSIhacoZMaxd2TUEKMZRpCaoXU6jrfOCkH6z0a8qZGepuHnEl63Lu9zgd6aESrjeuNYsmv+APQvyQYkhIZ4rRRfAubmmcJKOSSWVsL/BTrOTMouIReIcwspIx3WAtqjiqWgK3ngwd7dM0pTRpr40ohHajfJ3KWWNtNIteZMGzb315f/M+rZRjv1XOh0gxB8a9FcSYpatpPizaFAY6y6wjjRrhbKW8zwzi6TAsuhOD3y3/JxWYl2Klsn22V9g+GcUyRFbJKyiQgu2SfHJFTUiWc3JEH8kSevXvv0XvxXr9aR7zhzDL5Ae/jE7XMohg=</latexit>

O

⇣
✏
�O(1) · |I|O(1)

⌘



Proof: Primal-dual algorithm

oExponential queue lengths     Polynomial truncation (sensitivity analysis)

oExponential matching sets   Separation in the dual

Single queue: Primal-dual solution

Theorem 1 [AAS‘24]: There exists a Fully Polynomial Time Approximation Scheme 

for the bi-criteria dynamic matching problem with a single queue. For each 

     ,  we compute a           -approximate policy in time                   .

<latexit sha1_base64="WB4P401nMdG0Mv+VG1aTIDhrtss=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmQmdl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6nfqtJ1SaxfLBjBMMBBlIFjFKjJXaXSbsFtS9csWrejO4y8TPSQVy1Hvlr24/pqlAaSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lkoiUAfZ7N6Je2KVvhvFypY07kz9PZERofVYhLZTEDPUi95U/M/rpCa6DjImk9SgpPNFUcpdE7vT590+U0gNH1tCqGL2VpcOiSLU2IhKNgR/8eVl0jyr+pfVi/vzSu0mj6MIR3AMp+DDFdTgDurQAAocnuEV3pxH58V5dz7mrQUnnzmEP3A+fwBFa5Aj</latexit>

=)
<latexit sha1_base64="WB4P401nMdG0Mv+VG1aTIDhrtss=">AAAB73icbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYnvcmQmdl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6nfqtJ1SaxfLBjBMMBBlIFjFKjJXaXSbsFtS9csWrejO4y8TPSQVy1Hvlr24/pqlAaSgnWnd8LzFBRpRhlOOk1E01JoSOyAA7lkoiUAfZ7N6Je2KVvhvFypY07kz9PZERofVYhLZTEDPUi95U/M/rpCa6DjImk9SgpPNFUcpdE7vT590+U0gNH1tCqGL2VpcOiSLU2IhKNgR/8eVl0jyr+pfVi/vzSu0mj6MIR3AMp+DDFdTgDurQAAocnuEV3pxH58V5dz7mrQUnnzmEP3A+fwBFa5Aj</latexit>

=)

<latexit sha1_base64="n/oZYEB/xYxFigXoJ3zLKnzQYPA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSEnE17LoxmUF+4AmlMn0ph06mYSZiVJiP8WNC0Xc+iXu/BunbRbaeuDC4Zx7ufeeIOFMacf5tpaWV1bX1gsbxc2t7Z1du7TXVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwZuK3HkAqFot7PUrAj0hfsJBRoo3UtUseJIrxWHhM4Ipz4h537bJTdabAi8TNSRnlqHftL68X0zQCoSknSnVcJ9F+RqRmlMO46KUKEkKHpA8dQwWJQPnZ9PQxPjJKD4exNCU0nqq/JzISKTWKAtMZET1Q895E/M/rpDq88jMmklSDoLNFYcqxjvEkB9xjEqjmI0MIlczciumASEK1SatoQnDnX14kzdOqe1E9vzsr167zOAroAB2iCnLRJaqhW1RHDUTRI3pGr+jNerJerHfrY9a6ZOUz++gPrM8fkA+S5g==</latexit>

✏ 2 (0, 1)
<latexit sha1_base64="cxr9MBxe8IMWJPk24R0Z9COme6I=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoMQEcKu+DoGvXiMYB6QXcLsZDYZMjszzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3RZJRbTzv2ymsrK6tbxQ3S1vbO7t75f2DlhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsa3U399hNRmgr+aMaShAkacBpTjIyVgqp/FhCpKRP8tFeueDVvBneZ+DmpQI5Gr/wV9AVOE8INZkjrru9JE2ZIGYoZmZSCVBOJ8AgNSNdSjhKiw2x288Q9sUrfjYWyxY07U39PZCjRepxEtjNBZqgXvan4n9dNTXwTZpTL1BCO54vilLlGuNMA3D5VBBs2tgRhRe2tLh4ihbCxMZVsCP7iy8ukdV7zr2qXDxeV+m0eRxGO4Biq4MM11OEeGtAEDBKe4RXenNR5cd6dj3lrwclnDuEPnM8f8qOQ/w==</latexit>

(1 + ✏)
<latexit sha1_base64="2BzkVP8VJW7ewknqcC7hK6E+tV4=">AAACIHicbVDLSgNBEJz1bXxFPXoZDEI8GHbF11H0oicVjArZGGYnvcmQ2ZllplcIaz7Fi7/ixYMietOvcRJz8FXQUFR1090VpVJY9P13b2R0bHxicmq6MDM7N79QXFy6sDozHKpcS22uImZBCgVVFCjhKjXAkkjCZdQ57PuXN2Cs0OocuynUE9ZSIhacoZMaxd2TUEKMZRpCaoXU6jrfOCkH6z0a8qZGepuHnEl63Lu9zgd6aESrjeuNYsmv+APQvyQYkhIZ4rRRfAubmmcJKOSSWVsL/BTrOTMouIReIcwspIx3WAtqjiqWgK3ngwd7dM0pTRpr40ohHajfJ3KWWNtNIteZMGzb315f/M+rZRjv1XOh0gxB8a9FcSYpatpPizaFAY6y6wjjRrhbKW8zwzi6TAsuhOD3y3/JxWYl2Klsn22V9g+GcUyRFbJKyiQgu2SfHJFTUiWc3JEH8kSevXvv0XvxXr9aR7zhzDL5Ae/jE7XMohg=</latexit>

O

⇣
✏
�O(1) · |I|O(1)

⌘



Small networks: A tale of two timescales

oSmall networks:       

o“pigeons fly with pigeons, hawkes fly with hawkes”

45

<latexit sha1_base64="MK2Fl/I3tGM2nY92HE7ytop41bU=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kon4dSx68VjBtIUmlM122i7d7MbdTaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTjnTxvO+nZXVtfWNzdJWeXtnd2/fPThsaJkpCgGVXKpWTDRwJiAwzHBopQpIEnNoxsO7qd8cgdJMikczTiFKSF+wHqPEWKnjugKHHJ5wGKSacSlwx614VW8GvEz8glRQgXrH/Qq7kmYJCEM50brte6mJcqIMoxwm5TDTkBI6JH1oWypIAjrKZ5dP8KlVurgnlS1h8Ez9PZGTROtxEtvOhJiBXvSm4n9eOzO9myhnIs0MCDpf1Ms4NhJPY8BdpoAaPraEUMXsrZgOiCLU2LDKNgR/8eVl0jiv+lfVy4eLSu22iKOEjtEJOkM+ukY1dI/qKEAUjdAzekVvTu68OO/Ox7x1xSlmjtAfOJ8/oh2TBw==</latexit>

n  ⌥



Small networks: A tale of two timescales

oSmall networks:                    (m arbitrary)     

o“pigeons fly with pigeons, hawkes fly with hawkes”

46

<latexit sha1_base64="MK2Fl/I3tGM2nY92HE7ytop41bU=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kon4dSx68VjBtIUmlM122i7d7MbdTaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTjnTxvO+nZXVtfWNzdJWeXtnd2/fPThsaJkpCgGVXKpWTDRwJiAwzHBopQpIEnNoxsO7qd8cgdJMikczTiFKSF+wHqPEWKnjugKHHJ5wGKSacSlwx614VW8GvEz8glRQgXrH/Qq7kmYJCEM50brte6mJcqIMoxwm5TDTkBI6JH1oWypIAjrKZ5dP8KlVurgnlS1h8Ez9PZGTROtxEtvOhJiBXvSm4n9eOzO9myhnIs0MCDpf1Ms4NhJPY8BdpoAaPraEUMXsrZgOiCLU2LDKNgR/8eVl0jiv+lfVy4eLSu22iKOEjtEJOkM+ukY1dI/qKEAUjdAzekVvTu68OO/Ox7x1xSlmjtAfOJ8/oh2TBw==</latexit>

n  ⌥



Small networks: A tale of two timescales

oSmall networks:  

o“pigeons fly with pigeons, hawkes fly with hawkes”

47

<latexit sha1_base64="MK2Fl/I3tGM2nY92HE7ytop41bU=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kon4dSx68VjBtIUmlM122i7d7MbdTaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTjnTxvO+nZXVtfWNzdJWeXtnd2/fPThsaJkpCgGVXKpWTDRwJiAwzHBopQpIEnNoxsO7qd8cgdJMikczTiFKSF+wHqPEWKnjugKHHJ5wGKSacSlwx614VW8GvEz8glRQgXrH/Qq7kmYJCEM50brte6mJcqIMoxwm5TDTkBI6JH1oWypIAjrKZ5dP8KlVurgnlS1h8Ez9PZGTROtxEtvOhJiBXvSm4n9eOzO9myhnIs0MCDpf1Ms4NhJPY8BdpoAaPraEUMXsrZgOiCLU2LDKNgR/8eVl0jiv+lfVy4eLSu22iKOEjtEJOkM+ukY1dI/qKEAUjdAzekVvTu68OO/Ox7x1xSlmjtAfOJ8/oh2TBw==</latexit>

n  ⌥



Small networks: A tale of two timescales

oSmall networks:  

o“pigeons fly with pigeons, hawkes fly with hawkes”

48

<latexit sha1_base64="MK2Fl/I3tGM2nY92HE7ytop41bU=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kon4dSx68VjBtIUmlM122i7d7MbdTaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTjnTxvO+nZXVtfWNzdJWeXtnd2/fPThsaJkpCgGVXKpWTDRwJiAwzHBopQpIEnNoxsO7qd8cgdJMikczTiFKSF+wHqPEWKnjugKHHJ5wGKSacSlwx614VW8GvEz8glRQgXrH/Qq7kmYJCEM50brte6mJcqIMoxwm5TDTkBI6JH1oWypIAjrKZ5dP8KlVurgnlS1h8Ez9PZGTROtxEtvOhJiBXvSm4n9eOzO9myhnIs0MCDpf1Ms4NhJPY8BdpoAaPraEUMXsrZgOiCLU2LDKNgR/8eVl0jiv+lfVy4eLSu22iKOEjtEJOkM+ukY1dI/qKEAUjdAzekVvTu68OO/Ox7x1xSlmjtAfOJ8/oh2TBw==</latexit>

n  ⌥



Small networks: A tale of two timescales

oSmall networks:       queues (server types)

o“pigeons fly with pigeons, hawkes fly with hawkes”

49

 scarce servers ó infrequent customers       abundant servers ó frequent customers
  

<latexit sha1_base64="MK2Fl/I3tGM2nY92HE7ytop41bU=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kon4dSx68VjBtIUmlM122i7d7MbdTaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTjnTxvO+nZXVtfWNzdJWeXtnd2/fPThsaJkpCgGVXKpWTDRwJiAwzHBopQpIEnNoxsO7qd8cgdJMikczTiFKSF+wHqPEWKnjugKHHJ5wGKSacSlwx614VW8GvEz8glRQgXrH/Qq7kmYJCEM50brte6mJcqIMoxwm5TDTkBI6JH1oWypIAjrKZ5dP8KlVurgnlS1h8Ez9PZGTROtxEtvOhJiBXvSm4n9eOzO9myhnIs0MCDpf1Ms4NhJPY8BdpoAaPraEUMXsrZgOiCLU2LDKNgR/8eVl0jiv+lfVy4eLSu22iKOEjtEJOkM+ukY1dI/qKEAUjdAzekVvTu68OO/Ox7x1xSlmjtAfOJ8/oh2TBw==</latexit>

n  ⌥



Small networks: A tale of two timescales

oSmall networks:       queues (server types)

o“pigeons fly with pigeons, hawkes fly with hawkes”

50

 scarce servers ó infrequent customers >   abundant servers ó frequent customers
  

<latexit sha1_base64="MK2Fl/I3tGM2nY92HE7ytop41bU=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kon4dSx68VjBtIUmlM122i7d7MbdTaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTjnTxvO+nZXVtfWNzdJWeXtnd2/fPThsaJkpCgGVXKpWTDRwJiAwzHBopQpIEnNoxsO7qd8cgdJMikczTiFKSF+wHqPEWKnjugKHHJ5wGKSacSlwx614VW8GvEz8glRQgXrH/Qq7kmYJCEM50brte6mJcqIMoxwm5TDTkBI6JH1oWypIAjrKZ5dP8KlVurgnlS1h8Ez9PZGTROtxEtvOhJiBXvSm4n9eOzO9myhnIs0MCDpf1Ms4NhJPY8BdpoAaPraEUMXsrZgOiCLU2LDKNgR/8eVl0jiv+lfVy4eLSu22iKOEjtEJOkM+ukY1dI/qKEAUjdAzekVvTu68OO/Ox7x1xSlmjtAfOJ8/oh2TBw==</latexit>

n  ⌥



Small networks: The hybrid LP
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Small networks: The hybrid LP

52

abundant

scarce infrequent

frequent



Small networks: The hybrid LP

53

scarce infrequent

frequentabundant



Small networks: The hybrid LP

54

“static” variables“dynamic” variables

<latexit sha1_base64="Xa6dmk9xNE1dM44DEPNqK50lfkI="></latexit>

min
x,y

X

i2Ss

X

M ,j2Mi

�jci,j · x`
M +

X

i2Sa

X

j2[m]

�jci,j · yi,j

s.t. ...



A tale of two timescales

55

abundant

scarce infrequent

frequent

Scheduled on a “virtual queue”

Lyapunov analysis (drift method)



Small networks

56

Theorem 2 [AAS‘24]: There exists an FPTAS for the bi-criteria dynamic matching 

problem for small networks               . For each        ,  we compute a           

 -approximate policy in time           .      

<latexit sha1_base64="n/oZYEB/xYxFigXoJ3zLKnzQYPA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSEnE17LoxmUF+4AmlMn0ph06mYSZiVJiP8WNC0Xc+iXu/BunbRbaeuDC4Zx7ufeeIOFMacf5tpaWV1bX1gsbxc2t7Z1du7TXVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwZuK3HkAqFot7PUrAj0hfsJBRoo3UtUseJIrxWHhM4Ipz4h537bJTdabAi8TNSRnlqHftL68X0zQCoSknSnVcJ9F+RqRmlMO46KUKEkKHpA8dQwWJQPnZ9PQxPjJKD4exNCU0nqq/JzISKTWKAtMZET1Q895E/M/rpDq88jMmklSDoLNFYcqxjvEkB9xjEqjmI0MIlczciumASEK1SatoQnDnX14kzdOqe1E9vzsr167zOAroAB2iCnLRJaqhW1RHDUTRI3pGr+jNerJerHfrY9a6ZOUz++gPrM8fkA+S5g==</latexit>

✏ 2 (0, 1)
<latexit sha1_base64="xQj6YTx2af1rvtknS+NyI+v/fyI="></latexit>

O

⇣
✏
�⌥ · |I|O(1)

⌘
<latexit sha1_base64="cxr9MBxe8IMWJPk24R0Z9COme6I=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoMQEcKu+DoGvXiMYB6QXcLsZDYZMjszzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3RZJRbTzv2ymsrK6tbxQ3S1vbO7t75f2DlhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsa3U399hNRmgr+aMaShAkacBpTjIyVgqp/FhCpKRP8tFeueDVvBneZ+DmpQI5Gr/wV9AVOE8INZkjrru9JE2ZIGYoZmZSCVBOJ8AgNSNdSjhKiw2x288Q9sUrfjYWyxY07U39PZCjRepxEtjNBZqgXvan4n9dNTXwTZpTL1BCO54vilLlGuNMA3D5VBBs2tgRhRe2tLh4ihbCxMZVsCP7iy8ukdV7zr2qXDxeV+m0eRxGO4Biq4MM11OEeGtAEDBKe4RXenNR5cd6dj3lrwclnDuEPnM8f8qOQ/w==</latexit>

(1 + ✏)

<latexit sha1_base64="MK2Fl/I3tGM2nY92HE7ytop41bU=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4Kon4dSx68VjBtIUmlM122i7d7MbdTaGE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTjnTxvO+nZXVtfWNzdJWeXtnd2/fPThsaJkpCgGVXKpWTDRwJiAwzHBopQpIEnNoxsO7qd8cgdJMikczTiFKSF+wHqPEWKnjugKHHJ5wGKSacSlwx614VW8GvEz8glRQgXrH/Qq7kmYJCEM50brte6mJcqIMoxwm5TDTkBI6JH1oWypIAjrKZ5dP8KlVurgnlS1h8Ez9PZGTROtxEtvOhJiBXvSm4n9eOzO9myhnIs0MCDpf1Ms4NhJPY8BdpoAaPraEUMXsrZgOiCLU2LDKNgR/8eVl0jiv+lfVy4eLSu22iKOEjtEJOkM+ukY1dI/qKEAUjdAzekVvTu68OO/Ox7x1xSlmjtAfOJ8/oh2TBw==</latexit>

n  ⌥



oEuclidean networks: embedded in fixed-dimensional Euclidean space

oDimension is “small”: ridehailing (d~2-5), kidney exchange (d~10)

Euclidean networks (main result)

57

Theorem 3 [AAS‘24]: There exists an FPTAS for the bi-criteria dynamic matching 

problem for Euclidean networks. For each          , we compute a       -

approximate policy in time                     . 

<latexit sha1_base64="n/oZYEB/xYxFigXoJ3zLKnzQYPA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSEnE17LoxmUF+4AmlMn0ph06mYSZiVJiP8WNC0Xc+iXu/BunbRbaeuDC4Zx7ufeeIOFMacf5tpaWV1bX1gsbxc2t7Z1du7TXVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwZuK3HkAqFot7PUrAj0hfsJBRoo3UtUseJIrxWHhM4Ipz4h537bJTdabAi8TNSRnlqHftL68X0zQCoSknSnVcJ9F+RqRmlMO46KUKEkKHpA8dQwWJQPnZ9PQxPjJKD4exNCU0nqq/JzISKTWKAtMZET1Q895E/M/rpDq88jMmklSDoLNFYcqxjvEkB9xjEqjmI0MIlczciumASEK1SatoQnDnX14kzdOqe1E9vzsr167zOAroAB2iCnLRJaqhW1RHDUTRI3pGr+jNerJerHfrY9a6ZOUz++gPrM8fkA+S5g==</latexit>

✏ 2 (0, 1)
<latexit sha1_base64="cxr9MBxe8IMWJPk24R0Z9COme6I=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoMQEcKu+DoGvXiMYB6QXcLsZDYZMjszzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3RZJRbTzv2ymsrK6tbxQ3S1vbO7t75f2DlhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsa3U399hNRmgr+aMaShAkacBpTjIyVgqp/FhCpKRP8tFeueDVvBneZ+DmpQI5Gr/wV9AVOE8INZkjrru9JE2ZIGYoZmZSCVBOJ8AgNSNdSjhKiw2x288Q9sUrfjYWyxY07U39PZCjRepxEtjNBZqgXvan4n9dNTXwTZpTL1BCO54vilLlGuNMA3D5VBBs2tgRhRe2tLh4ihbCxMZVsCP7iy8ukdV7zr2qXDxeV+m0eRxGO4Biq4MM11OEeGtAEDBKe4RXenNR5cd6dj3lrwclnDuEPnM8f8qOQ/w==</latexit>

(1 + ✏)
<latexit sha1_base64="d0jven/qo0/AzY98bGjxNlHNdB8="></latexit>

O

⇣
g(✏, d) · |I|O(1)

⌘



oEuclidean networks: embedded in fixed-dimensional Euclidean space

oDimension is “small”: ridehailing (d~2-5), kidney exchange (d~10)

Euclidean networks (main result)

58

Theorem 3 [AAS‘24]: There exists an FPTAS for the bi-criteria dynamic matching 

problem for Euclidean networks. For each          , we compute a       -

approximate policy in time                     . 

<latexit sha1_base64="n/oZYEB/xYxFigXoJ3zLKnzQYPA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSEnE17LoxmUF+4AmlMn0ph06mYSZiVJiP8WNC0Xc+iXu/BunbRbaeuDC4Zx7ufeeIOFMacf5tpaWV1bX1gsbxc2t7Z1du7TXVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwZuK3HkAqFot7PUrAj0hfsJBRoo3UtUseJIrxWHhM4Ipz4h537bJTdabAi8TNSRnlqHftL68X0zQCoSknSnVcJ9F+RqRmlMO46KUKEkKHpA8dQwWJQPnZ9PQxPjJKD4exNCU0nqq/JzISKTWKAtMZET1Q895E/M/rpDq88jMmklSDoLNFYcqxjvEkB9xjEqjmI0MIlczciumASEK1SatoQnDnX14kzdOqe1E9vzsr167zOAroAB2iCnLRJaqhW1RHDUTRI3pGr+jNerJerHfrY9a6ZOUz++gPrM8fkA+S5g==</latexit>

✏ 2 (0, 1)
<latexit sha1_base64="cxr9MBxe8IMWJPk24R0Z9COme6I=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoMQEcKu+DoGvXiMYB6QXcLsZDYZMjszzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3RZJRbTzv2ymsrK6tbxQ3S1vbO7t75f2DlhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsa3U399hNRmgr+aMaShAkacBpTjIyVgqp/FhCpKRP8tFeueDVvBneZ+DmpQI5Gr/wV9AVOE8INZkjrru9JE2ZIGYoZmZSCVBOJ8AgNSNdSjhKiw2x288Q9sUrfjYWyxY07U39PZCjRepxEtjNBZqgXvan4n9dNTXwTZpTL1BCO54vilLlGuNMA3D5VBBs2tgRhRe2tLh4ihbCxMZVsCP7iy8ukdV7zr2qXDxeV+m0eRxGO4Biq4MM11OEeGtAEDBKe4RXenNR5cd6dj3lrwclnDuEPnM8f8qOQ/w==</latexit>

(1 + ✏)
<latexit sha1_base64="d0jven/qo0/AzY98bGjxNlHNdB8="></latexit>

O

⇣
g(✏, d) · |I|O(1)

⌘



oEuclidean networks: embedded in fixed-dimensional Euclidean space

Euclidean networks (main result)

59

Kidney transplants: ABO-compatibility 
[AR, ’21]



oEuclidean graphs: embedded in fixed-dimensional Euclidean space

oDimension can be “small”: ride-hailing (d~2-4), kidney exchange (d~10)

Euclidean networks (main result)

60

Theorem 3 [AAS‘24]: There exists an FPTAS for the bi-criteria dynamic matching 

problem for Euclidean networks. For each          , we compute a       -

approximate policy in time                     . 

<latexit sha1_base64="n/oZYEB/xYxFigXoJ3zLKnzQYPA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBEqSEnE17LoxmUF+4AmlMn0ph06mYSZiVJiP8WNC0Xc+iXu/BunbRbaeuDC4Zx7ufeeIOFMacf5tpaWV1bX1gsbxc2t7Z1du7TXVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwZuK3HkAqFot7PUrAj0hfsJBRoo3UtUseJIrxWHhM4Ipz4h537bJTdabAi8TNSRnlqHftL68X0zQCoSknSnVcJ9F+RqRmlMO46KUKEkKHpA8dQwWJQPnZ9PQxPjJKD4exNCU0nqq/JzISKTWKAtMZET1Q895E/M/rpDq88jMmklSDoLNFYcqxjvEkB9xjEqjmI0MIlczciumASEK1SatoQnDnX14kzdOqe1E9vzsr167zOAroAB2iCnLRJaqhW1RHDUTRI3pGr+jNerJerHfrY9a6ZOUz++gPrM8fkA+S5g==</latexit>

✏ 2 (0, 1)
<latexit sha1_base64="cxr9MBxe8IMWJPk24R0Z9COme6I=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoMQEcKu+DoGvXiMYB6QXcLsZDYZMjszzMwKYclvePGgiFd/xpt/4yTZgyYWNBRV3XR3RZJRbTzv2ymsrK6tbxQ3S1vbO7t75f2DlhapwqSJBROqEyFNGOWkaahhpCMVQUnESDsa3U399hNRmgr+aMaShAkacBpTjIyVgqp/FhCpKRP8tFeueDVvBneZ+DmpQI5Gr/wV9AVOE8INZkjrru9JE2ZIGYoZmZSCVBOJ8AgNSNdSjhKiw2x288Q9sUrfjYWyxY07U39PZCjRepxEtjNBZqgXvan4n9dNTXwTZpTL1BCO54vilLlGuNMA3D5VBBs2tgRhRe2tLh4ihbCxMZVsCP7iy8ukdV7zr2qXDxeV+m0eRxGO4Biq4MM11OEeGtAEDBKe4RXenNR5cd6dj3lrwclnDuEPnM8f8qOQ/w==</latexit>

(1 + ✏)
<latexit sha1_base64="d0jven/qo0/AzY98bGjxNlHNdB8="></latexit>

O

⇣
g(✏, d) · |I|O(1)

⌘



Our contributions

Static Adaptive

Single queue 0.656-approx. [KSSW, ‘22] near-optimal FPTAS



Our contributions

Static Adaptive

Single queue 0.656-approx. [KSSW, ‘22] near-optimal FPTAS

Small network - near-optimal FPTAS



Our contributions

Static Adaptive

Single queue 0.656-approx. [KSSW, ‘22] near-optimal FPTAS

Small network - near-optimal FPTAS

Spatial network 3-approx. (metric) [AS, ‘22] near-optimal FPTAS (Euclidean)

rare in the matching literature J
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Competitive Ratio Approximation Ratio

Reward network (1−1/√e)≈0.393 [PW,’24] (1-1/e)-approx. [AS, ‘22]

Static Adaptive

Single queue 0.656-approx. [KSSW, ‘22] near-optimal FPTAS

Small network - near-optimal FPTAS

Cost network 3-approx. (metric) [AS, ‘22] near-optimal PTAS (Euclidean)



Our contributions

Competitive Ratio Approximation Ratio

Reward network (1−1/√e)≈0.393 [PW,’24] (1-1/e)-approx. 

Static Adaptive

Single queue 0.656-approx. [KSSW, ‘22] near-optimal FPTAS

Small network - near-optimal FPTAS

Cost network 3-approx. (metric) [AS, ‘22] near-optimal PTAS (Euclidean)



Our contributions

Competitive Ratio Approximation Ratio

Reward network (1−1/√e)+𝜖≈0.393+𝜖 (1-1/e+𝜖)-approx. 

Amanihamedani, Aouad, Pollner, and Saberi [‘24]

Static Adaptive

Single queue 0.656-approx. [KSSW, ‘22] near-optimal FPTAS

Small network - near-optimal FPTAS

Cost network 3-approx. (metric) [AS, ‘22] near-optimal PTAS (Euclidean)



Take-aways

oDynamic matching with abandonment for thick/thin markets (⚠ no scaling )

oSurprising tractability: Euclidian networks, small networks

oLPs for adaptive policies: a hybrid LP framework

oSimpler policies? In follow-up work, more fine-grained analysis of correlations

67



Thank you, questions?

maouad@mit.edu 

Soon on arXiv

68

mailto:maouad@mit.edu
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Appendix



Open questions

o Breaching 1-1/e for (single-unit) matching in AS [‘22]?

o The hardness of approximation bounds?

o Cost-minimization is hard…

• Heterogeneous server patience with a single customer?

• Approximations for matching rewards - waiting costs?



PROOF OUTLINE 
THEOREM 3



Step 1 (outline): Localized matching



Step 1 (outline): Localized matching



Step 1 (outline): Localized matching



Step 1 (outline): Localized matching



Step 2 (outline): Reduction to DLP via clustering

Cluster servers and customers: Each cell has at most       types (≈ small # types)



MULTIVARIATE DLP

02



Tighter relaxations: Dynamic-LP

o PASTA property [Wolff ‘82]: the arrivals are independent of the state

o Decision variable    : stationary probability that q servers of type i are waiting and the 

optimal policy is about to match them with a customer in S 



Tighter relaxations: Dynamic-LP

o PASTA property [Wolff ‘82]: the arrivals are independent of the state

o Decision variable    : stationary probability that q servers of type i are waiting and the 

optimal policy is about to match them with a customer in S 

<latexit sha1_base64="nHN0J3H1hdpThQZqgTSTmozAZoc=">AAAB8nicbVDLSsNAFL2prxpfVZduBovgQkoi9bEsuHFZ0T4gjWUynbRDJ5M4MxFL6Ge4caGIW7/GnX/jpO1CWw9cOJxzL/feEyScKe0431ZhaXllda24bm9sbm3vlHb3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhle533qkUrFY3OlRQv0I9wULGcHaSN5TN2Mnt+P7B9vulspOxZkALRJ3RsowQ71b+ur0YpJGVGjCsVKe6yTaz7DUjHA6tjupogkmQ9ynnqECR1T52eTkMToySg+FsTQlNJqovycyHCk1igLTGWE9UPNeLv7neakOL/2MiSTVVJDpojDlSMco/x/1mKRE85EhmEhmbkVkgCUm2qSUh+DOv7xImqcV97xydlMt16qzOIpwAIdwDC5cQA2uoQ4NIBDDM7zCm6WtF+vd+pi2FqzZzD78gfX5AyvVkH4=</latexit>

xq
i,S



<latexit sha1_base64="zIqNLrQCZCeUdmqZHj+fwmRyQp0="></latexit>

min
x�0

X

i,S,q

X

j2S

�j · ci,j · xq
i,S

s.t. (xq
i,S)S,q 2 Pi

X

i,q

X

S✓[m]:
j2S

xq
i,S  1 ,

X

i,q

X

S✓[m]

�(S) · xq
i,S � ⌧⇤ .

Tighter relaxations: Dynamic-LP

o PASTA property [Wolff ‘82]: the arrivals are independent of the state

o Decision variable    : stationary probability that q servers of type i are waiting and the 

optimal policy is about to match them with a customer in S 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)

queue-adapted process

<latexit sha1_base64="nHN0J3H1hdpThQZqgTSTmozAZoc=">AAAB8nicbVDLSsNAFL2prxpfVZduBovgQkoi9bEsuHFZ0T4gjWUynbRDJ5M4MxFL6Ge4caGIW7/GnX/jpO1CWw9cOJxzL/feEyScKe0431ZhaXllda24bm9sbm3vlHb3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhle533qkUrFY3OlRQv0I9wULGcHaSN5TN2Mnt+P7B9vulspOxZkALRJ3RsowQ71b+ur0YpJGVGjCsVKe6yTaz7DUjHA6tjupogkmQ9ynnqECR1T52eTkMToySg+FsTQlNJqovycyHCk1igLTGWE9UPNeLv7neakOL/2MiSTVVJDpojDlSMco/x/1mKRE85EhmEhmbkVkgCUm2qSUh+DOv7xImqcV97xydlMt16qzOIpwAIdwDC5cQA2uoQ4NIBDDM7zCm6WtF+vd+pi2FqzZzD78gfX5AyvVkH4=</latexit>

xq
i,S



<latexit sha1_base64="zIqNLrQCZCeUdmqZHj+fwmRyQp0="></latexit>

min
x�0

X

i,S,q

X

j2S

�j · ci,j · xq
i,S

s.t. (xq
i,S)S,q 2 Pi

X

i,q

X

S✓[m]:
j2S

xq
i,S  1 ,

X

i,q

X

S✓[m]

�(S) · xq
i,S � ⌧⇤ .

Tighter relaxations: Dynamic-LP

o PASTA property [Wolff ‘82]: the arrivals are independent of the state

o Decision variable    : stationary probability that q servers of type i are waiting and the 

optimal policy is about to match them with a customer in S 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)
<latexit sha1_base64="KJ6CQc+1GQy92pb7LrzKQ1e1ZuA="></latexit>

�i ·
X

S

xq�1
i,S =

X

S

xq
i,S · (�(S) + µi · q)

<latexit sha1_base64="Ta3MwpNbeFk5D0TzH/wQx6bWS/g=">AAACC3icbVDJSgNBEO2JW4xb1KOXIkHxEMKMxOUiBLx4jMQskBmHnk4nadKzpLtHDEPuXvwVLx4U8eoPePNv7CwHTXxQ8Hiviqp6XsSZVKb5baSWlldW19LrmY3Nre2d7O5eXYaxILRGQh6Kpocl5SygNcUUp81IUOx7nDa8/tXYb9xTIVkY3KphRB0fdwPWYQQrLbnZHByBLWPfTapQgAGM4MFNWAGqo7sBXIIFNrjZvFk0J4BFYs1IHs1QcbNfdjsksU8DRTiWsmWZkXISLBQjnI4ydixphEkfd2lL0wD7VDrJ5JcRHGqlDZ1Q6AoUTNTfEwn2pRz6nu70serJeW8s/ue1YtW5cBIWRLGiAZku6sQcVAjjYKDNBCWKDzXBRDB9K5AeFpgoHV9Gh2DNv7xI6idF66x4elPKl0uzONLoAOXQMbLQOSqja1RBNUTQI3pGr+jNeDJejHfjY9qaMmYz++gPjM8f89iXyQ==</latexit>X

S,q

xq
i,S = 1

<latexit sha1_base64="vlx/PIEmCXq5ZDW6+Wkj9VZSTjU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXjxGMA/ILmF20kmGzM4uM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkg1Ci6xabgR2EkU0igU2A7HdzO//YRK81g+mkmCQUSHkg84o8ZKfiXzGRWkMe3xi16p7FbdOcgq8XJShhyNXunL78csjVAaJqjWXc9NTJBRZTgTOC36qcaEsjEdYtdSSSPUQTa/eUrOrdIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gNMi6T1KBki0WDVBATk1kApM8VMiMmllCmuL2VsBFVlBkbU9GG4C2/vEpal1Xvunr1UCvXa3kcBTiFM6iABzdQh3toQBMYJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBAFCQ+w==</latexit>

(Pi)
<latexit sha1_base64="A26NIi/5lvMxvkjceF0i9HQ+fi8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkoi9bEsuHFZ0T6gCWUynbRDJ5M4MxFK6G+4caGIW3/GnX/jJM1CWw9cOJxzL/fe48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT24yv/tEpWKReNDTmHohHgkWMIK1kVw3iCTmHN2fPVYG1Zpdt3OgZeIUpAYFWoPqlzuMSBJSoQnHSvUdO9ZeiqVmhNNZxU0UjTGZ4BHtGypwSJWX5jfP0IlRhsisNyU0ytXfEykOlZqGvukMsR6rRS8T//P6iQ6uvZSJONFUkPmiIOFIRygLAA2ZpETzqSGYSGZuRWSMJSbaxJSF4Cy+vEw653Xnsn5x16g1G0UcZTiCYzgFB66gCbfQgjYQiOEZXuHNSqwX6936mLeWrGLmEP7A+vwB39KQ5A==</latexit>

8S, q

queue-adapted process

detail balance

probas-sum-to-1

<latexit sha1_base64="nHN0J3H1hdpThQZqgTSTmozAZoc=">AAAB8nicbVDLSsNAFL2prxpfVZduBovgQkoi9bEsuHFZ0T4gjWUynbRDJ5M4MxFL6Ge4caGIW7/GnX/jpO1CWw9cOJxzL/feEyScKe0431ZhaXllda24bm9sbm3vlHb3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhle533qkUrFY3OlRQv0I9wULGcHaSN5TN2Mnt+P7B9vulspOxZkALRJ3RsowQ71b+ur0YpJGVGjCsVKe6yTaz7DUjHA6tjupogkmQ9ynnqECR1T52eTkMToySg+FsTQlNJqovycyHCk1igLTGWE9UPNeLv7neakOL/2MiSTVVJDpojDlSMco/x/1mKRE85EhmEhmbkVkgCUm2qSUh+DOv7xImqcV97xydlMt16qzOIpwAIdwDC5cQA2uoQ4NIBDDM7zCm6WtF+vd+pi2FqzZzD78gfX5AyvVkH4=</latexit>

xq
i,S



<latexit sha1_base64="zIqNLrQCZCeUdmqZHj+fwmRyQp0="></latexit>

min
x�0

X

i,S,q

X

j2S

�j · ci,j · xq
i,S

s.t. (xq
i,S)S,q 2 Pi

X

i,q

X

S✓[m]:
j2S

xq
i,S  1 ,

X

i,q

X

S✓[m]

�(S) · xq
i,S � ⌧⇤ .

Tighter relaxations: Dynamic-LP

o PASTA property [Wolff ‘82]: the arrivals are independent of the state

o Decision variable    : stationary probability that q servers of type i are waiting and the 

optimal policy is about to match them with a customer in S 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)
<latexit sha1_base64="KJ6CQc+1GQy92pb7LrzKQ1e1ZuA="></latexit>

�i ·
X

S

xq�1
i,S =

X

S

xq
i,S · (�(S) + µi · q)

<latexit sha1_base64="Ta3MwpNbeFk5D0TzH/wQx6bWS/g=">AAACC3icbVDJSgNBEO2JW4xb1KOXIkHxEMKMxOUiBLx4jMQskBmHnk4nadKzpLtHDEPuXvwVLx4U8eoPePNv7CwHTXxQ8Hiviqp6XsSZVKb5baSWlldW19LrmY3Nre2d7O5eXYaxILRGQh6Kpocl5SygNcUUp81IUOx7nDa8/tXYb9xTIVkY3KphRB0fdwPWYQQrLbnZHByBLWPfTapQgAGM4MFNWAGqo7sBXIIFNrjZvFk0J4BFYs1IHs1QcbNfdjsksU8DRTiWsmWZkXISLBQjnI4ydixphEkfd2lL0wD7VDrJ5JcRHGqlDZ1Q6AoUTNTfEwn2pRz6nu70serJeW8s/ue1YtW5cBIWRLGiAZku6sQcVAjjYKDNBCWKDzXBRDB9K5AeFpgoHV9Gh2DNv7xI6idF66x4elPKl0uzONLoAOXQMbLQOSqja1RBNUTQI3pGr+jNeDJejHfjY9qaMmYz++gPjM8f89iXyQ==</latexit>X

S,q

xq
i,S = 1

<latexit sha1_base64="vlx/PIEmCXq5ZDW6+Wkj9VZSTjU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXjxGMA/ILmF20kmGzM4uM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkg1Ci6xabgR2EkU0igU2A7HdzO//YRK81g+mkmCQUSHkg84o8ZKfiXzGRWkMe3xi16p7FbdOcgq8XJShhyNXunL78csjVAaJqjWXc9NTJBRZTgTOC36qcaEsjEdYtdSSSPUQTa/eUrOrdIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gNMi6T1KBki0WDVBATk1kApM8VMiMmllCmuL2VsBFVlBkbU9GG4C2/vEpal1Xvunr1UCvXa3kcBTiFM6iABzdQh3toQBMYJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBAFCQ+w==</latexit>

(Pi)
<latexit sha1_base64="A26NIi/5lvMxvkjceF0i9HQ+fi8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkoi9bEsuHFZ0T6gCWUynbRDJ5M4MxFK6G+4caGIW3/GnX/jJM1CWw9cOJxzL/fe48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT24yv/tEpWKReNDTmHohHgkWMIK1kVw3iCTmHN2fPVYG1Zpdt3OgZeIUpAYFWoPqlzuMSBJSoQnHSvUdO9ZeiqVmhNNZxU0UjTGZ4BHtGypwSJWX5jfP0IlRhsisNyU0ytXfEykOlZqGvukMsR6rRS8T//P6iQ6uvZSJONFUkPmiIOFIRygLAA2ZpETzqSGYSGZuRWSMJSbaxJSF4Cy+vEw653Xnsn5x16g1G0UcZTiCYzgFB66gCbfQgjYQiOEZXuHNSqwX6936mLeWrGLmEP7A+vwB39KQ5A==</latexit>

8S, q

queue-adapted process

<latexit sha1_base64="nHN0J3H1hdpThQZqgTSTmozAZoc=">AAAB8nicbVDLSsNAFL2prxpfVZduBovgQkoi9bEsuHFZ0T4gjWUynbRDJ5M4MxFL6Ge4caGIW7/GnX/jpO1CWw9cOJxzL/feEyScKe0431ZhaXllda24bm9sbm3vlHb3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhle533qkUrFY3OlRQv0I9wULGcHaSN5TN2Mnt+P7B9vulspOxZkALRJ3RsowQ71b+ur0YpJGVGjCsVKe6yTaz7DUjHA6tjupogkmQ9ynnqECR1T52eTkMToySg+FsTQlNJqovycyHCk1igLTGWE9UPNeLv7neakOL/2MiSTVVJDpojDlSMco/x/1mKRE85EhmEhmbkVkgCUm2qSUh+DOv7xImqcV97xydlMt16qzOIpwAIdwDC5cQA2uoQ4NIBDDM7zCm6WtF+vd+pi2FqzZzD78gfX5AyvVkH4=</latexit>

xq
i,S



Tighter relaxations: Dynamic-LP

o PASTA property [Wolff ‘82]: the arrivals are independent of the state

o Decision variable    : stationary probability that q servers of type i are waiting and the 

optimal policy is about to match them with a customer in S 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)
<latexit sha1_base64="zIqNLrQCZCeUdmqZHj+fwmRyQp0="></latexit>
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X

i,S,q

X

j2S

�j · ci,j · xq
i,S

s.t. (xq
i,S)S,q 2 Pi

X

i,q

X
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j2S

xq
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X

i,q

X

S✓[m]

�(S) · xq
i,S � ⌧⇤ .

<latexit sha1_base64="HjkRy/Qfai+GWDjcV58jwGtkyK0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJIMoafTk7TpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkP3VhpzDl67JUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTY7eIJOnNJHbrcradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HvUZ5oSy8eOYKKZuxWRIdaYWJdRyYUQLL68TJpn1eCyenF3Xqmd53EU4QiO4RQCuIIa3EIdGkBAwDO8wpunvRfv3fuYtxa8fOYQ/sD7/AGL65A2</latexit>

8j

<latexit sha1_base64="KJ6CQc+1GQy92pb7LrzKQ1e1ZuA="></latexit>

�i ·
X

S

xq�1
i,S =

X

S

xq
i,S · (�(S) + µi · q)

<latexit sha1_base64="Ta3MwpNbeFk5D0TzH/wQx6bWS/g=">AAACC3icbVDJSgNBEO2JW4xb1KOXIkHxEMKMxOUiBLx4jMQskBmHnk4nadKzpLtHDEPuXvwVLx4U8eoPePNv7CwHTXxQ8Hiviqp6XsSZVKb5baSWlldW19LrmY3Nre2d7O5eXYaxILRGQh6Kpocl5SygNcUUp81IUOx7nDa8/tXYb9xTIVkY3KphRB0fdwPWYQQrLbnZHByBLWPfTapQgAGM4MFNWAGqo7sBXIIFNrjZvFk0J4BFYs1IHs1QcbNfdjsksU8DRTiWsmWZkXISLBQjnI4ydixphEkfd2lL0wD7VDrJ5JcRHGqlDZ1Q6AoUTNTfEwn2pRz6nu70serJeW8s/ue1YtW5cBIWRLGiAZku6sQcVAjjYKDNBCWKDzXBRDB9K5AeFpgoHV9Gh2DNv7xI6idF66x4elPKl0uzONLoAOXQMbLQOSqja1RBNUTQI3pGr+jNeDJejHfjY9qaMmYz++gPjM8f89iXyQ==</latexit>X

S,q

xq
i,S = 1

<latexit sha1_base64="vlx/PIEmCXq5ZDW6+Wkj9VZSTjU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXjxGMA/ILmF20kmGzM4uM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkg1Ci6xabgR2EkU0igU2A7HdzO//YRK81g+mkmCQUSHkg84o8ZKfiXzGRWkMe3xi16p7FbdOcgq8XJShhyNXunL78csjVAaJqjWXc9NTJBRZTgTOC36qcaEsjEdYtdSSSPUQTa/eUrOrdIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gNMi6T1KBki0WDVBATk1kApM8VMiMmllCmuL2VsBFVlBkbU9GG4C2/vEpal1Xvunr1UCvXa3kcBTiFM6iABzdQh3toQBMYJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBAFCQ+w==</latexit>

(Pi)
<latexit sha1_base64="A26NIi/5lvMxvkjceF0i9HQ+fi8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkoi9bEsuHFZ0T6gCWUynbRDJ5M4MxFK6G+4caGIW3/GnX/jJM1CWw9cOJxzL/fe48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT24yv/tEpWKReNDTmHohHgkWMIK1kVw3iCTmHN2fPVYG1Zpdt3OgZeIUpAYFWoPqlzuMSBJSoQnHSvUdO9ZeiqVmhNNZxU0UjTGZ4BHtGypwSJWX5jfP0IlRhsisNyU0ytXfEykOlZqGvukMsR6rRS8T//P6iQ6uvZSJONFUkPmiIOFIRygLAA2ZpETzqSGYSGZuRWSMJSbaxJSF4Cy+vEw653Xnsn5x16g1G0UcZTiCYzgFB66gCbfQgjYQiOEZXuHNSqwX6936mLeWrGLmEP7A+vwB39KQ5A==</latexit>

8S, q

no contention

<latexit sha1_base64="nHN0J3H1hdpThQZqgTSTmozAZoc=">AAAB8nicbVDLSsNAFL2prxpfVZduBovgQkoi9bEsuHFZ0T4gjWUynbRDJ5M4MxFL6Ge4caGIW7/GnX/jpO1CWw9cOJxzL/feEyScKe0431ZhaXllda24bm9sbm3vlHb3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhle533qkUrFY3OlRQv0I9wULGcHaSN5TN2Mnt+P7B9vulspOxZkALRJ3RsowQ71b+ur0YpJGVGjCsVKe6yTaz7DUjHA6tjupogkmQ9ynnqECR1T52eTkMToySg+FsTQlNJqovycyHCk1igLTGWE9UPNeLv7neakOL/2MiSTVVJDpojDlSMco/x/1mKRE85EhmEhmbkVkgCUm2qSUh+DOv7xImqcV97xydlMt16qzOIpwAIdwDC5cQA2uoQ4NIBDDM7zCm6WtF+vd+pi2FqzZzD78gfX5AyvVkH4=</latexit>

xq
i,S



Tighter relaxations: Dynamic-LP

o PASTA property [Wolff ‘82]: the arrivals are independent of the state

o Decision variable    : stationary probability that q servers of type i are waiting and the 

optimal policy is about to match them with a customer in S 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)
<latexit sha1_base64="zIqNLrQCZCeUdmqZHj+fwmRyQp0="></latexit>

min
x�0

X

i,S,q

X

j2S

�j · ci,j · xq
i,S

s.t. (xq
i,S)S,q 2 Pi

X

i,q

X

S✓[m]:
j2S

xq
i,S  1 ,

X

i,q

X

S✓[m]

�(S) · xq
i,S � ⌧⇤ .

<latexit sha1_base64="KJ6CQc+1GQy92pb7LrzKQ1e1ZuA="></latexit>

�i ·
X

S

xq�1
i,S =

X

S

xq
i,S · (�(S) + µi · q)

<latexit sha1_base64="Ta3MwpNbeFk5D0TzH/wQx6bWS/g=">AAACC3icbVDJSgNBEO2JW4xb1KOXIkHxEMKMxOUiBLx4jMQskBmHnk4nadKzpLtHDEPuXvwVLx4U8eoPePNv7CwHTXxQ8Hiviqp6XsSZVKb5baSWlldW19LrmY3Nre2d7O5eXYaxILRGQh6Kpocl5SygNcUUp81IUOx7nDa8/tXYb9xTIVkY3KphRB0fdwPWYQQrLbnZHByBLWPfTapQgAGM4MFNWAGqo7sBXIIFNrjZvFk0J4BFYs1IHs1QcbNfdjsksU8DRTiWsmWZkXISLBQjnI4ydixphEkfd2lL0wD7VDrJ5JcRHGqlDZ1Q6AoUTNTfEwn2pRz6nu70serJeW8s/ue1YtW5cBIWRLGiAZku6sQcVAjjYKDNBCWKDzXBRDB9K5AeFpgoHV9Gh2DNv7xI6idF66x4elPKl0uzONLoAOXQMbLQOSqja1RBNUTQI3pGr+jNeDJejHfjY9qaMmYz++gPjM8f89iXyQ==</latexit>X

S,q

xq
i,S = 1

<latexit sha1_base64="vlx/PIEmCXq5ZDW6+Wkj9VZSTjU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXjxGMA/ILmF20kmGzM4uM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkg1Ci6xabgR2EkU0igU2A7HdzO//YRK81g+mkmCQUSHkg84o8ZKfiXzGRWkMe3xi16p7FbdOcgq8XJShhyNXunL78csjVAaJqjWXc9NTJBRZTgTOC36qcaEsjEdYtdSSSPUQTa/eUrOrdIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gNMi6T1KBki0WDVBATk1kApM8VMiMmllCmuL2VsBFVlBkbU9GG4C2/vEpal1Xvunr1UCvXa3kcBTiFM6iABzdQh3toQBMYJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBAFCQ+w==</latexit>

(Pi)
<latexit sha1_base64="A26NIi/5lvMxvkjceF0i9HQ+fi8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkoi9bEsuHFZ0T6gCWUynbRDJ5M4MxFK6G+4caGIW3/GnX/jJM1CWw9cOJxzL/fe48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT24yv/tEpWKReNDTmHohHgkWMIK1kVw3iCTmHN2fPVYG1Zpdt3OgZeIUpAYFWoPqlzuMSBJSoQnHSvUdO9ZeiqVmhNNZxU0UjTGZ4BHtGypwSJWX5jfP0IlRhsisNyU0ytXfEykOlZqGvukMsR6rRS8T//P6iQ6uvZSJONFUkPmiIOFIRygLAA2ZpETzqSGYSGZuRWSMJSbaxJSF4Cy+vEw653Xnsn5x16g1G0UcZTiCYzgFB66gCbfQgjYQiOEZXuHNSqwX6936mLeWrGLmEP7A+vwB39KQ5A==</latexit>

8S, q

<latexit sha1_base64="HjkRy/Qfai+GWDjcV58jwGtkyK0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJIMoafTk7TpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkP3VhpzDl67JUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTY7eIJOnNJHbrcradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HvUZ5oSy8eOYKKZuxWRIdaYWJdRyYUQLL68TJpn1eCyenF3Xqmd53EU4QiO4RQCuIIa3EIdGkBAwDO8wpunvRfv3fuYtxa8fOYQ/sD7/AGL65A2</latexit>

8j

<latexit sha1_base64="nHN0J3H1hdpThQZqgTSTmozAZoc=">AAAB8nicbVDLSsNAFL2prxpfVZduBovgQkoi9bEsuHFZ0T4gjWUynbRDJ5M4MxFL6Ge4caGIW7/GnX/jpO1CWw9cOJxzL/feEyScKe0431ZhaXllda24bm9sbm3vlHb3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhle533qkUrFY3OlRQv0I9wULGcHaSN5TN2Mnt+P7B9vulspOxZkALRJ3RsowQ71b+ur0YpJGVGjCsVKe6yTaz7DUjHA6tjupogkmQ9ynnqECR1T52eTkMToySg+FsTQlNJqovycyHCk1igLTGWE9UPNeLv7neakOL/2MiSTVVJDpojDlSMco/x/1mKRE85EhmEhmbkVkgCUm2qSUh+DOv7xImqcV97xydlMt16qzOIpwAIdwDC5cQA2uoQ4NIBDDM7zCm6WtF+vd+pi2FqzZzD78gfX5AyvVkH4=</latexit>

xq
i,S



Tighter relaxations: Dynamic-LP

o PASTA property [Wolff ‘82]: the arrivals are independent of the state

o Decision variable    : stationary probability that q servers of type i are waiting and the 

optimal policy is about to match them with a customer in S 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)
<latexit sha1_base64="zIqNLrQCZCeUdmqZHj+fwmRyQp0="></latexit>

min
x�0

X

i,S,q

X

j2S

�j · ci,j · xq
i,S

s.t. (xq
i,S)S,q 2 Pi

X

i,q

X

S✓[m]:
j2S

xq
i,S  1 ,

X

i,q

X

S✓[m]

�(S) · xq
i,S � ⌧⇤ .

<latexit sha1_base64="KJ6CQc+1GQy92pb7LrzKQ1e1ZuA="></latexit>

�i ·
X

S

xq�1
i,S =

X

S

xq
i,S · (�(S) + µi · q)

<latexit sha1_base64="Ta3MwpNbeFk5D0TzH/wQx6bWS/g=">AAACC3icbVDJSgNBEO2JW4xb1KOXIkHxEMKMxOUiBLx4jMQskBmHnk4nadKzpLtHDEPuXvwVLx4U8eoPePNv7CwHTXxQ8Hiviqp6XsSZVKb5baSWlldW19LrmY3Nre2d7O5eXYaxILRGQh6Kpocl5SygNcUUp81IUOx7nDa8/tXYb9xTIVkY3KphRB0fdwPWYQQrLbnZHByBLWPfTapQgAGM4MFNWAGqo7sBXIIFNrjZvFk0J4BFYs1IHs1QcbNfdjsksU8DRTiWsmWZkXISLBQjnI4ydixphEkfd2lL0wD7VDrJ5JcRHGqlDZ1Q6AoUTNTfEwn2pRz6nu70serJeW8s/ue1YtW5cBIWRLGiAZku6sQcVAjjYKDNBCWKDzXBRDB9K5AeFpgoHV9Gh2DNv7xI6idF66x4elPKl0uzONLoAOXQMbLQOSqja1RBNUTQI3pGr+jNeDJejHfjY9qaMmYz++gPjM8f89iXyQ==</latexit>X

S,q

xq
i,S = 1

<latexit sha1_base64="vlx/PIEmCXq5ZDW6+Wkj9VZSTjU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXjxGMA/ILmF20kmGzM4uM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkg1Ci6xabgR2EkU0igU2A7HdzO//YRK81g+mkmCQUSHkg84o8ZKfiXzGRWkMe3xi16p7FbdOcgq8XJShhyNXunL78csjVAaJqjWXc9NTJBRZTgTOC36qcaEsjEdYtdSSSPUQTa/eUrOrdIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gNMi6T1KBki0WDVBATk1kApM8VMiMmllCmuL2VsBFVlBkbU9GG4C2/vEpal1Xvunr1UCvXa3kcBTiFM6iABzdQh3toQBMYJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBAFCQ+w==</latexit>

(Pi)
<latexit sha1_base64="A26NIi/5lvMxvkjceF0i9HQ+fi8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkoi9bEsuHFZ0T6gCWUynbRDJ5M4MxFK6G+4caGIW3/GnX/jJM1CWw9cOJxzL/fe48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT24yv/tEpWKReNDTmHohHgkWMIK1kVw3iCTmHN2fPVYG1Zpdt3OgZeIUpAYFWoPqlzuMSBJSoQnHSvUdO9ZeiqVmhNNZxU0UjTGZ4BHtGypwSJWX5jfP0IlRhsisNyU0ytXfEykOlZqGvukMsR6rRS8T//P6iQ6uvZSJONFUkPmiIOFIRygLAA2ZpETzqSGYSGZuRWSMJSbaxJSF4Cy+vEw653Xnsn5x16g1G0UcZTiCYzgFB66gCbfQgjYQiOEZXuHNSqwX6936mLeWrGLmEP7A+vwB39KQ5A==</latexit>

8S, q

<latexit sha1_base64="HjkRy/Qfai+GWDjcV58jwGtkyK0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJIMoafTk7TpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkP3VhpzDl67JUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTY7eIJOnNJHbrcradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HvUZ5oSy8eOYKKZuxWRIdaYWJdRyYUQLL68TJpn1eCyenF3Xqmd53EU4QiO4RQCuIIa3EIdGkBAwDO8wpunvRfv3fuYtxa8fOYQ/sD7/AGL65A2</latexit>

8j

throughput target

<latexit sha1_base64="nHN0J3H1hdpThQZqgTSTmozAZoc=">AAAB8nicbVDLSsNAFL2prxpfVZduBovgQkoi9bEsuHFZ0T4gjWUynbRDJ5M4MxFL6Ge4caGIW7/GnX/jpO1CWw9cOJxzL/feEyScKe0431ZhaXllda24bm9sbm3vlHb3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhle533qkUrFY3OlRQv0I9wULGcHaSN5TN2Mnt+P7B9vulspOxZkALRJ3RsowQ71b+ur0YpJGVGjCsVKe6yTaz7DUjHA6tjupogkmQ9ynnqECR1T52eTkMToySg+FsTQlNJqovycyHCk1igLTGWE9UPNeLv7neakOL/2MiSTVVJDpojDlSMco/x/1mKRE85EhmEhmbkVkgCUm2qSUh+DOv7xImqcV97xydlMt16qzOIpwAIdwDC5cQA2uoQ4NIBDDM7zCm6WtF+vd+pi2FqzZzD78gfX5AyvVkH4=</latexit>

xq
i,S



Tighter relaxations: Dynamic-LP

o PASTA property [Wolff ‘82]: the arrivals are independent of the state

o Decision variable    : stationary probability that q servers of type i are waiting and the 

optimal policy is about to match them with a customer in S 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)
<latexit sha1_base64="zIqNLrQCZCeUdmqZHj+fwmRyQp0="></latexit>

min
x�0

X

i,S,q

X

j2S

�j · ci,j · xq
i,S

s.t. (xq
i,S)S,q 2 Pi

X

i,q

X

S✓[m]:
j2S

xq
i,S  1 ,

X

i,q

X

S✓[m]

�(S) · xq
i,S � ⌧⇤ .

<latexit sha1_base64="KJ6CQc+1GQy92pb7LrzKQ1e1ZuA="></latexit>

�i ·
X

S

xq�1
i,S =

X

S

xq
i,S · (�(S) + µi · q)

<latexit sha1_base64="Ta3MwpNbeFk5D0TzH/wQx6bWS/g=">AAACC3icbVDJSgNBEO2JW4xb1KOXIkHxEMKMxOUiBLx4jMQskBmHnk4nadKzpLtHDEPuXvwVLx4U8eoPePNv7CwHTXxQ8Hiviqp6XsSZVKb5baSWlldW19LrmY3Nre2d7O5eXYaxILRGQh6Kpocl5SygNcUUp81IUOx7nDa8/tXYb9xTIVkY3KphRB0fdwPWYQQrLbnZHByBLWPfTapQgAGM4MFNWAGqo7sBXIIFNrjZvFk0J4BFYs1IHs1QcbNfdjsksU8DRTiWsmWZkXISLBQjnI4ydixphEkfd2lL0wD7VDrJ5JcRHGqlDZ1Q6AoUTNTfEwn2pRz6nu70serJeW8s/ue1YtW5cBIWRLGiAZku6sQcVAjjYKDNBCWKDzXBRDB9K5AeFpgoHV9Gh2DNv7xI6idF66x4elPKl0uzONLoAOXQMbLQOSqja1RBNUTQI3pGr+jNeDJejHfjY9qaMmYz++gPjM8f89iXyQ==</latexit>X

S,q

xq
i,S = 1

<latexit sha1_base64="vlx/PIEmCXq5ZDW6+Wkj9VZSTjU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXjxGMA/ILmF20kmGzM4uM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkg1Ci6xabgR2EkU0igU2A7HdzO//YRK81g+mkmCQUSHkg84o8ZKfiXzGRWkMe3xi16p7FbdOcgq8XJShhyNXunL78csjVAaJqjWXc9NTJBRZTgTOC36qcaEsjEdYtdSSSPUQTa/eUrOrdIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gNMi6T1KBki0WDVBATk1kApM8VMiMmllCmuL2VsBFVlBkbU9GG4C2/vEpal1Xvunr1UCvXa3kcBTiFM6iABzdQh3toQBMYJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBAFCQ+w==</latexit>

(Pi)
<latexit sha1_base64="A26NIi/5lvMxvkjceF0i9HQ+fi8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkoi9bEsuHFZ0T6gCWUynbRDJ5M4MxFK6G+4caGIW3/GnX/jJM1CWw9cOJxzL/fe48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT24yv/tEpWKReNDTmHohHgkWMIK1kVw3iCTmHN2fPVYG1Zpdt3OgZeIUpAYFWoPqlzuMSBJSoQnHSvUdO9ZeiqVmhNNZxU0UjTGZ4BHtGypwSJWX5jfP0IlRhsisNyU0ytXfEykOlZqGvukMsR6rRS8T//P6iQ6uvZSJONFUkPmiIOFIRygLAA2ZpETzqSGYSGZuRWSMJSbaxJSF4Cy+vEw653Xnsn5x16g1G0UcZTiCYzgFB66gCbfQgjYQiOEZXuHNSqwX6936mLeWrGLmEP7A+vwB39KQ5A==</latexit>

8S, q

<latexit sha1_base64="HjkRy/Qfai+GWDjcV58jwGtkyK0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJIMoafTk7TpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkP3VhpzDl67JUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTY7eIJOnNJHbrcradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HvUZ5oSy8eOYKKZuxWRIdaYWJdRyYUQLL68TJpn1eCyenF3Xqmd53EU4QiO4RQCuIIa3EIdGkBAwDO8wpunvRfv3fuYtxa8fOYQ/sD7/AGL65A2</latexit>

8j

<latexit sha1_base64="nHN0J3H1hdpThQZqgTSTmozAZoc=">AAAB8nicbVDLSsNAFL2prxpfVZduBovgQkoi9bEsuHFZ0T4gjWUynbRDJ5M4MxFL6Ge4caGIW7/GnX/jpO1CWw9cOJxzL/feEyScKe0431ZhaXllda24bm9sbm3vlHb3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhle533qkUrFY3OlRQv0I9wULGcHaSN5TN2Mnt+P7B9vulspOxZkALRJ3RsowQ71b+ur0YpJGVGjCsVKe6yTaz7DUjHA6tjupogkmQ9ynnqECR1T52eTkMToySg+FsTQlNJqovycyHCk1igLTGWE9UPNeLv7neakOL/2MiSTVVJDpojDlSMco/x/1mKRE85EhmEhmbkVkgCUm2qSUh+DOv7xImqcV97xydlMt16qzOIpwAIdwDC5cQA2uoQ4NIBDDM7zCm6WtF+vd+pi2FqzZzD78gfX5AyvVkH4=</latexit>

xq
i,S



Tighter relaxations: Dynamic-LP

o PASTA property [Wolff ‘82]: the arrivals are independent of the state

o Decision variable    : stationary probability that q servers of type i are waiting and the 

optimal policy is about to match them with a customer in S 

<latexit sha1_base64="nHN0J3H1hdpThQZqgTSTmozAZoc=">AAAB8nicbVDLSsNAFL2prxpfVZduBovgQkoi9bEsuHFZ0T4gjWUynbRDJ5M4MxFL6Ge4caGIW7/GnX/jpO1CWw9cOJxzL/feEyScKe0431ZhaXllda24bm9sbm3vlHb3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhle533qkUrFY3OlRQv0I9wULGcHaSN5TN2Mnt+P7B9vulspOxZkALRJ3RsowQ71b+ur0YpJGVGjCsVKe6yTaz7DUjHA6tjupogkmQ9ynnqECR1T52eTkMToySg+FsTQlNJqovycyHCk1igLTGWE9UPNeLv7neakOL/2MiSTVVJDpojDlSMco/x/1mKRE85EhmEhmbkVkgCUm2qSUh+DOv7xImqcV97xydlMt16qzOIpwAIdwDC5cQA2uoQ4NIBDDM7zCm6WtF+vd+pi2FqzZzD78gfX5AyvVkH4=</latexit>

xq
i,S

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)
<latexit sha1_base64="zIqNLrQCZCeUdmqZHj+fwmRyQp0="></latexit>

min
x�0

X

i,S,q

X

j2S

�j · ci,j · xq
i,S

s.t. (xq
i,S)S,q 2 Pi

X

i,q

X

S✓[m]:
j2S

xq
i,S  1 ,

X

i,q

X

S✓[m]

�(S) · xq
i,S � ⌧⇤ .

<latexit sha1_base64="KJ6CQc+1GQy92pb7LrzKQ1e1ZuA="></latexit>

�i ·
X

S

xq�1
i,S =

X

S

xq
i,S · (�(S) + µi · q)

<latexit sha1_base64="Ta3MwpNbeFk5D0TzH/wQx6bWS/g=">AAACC3icbVDJSgNBEO2JW4xb1KOXIkHxEMKMxOUiBLx4jMQskBmHnk4nadKzpLtHDEPuXvwVLx4U8eoPePNv7CwHTXxQ8Hiviqp6XsSZVKb5baSWlldW19LrmY3Nre2d7O5eXYaxILRGQh6Kpocl5SygNcUUp81IUOx7nDa8/tXYb9xTIVkY3KphRB0fdwPWYQQrLbnZHByBLWPfTapQgAGM4MFNWAGqo7sBXIIFNrjZvFk0J4BFYs1IHs1QcbNfdjsksU8DRTiWsmWZkXISLBQjnI4ydixphEkfd2lL0wD7VDrJ5JcRHGqlDZ1Q6AoUTNTfEwn2pRz6nu70serJeW8s/ue1YtW5cBIWRLGiAZku6sQcVAjjYKDNBCWKDzXBRDB9K5AeFpgoHV9Gh2DNv7xI6idF66x4elPKl0uzONLoAOXQMbLQOSqja1RBNUTQI3pGr+jNeDJejHfjY9qaMmYz++gPjM8f89iXyQ==</latexit>X

S,q

xq
i,S = 1

<latexit sha1_base64="vlx/PIEmCXq5ZDW6+Wkj9VZSTjU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXjxGMA/ILmF20kmGzM4uM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkg1Ci6xabgR2EkU0igU2A7HdzO//YRK81g+mkmCQUSHkg84o8ZKfiXzGRWkMe3xi16p7FbdOcgq8XJShhyNXunL78csjVAaJqjWXc9NTJBRZTgTOC36qcaEsjEdYtdSSSPUQTa/eUrOrdIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gNMi6T1KBki0WDVBATk1kApM8VMiMmllCmuL2VsBFVlBkbU9GG4C2/vEpal1Xvunr1UCvXa3kcBTiFM6iABzdQh3toQBMYJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBAFCQ+w==</latexit>

(Pi)
<latexit sha1_base64="A26NIi/5lvMxvkjceF0i9HQ+fi8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkoi9bEsuHFZ0T6gCWUynbRDJ5M4MxFK6G+4caGIW3/GnX/jJM1CWw9cOJxzL/fe48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT24yv/tEpWKReNDTmHohHgkWMIK1kVw3iCTmHN2fPVYG1Zpdt3OgZeIUpAYFWoPqlzuMSBJSoQnHSvUdO9ZeiqVmhNNZxU0UjTGZ4BHtGypwSJWX5jfP0IlRhsisNyU0ytXfEykOlZqGvukMsR6rRS8T//P6iQ6uvZSJONFUkPmiIOFIRygLAA2ZpETzqSGYSGZuRWSMJSbaxJSF4Cy+vEw653Xnsn5x16g1G0UcZTiCYzgFB66gCbfQgjYQiOEZXuHNSqwX6936mLeWrGLmEP7A+vwB39KQ5A==</latexit>

8S, q

+ some other polymatroid constraints! J

<latexit sha1_base64="HjkRy/Qfai+GWDjcV58jwGtkyK0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJIMoafTk7TpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkP3VhpzDl67JUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTY7eIJOnNJHbrcradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HvUZ5oSy8eOYKKZuxWRIdaYWJdRyYUQLL68TJpn1eCyenF3Xqmd53EU4QiO4RQCuIIa3EIdGkBAwDO8wpunvRfv3fuYtxa8fOYQ/sD7/AGL65A2</latexit>

8j



Tighter relaxations: Dynamic-LP

o PASTA property [Wolff ‘82]: the arrivals are independent of the state

o Decision variable    : stationary probability that q servers of type i are waiting and the 

optimal policy is about to match them with a customer in S 

<latexit sha1_base64="nkjzQbnCHkyXOl1H+tDxHA5DE30=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBDiJexKfBwDevDgIYJ5wGYJs5PZZMjMzjLTK4Qln+HFgyJe/Rpv/o2TZA+aWNBQVHXT3RUmghtw3W9nZXVtfWOzsFXc3tnd2y8dHLaMSjVlTaqE0p2QGCZ4zJrAQbBOohmRoWDtcHQz9dtPTBuu4kcYJyyQZBDziFMCVvIrWVdLfHvfmJz1SmW36s6Al4mXkzLK0eiVvrp9RVPJYqCCGON7bgJBRjRwKtik2E0NSwgdkQHzLY2JZCbIZidP8KlV+jhS2lYMeKb+nsiINGYsQ9spCQzNojcV//P8FKLrIONxkgKL6XxRlAoMCk//x32uGQUxtoRQze2tmA6JJhRsSkUbgrf48jJpnVe9y+rFQ61cr+VxFNAxOkEV5KErVEd3qIGaiCKFntErenPAeXHenY9564qTzxyhP3A+fwAHPpBo</latexit>

(DLP)
<latexit sha1_base64="zIqNLrQCZCeUdmqZHj+fwmRyQp0="></latexit>

min
x�0

X

i,S,q

X

j2S

�j · ci,j · xq
i,S

s.t. (xq
i,S)S,q 2 Pi

X

i,q

X

S✓[m]:
j2S

xq
i,S  1 ,

X

i,q

X

S✓[m]

�(S) · xq
i,S � ⌧⇤ .

<latexit sha1_base64="KJ6CQc+1GQy92pb7LrzKQ1e1ZuA="></latexit>

�i ·
X

S

xq�1
i,S =

X

S

xq
i,S · (�(S) + µi · q)

<latexit sha1_base64="Ta3MwpNbeFk5D0TzH/wQx6bWS/g=">AAACC3icbVDJSgNBEO2JW4xb1KOXIkHxEMKMxOUiBLx4jMQskBmHnk4nadKzpLtHDEPuXvwVLx4U8eoPePNv7CwHTXxQ8Hiviqp6XsSZVKb5baSWlldW19LrmY3Nre2d7O5eXYaxILRGQh6Kpocl5SygNcUUp81IUOx7nDa8/tXYb9xTIVkY3KphRB0fdwPWYQQrLbnZHByBLWPfTapQgAGM4MFNWAGqo7sBXIIFNrjZvFk0J4BFYs1IHs1QcbNfdjsksU8DRTiWsmWZkXISLBQjnI4ydixphEkfd2lL0wD7VDrJ5JcRHGqlDZ1Q6AoUTNTfEwn2pRz6nu70serJeW8s/ue1YtW5cBIWRLGiAZku6sQcVAjjYKDNBCWKDzXBRDB9K5AeFpgoHV9Gh2DNv7xI6idF66x4elPKl0uzONLoAOXQMbLQOSqja1RBNUTQI3pGr+jNeDJejHfjY9qaMmYz++gPjM8f89iXyQ==</latexit>X

S,q

xq
i,S = 1

<latexit sha1_base64="vlx/PIEmCXq5ZDW6+Wkj9VZSTjU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXjxGMA/ILmF20kmGzM4uM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dYSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkg1Ci6xabgR2EkU0igU2A7HdzO//YRK81g+mkmCQUSHkg84o8ZKfiXzGRWkMe3xi16p7FbdOcgq8XJShhyNXunL78csjVAaJqjWXc9NTJBRZTgTOC36qcaEsjEdYtdSSSPUQTa/eUrOrdIng1jZkobM1d8TGY20nkSh7YyoGellbyb+53VTM7gNMi6T1KBki0WDVBATk1kApM8VMiMmllCmuL2VsBFVlBkbU9GG4C2/vEpal1Xvunr1UCvXa3kcBTiFM6iABzdQh3toQBMYJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBAFCQ+w==</latexit>

(Pi)
<latexit sha1_base64="A26NIi/5lvMxvkjceF0i9HQ+fi8=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgQkoi9bEsuHFZ0T6gCWUynbRDJ5M4MxFK6G+4caGIW3/GnX/jJM1CWw9cOJxzL/fe48ecKW3b31ZpZXVtfaO8Wdna3tndq+4fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT24yv/tEpWKReNDTmHohHgkWMIK1kVw3iCTmHN2fPVYG1Zpdt3OgZeIUpAYFWoPqlzuMSBJSoQnHSvUdO9ZeiqVmhNNZxU0UjTGZ4BHtGypwSJWX5jfP0IlRhsisNyU0ytXfEykOlZqGvukMsR6rRS8T//P6iQ6uvZSJONFUkPmiIOFIRygLAA2ZpETzqSGYSGZuRWSMJSbaxJSF4Cy+vEw653Xnsn5x16g1G0UcZTiCYzgFB66gCbfQgjYQiOEZXuHNSqwX6936mLeWrGLmEP7A+vwB39KQ5A==</latexit>

8S, q

Fact: DLP is tighter [KSSW‘22] [YV‘24]

<latexit sha1_base64="HjkRy/Qfai+GWDjcV58jwGtkyK0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx48RjBLJIMoafTk7TpZejuEcKQr/DiQRGvfo43/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1kkP3VhpzDl67JUrftWfAS2TICcVyFHvlb+6fUVSQaUlHBvTCfzEhhnWlhFOJ6VuamiCyQgPaMdRiQU1YTY7eIJOnNJHbrcradFM/T2RYWHMWESuU2A7NIveVPzP66Q2vg4zJpPUUknmi+KUI6vQ9HvUZ5oSy8eOYKKZuxWRIdaYWJdRyYUQLL68TJpn1eCyenF3Xqmd53EU4QiO4RQCuIIa3EIdGkBAwDO8wpunvRfv3fuYtxa8fOYQ/sD7/AGL65A2</latexit>

8j

<latexit sha1_base64="nHN0J3H1hdpThQZqgTSTmozAZoc=">AAAB8nicbVDLSsNAFL2prxpfVZduBovgQkoi9bEsuHFZ0T4gjWUynbRDJ5M4MxFL6Ge4caGIW7/GnX/jpO1CWw9cOJxzL/feEyScKe0431ZhaXllda24bm9sbm3vlHb3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhle533qkUrFY3OlRQv0I9wULGcHaSN5TN2Mnt+P7B9vulspOxZkALRJ3RsowQ71b+ur0YpJGVGjCsVKe6yTaz7DUjHA6tjupogkmQ9ynnqECR1T52eTkMToySg+FsTQlNJqovycyHCk1igLTGWE9UPNeLv7neakOL/2MiSTVVJDpojDlSMco/x/1mKRE85EhmEhmbkVkgCUm2qSUh+DOv7xImqcV97xydlMt16qzOIpwAIdwDC5cQA2uoQ4NIBDDM7zCm6WtF+vd+pi2FqzZzD78gfX5AyvVkH4=</latexit>

xq
i,S



Dual formulation and properties

<latexit sha1_base64="Nzln4UwbKT2E0MwunWAC6CG1v9c=">AAAB+nicbVDLSsNAFL2prxpfqS7dDBbBRSmJ1Mey4MZlRfuANpTJdNIOnTycmSgl9lPcuFDErV/izr9x0mahrQcGDufcyz1zvJgzqWz72yisrK6tbxQ3za3tnd09q7TfklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vfJX57QcqJIvCOzWJqRvgYch8RrDSUt8q9fxIYM4Rq6DbCro3zb5Vtqv2DGiZODkpQ45G3/rqDSKSBDRUhGMpu44dKzfFQjHC6dTsJZLGmIzxkHY1DXFApZvOok/RsVYGSGfQL1Ropv7eSHEg5STw9GSA1Uguepn4n9dNlH/ppiyME0VDMj/kJxypCGU9oAETlCg+0QQTwXRWREZYYKJ0W1kJzuKXl0nrtOqcV89uauV6La+jCIdwBCfgwAXU4Roa0AQCj/AMr/BmPBkvxrvxMR8tGPnOAfyB8fkDeOWSJg==</latexit>

8i, S, q

<latexit sha1_base64="XaW8dwnMDfPMi8on/e2P6ymlMjo="></latexit>
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i=1
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mX
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<latexit sha1_base64="EYBqYULX+Km7T5e9TG2ckZ1Kpjg="></latexit>
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mX
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✓
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�j

◆
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↵i  �i · �1i , �qi  0 , ✓,�j � 0

Romeijn et al. [‘92] (transversality)



Dual formulation and properties

Lemma [AAS‘24]: DLP dual describes weakly coupled average-cost MDPs, where 
an optimal policy is characterized by queue length-dependent thresholds        .

<latexit sha1_base64="fnQMLLpTXQmdsCe2WsVyae7fys0=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiCIhzAjbsegF48RzALJJPT0VJImPYvdNUoY8h9ePCji1X/x5t/YSeagiQ8KHu9VUVXPi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u7VdZQoDjUeyUg1PaZBihBqKFBCM1bAAk9CwxveTPzGIygtovAeRzG4AeuHoic4QyN12j5IZF3RSR9OxrRbLNllewq6SJyMlEiGarf41fYjngQQIpdM65Zjx+imTKHgEsaFdqIhZnzI+tAyNGQBaDedXj2mR0bxaS9SpkKkU/X3RMoCrUeBZzoDhgM9703E/7xWgr0rNxVhnCCEfLaol0iKEZ1EQH2hgKMcGcK4EuZWygdMMY4mqIIJwZl/eZHUT8vORfn87qxUuc7iyJMDckiOiUMuSYXckiqpEU4UeSav5M16sl6sd+tj1pqzspl98gfW5w8r15JP</latexit>

�q⇤i



Dual formulation and properties

Lemma [AAS‘24]: DLP dual describes weakly coupled average-cost MDPs, where 
an optimal policy is characterized by queue length-dependent thresholds        .

<latexit sha1_base64="fnQMLLpTXQmdsCe2WsVyae7fys0=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiCIhzAjbsegF48RzALJJPT0VJImPYvdNUoY8h9ePCji1X/x5t/YSeagiQ8KHu9VUVXPi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u7VdZQoDjUeyUg1PaZBihBqKFBCM1bAAk9CwxveTPzGIygtovAeRzG4AeuHoic4QyN12j5IZF3RSR9OxrRbLNllewq6SJyMlEiGarf41fYjngQQIpdM65Zjx+imTKHgEsaFdqIhZnzI+tAyNGQBaDedXj2mR0bxaS9SpkKkU/X3RMoCrUeBZzoDhgM9703E/7xWgr0rNxVhnCCEfLaol0iKEZ1EQH2hgKMcGcK4EuZWygdMMY4mqIIJwZl/eZHUT8vORfn87qxUuc7iyJMDckiOiUMuSYXckiqpEU4UeSav5M16sl6sd+tj1pqzspl98gfW5w8r15JP</latexit>

�q⇤i



Dual formulation and properties

Lemma [AAS‘24]: DLP describes weakly coupled average-cost MDPs, where an 
optimal policy is characterized by queue length-dependent thresholds        .

o Matching set:

o Thresholds on reduced costs: 

                  and 

<latexit sha1_base64="sxgwER8qaMYEyMFsUw6LFHFhZCQ=">AAACG3icbVDJSgNBFOyJW4zbqEcvjUEQlzAT3I5BLx4jMQtko6fzYpr0LOnuEcIw/+HFX/HiQRFPggf/xk4yh5hY0FBU1eP1KyfgTCrL+jFSC4tLyyvp1cza+sbmlrm9U5F+KCiUqc99UXOIBM48KCumONQCAcR1OFSd/s3Irz6CkMz37tUwgKZLHjzWZZQoLbXNfKkVnQ7idsTihgwdCQoGuNQ60sLJIMbTWnQ8ybXNrJWzxsDzxE5IFiUots2vRsenoQueopxIWbetQDUjIhSjHOJMI5QQENonD1DX1CMuyGY0vi3GB1rp4K4v9PMUHqvTExFxpRy6jk66RPXkrDcS//PqoepeNSPmBaECj04WdUOOlY9HReEOE0AVH2pCqGD6r5j2iCBU6TozugR79uR5Usnn7Ivc+d1ZtnCd1JFGe2gfHSIbXaICukVFVEYUPaEX9IbejWfj1fgwPifRlJHM7KI/ML5/AbwOod0=</latexit>
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i

<latexit sha1_base64="4DC4vLDndbPudG9/AKVWNJQ+wkU="></latexit>
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⇢
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� <latexit sha1_base64="v90wJDTTlczwN673SE+BB5TsXR0="></latexit>
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⇢
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Dual formulation and properties

Lemma [AAS‘24]: DLP describes weakly coupled average-cost MDPs, where an 
optimal policy is characterized by queue length-dependent thresholds        .

o Matching set:

o Thresholds on reduced costs: 

                  and 

<latexit sha1_base64="sxgwER8qaMYEyMFsUw6LFHFhZCQ=">AAACG3icbVDJSgNBFOyJW4zbqEcvjUEQlzAT3I5BLx4jMQtko6fzYpr0LOnuEcIw/+HFX/HiQRFPggf/xk4yh5hY0FBU1eP1KyfgTCrL+jFSC4tLyyvp1cza+sbmlrm9U5F+KCiUqc99UXOIBM48KCumONQCAcR1OFSd/s3Irz6CkMz37tUwgKZLHjzWZZQoLbXNfKkVnQ7idsTihgwdCQoGuNQ60sLJIMbTWnQ8ybXNrJWzxsDzxE5IFiUots2vRsenoQueopxIWbetQDUjIhSjHOJMI5QQENonD1DX1CMuyGY0vi3GB1rp4K4v9PMUHqvTExFxpRy6jk66RPXkrDcS//PqoepeNSPmBaECj04WdUOOlY9HReEOE0AVH2pCqGD6r5j2iCBU6TozugR79uR5Usnn7Ivc+d1ZtnCd1JFGe2gfHSIbXaICukVFVEYUPaEX9IbejWfj1fgwPifRlJHM7KI/ML5/AbwOod0=</latexit>

S�q
i ✓ S⇤

i,q ✓ S+q
i

<latexit sha1_base64="4DC4vLDndbPudG9/AKVWNJQ+wkU="></latexit>
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⇢
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�

reduced cost reduced cost

<latexit sha1_base64="v90wJDTTlczwN673SE+BB5TsXR0="></latexit>
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Dual formulation and properties

Lemma [AAS‘24]: DLP describes weakly coupled average-cost MDPs, where an 
optimal policy is characterized by queue length-dependent thresholds        .

o Matching set:

o Thresholds on reduced costs: 

                  and 

<latexit sha1_base64="sxgwER8qaMYEyMFsUw6LFHFhZCQ=">AAACG3icbVDJSgNBFOyJW4zbqEcvjUEQlzAT3I5BLx4jMQtko6fzYpr0LOnuEcIw/+HFX/HiQRFPggf/xk4yh5hY0FBU1eP1KyfgTCrL+jFSC4tLyyvp1cza+sbmlrm9U5F+KCiUqc99UXOIBM48KCumONQCAcR1OFSd/s3Irz6CkMz37tUwgKZLHjzWZZQoLbXNfKkVnQ7idsTihgwdCQoGuNQ60sLJIMbTWnQ8ybXNrJWzxsDzxE5IFiUots2vRsenoQueopxIWbetQDUjIhSjHOJMI5QQENonD1DX1CMuyGY0vi3GB1rp4K4v9PMUHqvTExFxpRy6jk66RPXkrDcS//PqoepeNSPmBaECj04WdUOOlY9HReEOE0AVH2pCqGD6r5j2iCBU6TozugR79uR5Usnn7Ivc+d1ZtnCd1JFGe2gfHSIbXaICukVFVEYUPaEX9IbejWfj1fgwPifRlJHM7KI/ML5/AbwOod0=</latexit>

S�q
i ✓ S⇤

i,q ✓ S+q
i

<latexit sha1_base64="4DC4vLDndbPudG9/AKVWNJQ+wkU="></latexit>

S�q
i =

⇢
j 2 [m] : ci,j +

�⇤
j

�j
� ✓⇤ < �q⇤i

�

thresholds   
=marginal costs

<latexit sha1_base64="v90wJDTTlczwN673SE+BB5TsXR0="></latexit>

S+q
i =

⇢
j 2 [m] : ci,j +

�⇤
j

�j
� ✓⇤  �q⇤i

�



Dual formulation and properties

Lemma [AAS‘24]: DLP describes weakly coupled average-cost MDPs, where an 
optimal policy is characterized by queue length-dependent thresholds        .

o Matching set:

o Thresholds on reduced costs: 

                  and 

<latexit sha1_base64="sxgwER8qaMYEyMFsUw6LFHFhZCQ=">AAACG3icbVDJSgNBFOyJW4zbqEcvjUEQlzAT3I5BLx4jMQtko6fzYpr0LOnuEcIw/+HFX/HiQRFPggf/xk4yh5hY0FBU1eP1KyfgTCrL+jFSC4tLyyvp1cza+sbmlrm9U5F+KCiUqc99UXOIBM48KCumONQCAcR1OFSd/s3Irz6CkMz37tUwgKZLHjzWZZQoLbXNfKkVnQ7idsTihgwdCQoGuNQ60sLJIMbTWnQ8ybXNrJWzxsDzxE5IFiUots2vRsenoQueopxIWbetQDUjIhSjHOJMI5QQENonD1DX1CMuyGY0vi3GB1rp4K4v9PMUHqvTExFxpRy6jk66RPXkrDcS//PqoepeNSPmBaECj04WdUOOlY9HReEOE0AVH2pCqGD6r5j2iCBU6TozugR79uR5Usnn7Ivc+d1ZtnCd1JFGe2gfHSIbXaICukVFVEYUPaEX9IbejWfj1fgwPifRlJHM7KI/ML5/AbwOod0=</latexit>

S�q
i ✓ S⇤

i,q ✓ S+q
i

<latexit sha1_base64="4DC4vLDndbPudG9/AKVWNJQ+wkU="></latexit>

S�q
i =

⇢
j 2 [m] : ci,j +

�⇤
j

�j
� ✓⇤ < �q⇤i

�

throughput reward

<latexit sha1_base64="v90wJDTTlczwN673SE+BB5TsXR0="></latexit>

S+q
i =

⇢
j 2 [m] : ci,j +

�⇤
j

�j
� ✓⇤  �q⇤i

�



Dual formulation and properties

Lemma [AAS‘24]: DLP describes weakly coupled average-cost MDPs, where an 
optimal policy is characterized by queue length-dependent thresholds        .

o Matching set:

o Thresholds on reduced costs: 

                  and 

<latexit sha1_base64="sxgwER8qaMYEyMFsUw6LFHFhZCQ=">AAACG3icbVDJSgNBFOyJW4zbqEcvjUEQlzAT3I5BLx4jMQtko6fzYpr0LOnuEcIw/+HFX/HiQRFPggf/xk4yh5hY0FBU1eP1KyfgTCrL+jFSC4tLyyvp1cza+sbmlrm9U5F+KCiUqc99UXOIBM48KCumONQCAcR1OFSd/s3Irz6CkMz37tUwgKZLHjzWZZQoLbXNfKkVnQ7idsTihgwdCQoGuNQ60sLJIMbTWnQ8ybXNrJWzxsDzxE5IFiUots2vRsenoQueopxIWbetQDUjIhSjHOJMI5QQENonD1DX1CMuyGY0vi3GB1rp4K4v9PMUHqvTExFxpRy6jk66RPXkrDcS//PqoepeNSPmBaECj04WdUOOlY9HReEOE0AVH2pCqGD6r5j2iCBU6TozugR79uR5Usnn7Ivc+d1ZtnCd1JFGe2gfHSIbXaICukVFVEYUPaEX9IbejWfj1fgwPifRlJHM7KI/ML5/AbwOod0=</latexit>

S�q
i ✓ S⇤

i,q ✓ S+q
i

<latexit sha1_base64="4DC4vLDndbPudG9/AKVWNJQ+wkU="></latexit>

S�q
i =

⇢
j 2 [m] : ci,j +

�⇤
j

�j
� ✓⇤ < �q⇤i

�

shadow price (contention)

<latexit sha1_base64="v90wJDTTlczwN673SE+BB5TsXR0="></latexit>

S+q
i =

⇢
j 2 [m] : ci,j +

�⇤
j

�j
� ✓⇤  �q⇤i

�



Dual formulation and properties

Lemma [AAS‘24]: DLP describes weakly coupled average-cost MDPs, where an 
optimal policy is characterized by queue length-dependent thresholds        .

Lemma [AAS‘24]: Thresholds               are monotone increasing and concave.
<latexit sha1_base64="av8TkJOkpKyVey34SzN5hEhUp/g=">AAAB+nicbVC5TsNAEF2HK4TLgZJmRYQUKCIbcZURNJRBIoeUGGu9HierrI/srkGRyafQUIAQLV9Cx9+wOQpIeNJIT+/NaGael3AmlWV9G7ml5ZXVtfx6YWNza3vHLO42ZJwKCnUa81i0PCKBswjqiikOrUQACT0OTa9/PfabDyAki6M7NUzACUk3YgGjRGnJNYvljg9cEZfdZ4Pj0ZE7cM2SVbEmwIvEnpESmqHmml8dP6ZpCJGinEjZtq1EORkRilEOo0InlZAQ2iddaGsakRCkk01OH+FDrfg4iIWuSOGJ+nsiI6GUw9DTnSFRPTnvjcX/vHaqgksnY1GSKojodFGQcqxiPM4B+0wAVXyoCaGC6Vsx7RFBqNJpFXQI9vzLi6RxUrHPK2e3p6Xq1SyOPNpHB6iMbHSBqugG1VAdUfSIntErejOejBfj3fiYtuaM2cwe+gPj8wel25Of</latexit>

(�q⇤i )q

<latexit sha1_base64="fnQMLLpTXQmdsCe2WsVyae7fys0=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiCIhzAjbsegF48RzALJJPT0VJImPYvdNUoY8h9ePCji1X/x5t/YSeagiQ8KHu9VUVXPi6XQaNvfVm5peWV1Lb9e2Njc2t4p7u7VdZQoDjUeyUg1PaZBihBqKFBCM1bAAk9CwxveTPzGIygtovAeRzG4AeuHoic4QyN12j5IZF3RSR9OxrRbLNllewq6SJyMlEiGarf41fYjngQQIpdM65Zjx+imTKHgEsaFdqIhZnzI+tAyNGQBaDedXj2mR0bxaS9SpkKkU/X3RMoCrUeBZzoDhgM9703E/7xWgr0rNxVhnCCEfLaol0iKEZ1EQH2hgKMcGcK4EuZWygdMMY4mqIIJwZl/eZHUT8vORfn87qxUuc7iyJMDckiOiUMuSYXckiqpEU4UeSav5M16sl6sd+tj1pqzspl98gfW5w8r15JP</latexit>

�q⇤i



“Reasonable” adaptive policies

i
j2

j3j1

j5

j4
i

j2

j3j1

j5

j4

<latexit sha1_base64="TaAHm70NnkYp19JvGNC74qgxN14=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAjVRUnE17LoxmVF+4A2hslk2g6dTMLMTaGE/okbF4q49U/c+TdO2yy09cCFwzn3cu89QSK4Bsf5tpaWV1bX1gsbxc2t7Z1de2+/oeNUUVansYhVKyCaCS5ZHTgI1koUI1EgWDMY3E785pApzWP5CKOEeRHpSd7llICRfNt+KHdCJoD4/ClzT8cnvl1yKs4UeJG4OSmhHDXf/uqEMU0jJoEKonXbdRLwMqKAU8HGxU6qWULogPRY21BJIqa9bHr5GB8bJcTdWJmSgKfq74mMRFqPosB0RgT6et6biP957RS6117GZZICk3S2qJsKDDGexIBDrhgFMTKEUMXNrZj2iSIUTFhFE4I7//IiaZxV3MvKxf15qXqTx1FAh+gIlZGLrlAV3aEaqiOKhugZvaI3K7NerHfrY9a6ZOUzB+gPrM8fWxWS2A==</latexit>

S(�1⇤i )
<latexit sha1_base64="Yq1/mj0gZx2x+GKNCII8e2u3Egc=">AAACFXicbVDJSgNBEO2JW4xb1KOXxiBEkTAjRj0GvXiMaBZIYujpVJImPYvdNUIY8hNe/BUvHhTxKnjzb+wsh5j4oODxXhVV9dxQCo22/WMlFhaXlleSq6m19Y3NrfT2TlkHkeJQ4oEMVNVlGqTwoYQCJVRDBcxzJVTc3tXQrzyC0iLw77AfQsNjHV+0BWdopGb6+DZbb4FE1hT3cf5ocEjrOgo1IDzQacsZWs10xs7ZI9B54kxIhkxQbKa/662ARx74yCXTuubYITZiplBwCYNUPdIQMt5jHagZ6jMPdCMefTWgB0Zp0XagTPlIR+r0RMw8rfueazo9hl096w3F/7xahO2LRiz8MELw+XhRO5IUAzqMiLaEAo6ybwjjSphbKe8yxTiaIFMmBGf25XlSPsk5Z7n8zWmmcDmJI0n2yD7JEoeckwK5JkVSIpw8kRfyRt6tZ+vV+rA+x60JazKzS/7A+voFVaidrQ==</latexit>

S(�5⇤i ) ◆ S(�1⇤i )

reduced costs
<latexit sha1_base64="8djk2lZyvtZEveRP61JAWpStogI=">AAACAXicbZDLSsNAFIYnXmu9Rd0IbgaLIKglEW/LohuXFewF2hAm00k77eTCzIlQQt34Km5cKOLWt3Dn2zhps9DWHwY+/nMOZ87vxYIrsKxvY25+YXFpubBSXF1b39g0t7brKkokZTUaiUg2PaKY4CGrAQfBmrFkJPAEa3iDm6zeeGBS8Si8h2HMnIB0Q+5zSkBbrrlL3ZQf90f4qO0xIG4fn7Shl5FZssrWWHgW7BxKKFfVNb/anYgmAQuBCqJUy7ZicFIigVPBRsV2olhM6IB0WUtjSAKmnHR8wQgfaKeD/UjqFwIeu78nUhIoNQw83RkQ6KnpWmb+V2sl4F85KQ/jBFhIJ4v8RGCIcBYH7nDJKIihBkIl13/FtEckoaBDK+oQ7OmTZ6F+WrYvyud3Z6XKdR5HAe2hfXSIbHSJKugWVVENUfSIntErejOejBfj3fiYtM4Z+cwO+iPj8wdI+ZYp</latexit>

ci,j + �j � ✓ reduced costs



Can we solve (DLP) efficiently?

Proof ideas:

1. State space collapse: limited adaptivity

2. Efficient separation oracle: for sliding ellipsoid, both on primal & dual



Can we solve (DLP) efficiently?

Proof ideas:

1. State space collapse: limited adaptivity

2. Efficient separation oracle: for sliding ellipsoid, both on primal & dual

Theorem 1 [AAS‘24]: There is a fully polynomial-time approximation scheme for D-LP.



Can we solve (DLP) efficiently?

Proof ideas:

1. State space collapse: limited adaptivity

2. Efficient separation oracle: sliding ellipsoid, using both primal & dual

Theorem 1 [AAS‘24]: There is a fully polynomial-time approximation scheme for D-LP.
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On adaptivity

o  Definition: A    -bounded solution uses up to      agents in each queue.

o  An instance is            -adapted if any solution’s matching rates can be 
approximated by some     -bounded solution within factor 1-    .

o  Easy: 

<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q



On adaptivity

o  Definition: A     -bounded solution uses up to      agents in each queue.

o  An instance is -adapted if any solution’s matching rates can be 
approximated by some     -bounded solution within factor 1-    .

o  Easy: 

<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
<latexit sha1_base64="58iDCE41WIxYfeUaB9433sMo0y4=">AAAB83icbVDLSgNBEJz1GeMr6tHLYhAiSNgVX8egF48JmAdklzA76U2GzM4MM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dkWRUG8/7dlZW19Y3Ngtbxe2d3b390sFhS4tUEWgSwYTqRFgDoxyahhoGHakAJxGDdjS6n/rtJ1CaCv5oxhLCBA84jSnBxkpBpXEegNSUCX7WK5W9qjeDu0z8nJRRjnqv9BX0BUkT4IYwrHXX96QJM6wMJQwmxSDVIDEZ4QF0LeU4AR1ms5sn7qlV+m4slC1u3Jn6eyLDidbjJLKdCTZDvehNxf+8bmri2zCjXKYGOJkvilPmGuFOA3D7VAExbGwJJoraW10yxAoTY2Mq2hD8xZeXSeui6l9XrxqX5dpdHkcBHaMTVEE+ukE19IDqqIkIkugZvaI3J3VenHfnY9664uQzR+gPnM8fJf+RIA==</latexit>

(Q, ✏)
<latexit sha1_base64="TiunfhzdNARBSysZ2a0a3HeyOmI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqdzHRXMSyV664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt3Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgIeIZXeHMenRfn3fmYtxacfOYQ/sD5/AFQEZAq</latexit>✏

<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q



On adaptivity

o  Definition: A     -bounded solution uses up to      agents in each queue.

o  An instance is            -adapted if any solution’s matching rates can be 
approximated by some     -bounded solution within factor 1-    .

o  Easy upper bound: 

<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
<latexit sha1_base64="58iDCE41WIxYfeUaB9433sMo0y4=">AAAB83icbVDLSgNBEJz1GeMr6tHLYhAiSNgVX8egF48JmAdklzA76U2GzM4MM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dkWRUG8/7dlZW19Y3Ngtbxe2d3b390sFhS4tUEWgSwYTqRFgDoxyahhoGHakAJxGDdjS6n/rtJ1CaCv5oxhLCBA84jSnBxkpBpXEegNSUCX7WK5W9qjeDu0z8nJRRjnqv9BX0BUkT4IYwrHXX96QJM6wMJQwmxSDVIDEZ4QF0LeU4AR1ms5sn7qlV+m4slC1u3Jn6eyLDidbjJLKdCTZDvehNxf+8bmri2zCjXKYGOJkvilPmGuFOA3D7VAExbGwJJoraW10yxAoTY2Mq2hD8xZeXSeui6l9XrxqX5dpdHkcBHaMTVEE+ukE19IDqqIkIkugZvaI3J3VenHfnY9664uQzR+gPnM8fJf+RIA==</latexit>

(Q, ✏)
<latexit sha1_base64="TiunfhzdNARBSysZ2a0a3HeyOmI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqdzHRXMSyV664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt3Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgIeIZXeHMenRfn3fmYtxacfOYQ/sD5/AFQEZAq</latexit>✏

<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q

<latexit sha1_base64="WPekUpywdMxJ+PEGaA4y/674tDQ="></latexit>

Q = O
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On adaptivity

o  Definition: A     -bounded solution uses up to      agents in each queue.

o  An instance is            -adapted if any solution’s matching rates can be 
approximated by some     -bounded solution within factor 1-    .

o  Easy upper bound: 

Lemma [AAS‘24]: Every instance is            ,     -adapted.  <latexit sha1_base64="TiunfhzdNARBSysZ2a0a3HeyOmI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqdzHRXMSyV664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt3Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgIeIZXeHMenRfn3fmYtxacfOYQ/sD5/AFQEZAq</latexit>✏
<latexit sha1_base64="qFbRHe6myerxP5lu8SBBlTNUUIM="></latexit>

Q = O

⇣
log

⇣
⌧max

✏⌧⇤

⌘⌘

<latexit sha1_base64="WPekUpywdMxJ+PEGaA4y/674tDQ="></latexit>

Q = O
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<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q
<latexit sha1_base64="58iDCE41WIxYfeUaB9433sMo0y4=">AAAB83icbVDLSgNBEJz1GeMr6tHLYhAiSNgVX8egF48JmAdklzA76U2GzM4MM7NCWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dkWRUG8/7dlZW19Y3Ngtbxe2d3b390sFhS4tUEWgSwYTqRFgDoxyahhoGHakAJxGDdjS6n/rtJ1CaCv5oxhLCBA84jSnBxkpBpXEegNSUCX7WK5W9qjeDu0z8nJRRjnqv9BX0BUkT4IYwrHXX96QJM6wMJQwmxSDVIDEZ4QF0LeU4AR1ms5sn7qlV+m4slC1u3Jn6eyLDidbjJLKdCTZDvehNxf+8bmri2zCjXKYGOJkvilPmGuFOA3D7VAExbGwJJoraW10yxAoTY2Mq2hD8xZeXSeui6l9XrxqX5dpdHkcBHaMTVEE+ukE19IDqqIkIkugZvaI3J3VenHfnY9664uQzR+gPnM8fJf+RIA==</latexit>

(Q, ✏)
<latexit sha1_base64="TiunfhzdNARBSysZ2a0a3HeyOmI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYnvcmQ2dl1ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVZqdzHRXMSyV664VXcGsky8nFQgR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nrt3Qk6s0idhrGxJQ2bq74mMRlqPo8B2RtQM9aI3Ff/zOqkJr/2MyyQ1KNl8UZgKYmIyfZ70uUJmxNgSyhS3txI2pIoyYyMq2RC8xZeXSfOs6l1WL+7PK7WbPI4iHMExnIIHV1CDO6hDAxgIeIZXeHMenRfn3fmYtxacfOYQ/sD5/AFQEZAq</latexit>✏

<latexit sha1_base64="Y1hJizHldN0mHgwN50bchS+3n+E=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivV671S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHrl2M3w==</latexit>

Q



Step 1 - Sensitivity

q-1 q

<latexit sha1_base64="kivD0DwuDZh8HpXoLcX+FqIyCUQ=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjcsK9iHtUDKZTBuaZIYkI5ShX+HGhSJu/Rx3/o3pdBbaeiBwOOdccu8JEs60cd1vp7Syura+Ud6sbG3v7O5V9w/aOk4VoS0S81h1A6wpZ5K2DDOcdhNFsQg47QTj25nfeaJKs1g+mElCfYGHkkWMYGOlxz630RAP2KBac+tuDrRMvILUoEBzUP3qhzFJBZWGcKx1z3MT42dYGUY4nVb6qaYJJmM8pD1LJRZU+1m+8BSdWCVEUazskwbl6u+JDAutJyKwSYHNSC96M/E/r5ea6NrPmExSQyWZfxSlHJkYza5HIVOUGD6xBBPF7K6IjLDCxNiOKrYEb/HkZdI+q3uX9Yv781rjpqijDEdwDKfgwRU04A6a0AICAp7hFd4c5bw4787HPFpyiplD+APn8we+75Bj</latexit>

�i

<latexit sha1_base64="6nzO2B5o6bfb3vYsow2yiEFyvgU=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahKpREfC2LblxWtA9oYphMJ+3QmSSdmQglFNz4K25cKOLWn3Dn3zhts9DWAxcO59zLvff4MaNSWda3kZubX1hcyi8XVlbX1jfMza26jBKBSQ1HLBJNH0nCaEhqiipGmrEgiPuMNPze1chvPBAhaRTeqUFMXI46IQ0oRkpLnrnj8MSjsA+PoNNBnKPS7X162B969MAzi1bZGgPOEjsjRZCh6plfTjvCCSehwgxJ2bKtWLkpEopiRoYFJ5EkRriHOqSlaYg4kW46/mEI97XShkEkdIUKjtXfEyniUg64rzs5Ul057Y3E/7xWooILN6VhnCgS4smiIGFQRXAUCGxTQbBiA00QFlTfCnEXCYSVjq2gQ7CnX54l9eOyfVY+vTkpVi6zOPJgF+yBErDBOaiAa1AFNYDBI3gGr+DNeDJejHfjY9KaM7KZbfAHxucP9uKWdw==</latexit>

µiq + �(S⇤q
i )

Sensitivity: we can inflate, deflate each 

rates by           -fraction with small loss.
<latexit sha1_base64="zSqxXam+GDgKDdPi+Uj2xqm9x9Q=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2FXfB2DXrwZwTxgs4TZyWwyZHZmmekVwpLP8OJBEa9+jTf/xkmyB00saCiquunuChPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCS5ZEzgI1kk0I3EoWDsc3U799hPThiv5COOEBTEZSB5xSsBK/n21yxLDhZKnvXLFrbkz4GXi5aSCcjR65a9uX9E0ZhKoIMb4nptAkBENnAo2KXVTwxJCR2TAfEsliZkJstnJE3xilT6OlLYlAc/U3xMZiY0Zx6HtjAkMzaI3Ff/z/BSi6yDjMkmBSTpfFKUCg8LT/3Gfa0ZBjC0hVHN7K6ZDogkFm1LJhuAtvrxMWmc177J28XBeqd/kcRTRETpGVeShK1RHd6iBmogihZ7RK3pzwHlx3p2PeWvByWcO0R84nz+5UJDo</latexit>

O(✏)



Step 2 – Distribution design problem

<latexit sha1_base64="2nFx5wzLSS5mBbpPc6jyo0rSoAY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSzvzThBP6IDyUPOqLFS/bFXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lX5sl4pVStZHHk4gVM4Bw+uoQp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8AdqnjPE=</latexit>q

<latexit sha1_base64="hveKjGpDFFEw7FAz3ZgZBh3XE98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQy/h/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenlfq9RreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFOx43J</latexit>⇡



Step 2 – Distribution design problem

<latexit sha1_base64="RNag7/Xi0a8ged/fWlIXB3Vl9BU=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahIpRE6mNZcOOygn1AE8pkOm2HTiZhZiKEUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3niDmTGnH+bYKa+sbm1vF7dLO7t7+gX141FZRIgltkYhHshtgRTkTtKWZ5rQbS4rDgNNOMLmd+Z1HKhWLxINOY+qHeCTYkBGsjdS3y55mIVWo6p57NFaMR+Ksb1ecmjMHWiVuTiqQo9m3v7xBRJKQCk04VqrnOrH2Myw1I5xOS16iaIzJBI9oz1CBzUY/mx8/RadGGaBhJE0Jjebq74kMh0qlYWA6Q6zHatmbif95vUQPb/yMiTjRVJDFomHCkY7QLAk0YJISzVNDMJHM3IrIGEtMtMmrZEJwl19eJe2LmntVu7yvVxr1PI4iHMMJVMGFa2jAHTShBQRSeIZXeLOerBfr3fpYtBasfKYMf2B9/gCJbJQG</latexit>

⇥(1 + ✏) <latexit sha1_base64="9CI53T1wZIvZiziQqsntk+jpUz0=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKmJJpD6WBTcuK9gHNLFMprd16GQSZiZCCXXjr7hxoYhb/8Kdf+O0zUJbD1w4nHMv994TxJwp7TjfVm5hcWl5Jb9aWFvf2Nyyt3caKkokhTqNeCRbAVHAmYC6ZppDK5ZAwoBDMxhcjf3mA0jFInGrhzH4IekL1mOUaCN17D1PsxAULrnHHsSK8Ugc3aUn7qhjF52yMwGeJ25GiihDrWN/ed2IJiEITTlRqu06sfZTIjWjHEYFL1EQEzogfWgbKohZ66eTD0b40Chd3IukKaHxRP09kZJQqWEYmM6Q6Hs1643F/7x2onuXfspEnGgQdLqol3CsIzyOA3eZBKr50BBCJTO3YnpPJKHahFYwIbizL8+TxmnZPS+f3VSK1UoWRx7towNUQi66QFV0jWqojih6RM/oFb1ZT9aL9W59TFtzVjazi/7A+vwB/NmV7A==</latexit>

⇥(1 + ✏)�1

<latexit sha1_base64="2nFx5wzLSS5mBbpPc6jyo0rSoAY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSzvzThBP6IDyUPOqLFS/bFXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lX5sl4pVStZHHk4gVM4Bw+uoQp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8AdqnjPE=</latexit>q

<latexit sha1_base64="hveKjGpDFFEw7FAz3ZgZBh3XE98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQy/h/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenlfq9RreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFOx43J</latexit>⇡



Step 2 – Distribution design problem

<latexit sha1_base64="RNag7/Xi0a8ged/fWlIXB3Vl9BU=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahIpRE6mNZcOOygn1AE8pkOm2HTiZhZiKEUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3niDmTGnH+bYKa+sbm1vF7dLO7t7+gX141FZRIgltkYhHshtgRTkTtKWZ5rQbS4rDgNNOMLmd+Z1HKhWLxINOY+qHeCTYkBGsjdS3y55mIVWo6p57NFaMR+Ksb1ecmjMHWiVuTiqQo9m3v7xBRJKQCk04VqrnOrH2Myw1I5xOS16iaIzJBI9oz1CBzUY/mx8/RadGGaBhJE0Jjebq74kMh0qlYWA6Q6zHatmbif95vUQPb/yMiTjRVJDFomHCkY7QLAk0YJISzVNDMJHM3IrIGEtMtMmrZEJwl19eJe2LmntVu7yvVxr1PI4iHMMJVMGFa2jAHTShBQRSeIZXeLOerBfr3fpYtBasfKYMf2B9/gCJbJQG</latexit>

⇥(1 + ✏) <latexit sha1_base64="9CI53T1wZIvZiziQqsntk+jpUz0=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKmJJpD6WBTcuK9gHNLFMprd16GQSZiZCCXXjr7hxoYhb/8Kdf+O0zUJbD1w4nHMv994TxJwp7TjfVm5hcWl5Jb9aWFvf2Nyyt3caKkokhTqNeCRbAVHAmYC6ZppDK5ZAwoBDMxhcjf3mA0jFInGrhzH4IekL1mOUaCN17D1PsxAULrnHHsSK8Ugc3aUn7qhjF52yMwGeJ25GiihDrWN/ed2IJiEITTlRqu06sfZTIjWjHEYFL1EQEzogfWgbKohZ66eTD0b40Chd3IukKaHxRP09kZJQqWEYmM6Q6Hs1643F/7x2onuXfspEnGgQdLqol3CsIzyOA3eZBKr50BBCJTO3YnpPJKHahFYwIbizL8+TxmnZPS+f3VSK1UoWRx7towNUQi66QFV0jWqojih6RM/oFb1ZT9aL9W59TFtzVjazi/7A+vwB/NmV7A==</latexit>

⇥(1 + ✏)�1

<latexit sha1_base64="2nFx5wzLSS5mBbpPc6jyo0rSoAY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSzvzThBP6IDyUPOqLFS/bFXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lX5sl4pVStZHHk4gVM4Bw+uoQp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8AdqnjPE=</latexit>q

<latexit sha1_base64="hveKjGpDFFEw7FAz3ZgZBh3XE98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQy/h/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenlfq9RreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFOx43J</latexit>⇡



Step 2 – Distribution design problem

<latexit sha1_base64="P6wD+Puw4d6xnbSZFijQBC+uuSI=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXryZgHlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6387a+sbm1nZhp7i7t39wWDo6busoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO4yv/NElWaRfDTTmPoCjyQLGcEmkx4qzYtBqexW3TnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP57fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+imTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadoQ/CWX14l7cuqd129atbK9VoeRwFO4Qwq4MEN1OEeGtACAmN4hld4c4Tz4rw7H4vWNSefOYE/cD5/AA0FjY8=</latexit>

O(Q)
<latexit sha1_base64="P6wD+Puw4d6xnbSZFijQBC+uuSI=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXryZgHlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6387a+sbm1nZhp7i7t39wWDo6busoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO4yv/NElWaRfDTTmPoCjyQLGcEmkx4qzYtBqexW3TnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP57fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+imTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadoQ/CWX14l7cuqd129atbK9VoeRwFO4Qwq4MEN1OEeGtACAmN4hld4c4Tz4rw7H4vWNSefOYE/cD5/AA0FjY8=</latexit>

O(Q)

<latexit sha1_base64="2nFx5wzLSS5mBbpPc6jyo0rSoAY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSzvzThBP6IDyUPOqLFS/bFXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lX5sl4pVStZHHk4gVM4Bw+uoQp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8AdqnjPE=</latexit>q

<latexit sha1_base64="hveKjGpDFFEw7FAz3ZgZBh3XE98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQy/h/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenlfq9RreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFOx43J</latexit>⇡



Step 2 – Distribution design problem

<latexit sha1_base64="P6wD+Puw4d6xnbSZFijQBC+uuSI=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXryZgHlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6387a+sbm1nZhp7i7t39wWDo6busoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO4yv/NElWaRfDTTmPoCjyQLGcEmkx4qzYtBqexW3TnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP57fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+imTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadoQ/CWX14l7cuqd129atbK9VoeRwFO4Qwq4MEN1OEeGtACAmN4hld4c4Tz4rw7H4vWNSefOYE/cD5/AA0FjY8=</latexit>

O(Q)
<latexit sha1_base64="P6wD+Puw4d6xnbSZFijQBC+uuSI=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXryZgHlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6387a+sbm1nZhp7i7t39wWDo6busoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO4yv/NElWaRfDTTmPoCjyQLGcEmkx4qzYtBqexW3TnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP57fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+imTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadoQ/CWX14l7cuqd129atbK9VoeRwFO4Qwq4MEN1OEeGtACAmN4hld4c4Tz4rw7H4vWNSefOYE/cD5/AA0FjY8=</latexit>

O(Q)

<latexit sha1_base64="2nFx5wzLSS5mBbpPc6jyo0rSoAY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSzvzThBP6IDyUPOqLFS/bFXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lX5sl4pVStZHHk4gVM4Bw+uoQp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8AdqnjPE=</latexit>q

<latexit sha1_base64="hveKjGpDFFEw7FAz3ZgZBh3XE98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQy/h/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenlfq9RreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFOx43J</latexit>⇡



<latexit sha1_base64="P6wD+Puw4d6xnbSZFijQBC+uuSI=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXryZgHlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6387a+sbm1nZhp7i7t39wWDo6busoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO4yv/NElWaRfDTTmPoCjyQLGcEmkx4qzYtBqexW3TnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP57fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+imTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadoQ/CWX14l7cuqd129atbK9VoeRwFO4Qwq4MEN1OEeGtACAmN4hld4c4Tz4rw7H4vWNSefOYE/cD5/AA0FjY8=</latexit>

O(Q)
<latexit sha1_base64="P6wD+Puw4d6xnbSZFijQBC+uuSI=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXryZgHlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6387a+sbm1nZhp7i7t39wWDo6busoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO4yv/NElWaRfDTTmPoCjyQLGcEmkx4qzYtBqexW3TnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP57fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+imTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadoQ/CWX14l7cuqd129atbK9VoeRwFO4Qwq4MEN1OEeGtACAmN4hld4c4Tz4rw7H4vWNSefOYE/cD5/AA0FjY8=</latexit>

O(Q)

<latexit sha1_base64="hveKjGpDFFEw7FAz3ZgZBh3XE98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQy/h/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenlfq9RreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFOx43J</latexit>⇡

Step 2 – Distribution design problem

<latexit sha1_base64="P6wD+Puw4d6xnbSZFijQBC+uuSI=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXryZgHlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6387a+sbm1nZhp7i7t39wWDo6busoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO4yv/NElWaRfDTTmPoCjyQLGcEmkx4qzYtBqexW3TnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP57fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+imTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadoQ/CWX14l7cuqd129atbK9VoeRwFO4Qwq4MEN1OEeGtACAmN4hld4c4Tz4rw7H4vWNSefOYE/cD5/AA0FjY8=</latexit>

O(Q)

<latexit sha1_base64="2nFx5wzLSS5mBbpPc6jyo0rSoAY=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNPo4kXjxCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSzvzThBP6IDyUPOqLFS/bFXLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU1440+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNC/K3lX5sl4pVStZHHk4gVM4Bw+uoQp3UIMGMEB4hld4cx6cF+fd+Vi05pxs5hj+wPn8AdqnjPE=</latexit>q



<latexit sha1_base64="P6wD+Puw4d6xnbSZFijQBC+uuSI=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXryZgHlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6387a+sbm1nZhp7i7t39wWDo6busoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO4yv/NElWaRfDTTmPoCjyQLGcEmkx4qzYtBqexW3TnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP57fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+imTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadoQ/CWX14l7cuqd129atbK9VoeRwFO4Qwq4MEN1OEeGtACAmN4hld4c4Tz4rw7H4vWNSefOYE/cD5/AA0FjY8=</latexit>

O(Q)
<latexit sha1_base64="P6wD+Puw4d6xnbSZFijQBC+uuSI=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXryZgHlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6387a+sbm1nZhp7i7t39wWDo6busoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO4yv/NElWaRfDTTmPoCjyQLGcEmkx4qzYtBqexW3TnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP57fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+imTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadoQ/CWX14l7cuqd129atbK9VoeRwFO4Qwq4MEN1OEeGtACAmN4hld4c4Tz4rw7H4vWNSefOYE/cD5/AA0FjY8=</latexit>

O(Q)

<latexit sha1_base64="hveKjGpDFFEw7FAz3ZgZBh3XE98=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGNA9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQy/h/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+qenlfq9RreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFOx43J</latexit>⇡

Step 2 – Distribution design problem

<latexit sha1_base64="P6wD+Puw4d6xnbSZFijQBC+uuSI=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJexKfBwDXryZgHlAsoTZyWwyZGZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6387a+sbm1nZhp7i7t39wWDo6busoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO4yv/NElWaRfDTTmPoCjyQLGcEmkx4qzYtBqexW3TnQKvFyUoYcjUHpqz+MSCKoNIRjrXueGxs/xcowwums2E80jTGZ4BHtWSqxoNpP57fO0LlVhiiMlC1p0Fz9PZFiofVUBLZTYDPWy14m/uf1EhPe+imTcWKoJItFYcKRiVD2OBoyRYnhU0swUczeisgYK0yMjadoQ/CWX14l7cuqd129atbK9VoeRwFO4Qwq4MEN1OEeGtACAmN4hld4c4Tz4rw7H4vWNSefOYE/cD5/AA0FjY8=</latexit>

O(Q)

<latexit sha1_base64="dejIcPRT/Q22jchxZJm4RmpJQYI=">AAAB73icbVDLSsNAFL2pr1pfUZduBotQNyWR+tgIBTfubME+oA1lMp20QyeTdGYilNCfcONCEbf+jjv/xmmbhbYeuHA4517uvcePOVPacb6t3Nr6xuZWfruws7u3f2AfHjVVlEhCGyTikWz7WFHOBG1opjltx5Li0Oe05Y/uZn7riUrFIvGoJzH1QjwQLGAEayO1x+gWPZTq5z276JSdOdAqcTNShAy1nv3V7UckCanQhGOlOq4Tay/FUjPC6bTQTRSNMRnhAe0YKnBIlZfO752iM6P0URBJU0Kjufp7IsWhUpPQN50h1kO17M3E/7xOooMbL2UiTjQVZLEoSDjSEZo9j/pMUqL5xBBMJDO3IjLEEhNtIiqYENzll1dJ86LsXpUv65VitZLFkYcTOIUSuHANVbiHGjSAAIdneIU3a2y9WO/Wx6I1Z2Uzx/AH1ucPDxeOpQ==</latexit>

q = O(Q)
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Main algorithmic results

Corollary 1 [AAS‘24]: There is an FPTAS for the single-server setting.

Theorem 3 [AAS‘24]: There exists an online rounding of DLP that is  (1-1/e)-
approximate (lossless reduction to offline contention resolution).

Theorem 2 [AAS‘24]: The cost-throughput problem on d-Euclidan graphs with 
uniform reneging rates can be approximated within factor           in time         .

<latexit sha1_base64="1iCMj9FA4tFWNz/I1mxfaOvTMPw=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHbF1zHoxWME88BkCbOT3mTI7OwyMyuEJX/hxYMiXv0bb/6Nk2QPmljQUFR1090VJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/GbT6g0j+WDGSXoR7QvecgZNVZ69E47mGguYtktld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+bXjwmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1ITXfsZlkhqUbLYoTAUxMZm8T3pcITNiZAllittbCRtQRZmxIRVtCN78y4ukcVbxLisX9+fl6k0eRwEO4QhOwIMrqMId1KAODCQ8wyu8Odp5cd6dj1nrkpPPHMAfOJ8/K5+QnA==</latexit>

1� ✏
<latexit sha1_base64="NnQcqlBC89S9cb1SCiKMT+PBRv8=">AAACDnicbVDLSgMxFM3UV62vqks3wVKooGVGfC2LbnTXgn1AZyyZNG1DM8mQZIQynS9w46+4caGIW9fu/BvTdhZaPXDhcM693HuPHzKqtG1/WZmFxaXllexqbm19Y3Mrv73TUCKSmNSxYEK2fKQIo5zUNdWMtEJJUOAz0vSHVxO/eU+kooLf6lFIvAD1Oe1RjLSROvli7MoAhoKNkpJLQkWZ4HfxUTepHY5jFyMGb5LxQSdfsMv2FPAvcVJSACmqnfyn2xU4CgjXmCGl2o4dai9GUlPMSJJzI0VChIeoT9qGchQQ5cXTdxJYNEoX9oQ0xTWcqj8nYhQoNQp80xkgPVDz3kT8z2tHunfhxZSHkSYczxb1Iga1gJNsYJdKgjUbGYKwpOZWiAdIIqxNgjkTgjP/8l/SOC47Z+XT2kmhcpnGkQV7YB+UgAPOQQVcgyqoAwwewBN4Aa/Wo/VsvVnvs9aMlc7sgl+wPr4BKv+cLg==</latexit>

poly(✏�dQ, |I|)



Correlated LP-rounding approach [AS, ’22]

<latexit sha1_base64="Pvj9C/zdd8e6HiVyMUZVYM2m78A=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnBSwLJEfY2e8mS3b1jd04IIb/BxkIRW3+Qnf/GTXKFJj4YeLw3w8y8OJPCou9/e6WNza3tnfJuZW//4PCoenzSsmluGA9ZKlPTianlUmgeokDJO5nhVMWSt+Px3dxvP3FjRaofcZLxSNGhFolgFJ0U9lTeF/1qza/7C5B1EhSkBgWa/epXb5CyXHGNTFJru4GfYTSlBgWTfFbp5ZZnlI3pkHcd1VRxG00Xx87IhVMGJEmNK41kof6emFJl7UTFrlNRHNlVby7+53VzTG6jqdBZjlyz5aIklwRTMv+cDIThDOXEEcqMcLcSNqKGMnT5VFwIwerL66R1VQ/8evBwXWv4RRxlOINzuIQAbqAB99CEEBgIeIZXePO09+K9ex/L1pJXzJzCH3ifP9PQjqA=</latexit>

/
X

j

x⇤
i,j

<latexit sha1_base64="BQFW5caC2pGE5WSI6308jEZdc/E=">AAACA3icbVDLSgMxFM3UV62vUXe6CRZBRMpMFXRZcOOygn1AZxwyadqmTTJDkhHLMODGX3HjQhG3/oQ7/8a0zkJbDwQO59zLzTlhzKjSjvNlFRYWl5ZXiqultfWNzS17e6epokRi0sARi2Q7RIowKkhDU81IO5YE8ZCRVji6nPitOyIVjcSNHsfE56gvaI9ipI0U2HteLKNYR9BTCQ/SYQbvb4+DlJ4Ms8AuOxVnCjhP3JyUQY56YH963QgnnAiNGVKq4zqx9lMkNcWMZCUvUSRGeIT6pGOoQJwoP51myOChUbqwF0nzhIZT9fdGirhSYx6aSY70QM16E/E/r5Po3oWfUhEnmgj8c6iXMGgyTwqBXSoJ1mxsCMKSmr9CPEASYW1qK5kS3NnI86RZrbinler1Wbnm5HUUwT44AEfABeegBq5AHTQABg/gCbyAV+vRerberPef0YKV7+yCP7A+vgH3d5ep</latexit>

Servers

<latexit sha1_base64="N5P1ij0X8jmoL3woEiWg5wzNVKc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq8UG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPKE4zb</latexit>



Correlated LP-rounding approach [AS, ’22]

<latexit sha1_base64="Pvj9C/zdd8e6HiVyMUZVYM2m78A=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnBSwLJEfY2e8mS3b1jd04IIb/BxkIRW3+Qnf/GTXKFJj4YeLw3w8y8OJPCou9/e6WNza3tnfJuZW//4PCoenzSsmluGA9ZKlPTianlUmgeokDJO5nhVMWSt+Px3dxvP3FjRaofcZLxSNGhFolgFJ0U9lTeF/1qza/7C5B1EhSkBgWa/epXb5CyXHGNTFJru4GfYTSlBgWTfFbp5ZZnlI3pkHcd1VRxG00Xx87IhVMGJEmNK41kof6emFJl7UTFrlNRHNlVby7+53VzTG6jqdBZjlyz5aIklwRTMv+cDIThDOXEEcqMcLcSNqKGMnT5VFwIwerL66R1VQ/8evBwXWv4RRxlOINzuIQAbqAB99CEEBgIeIZXePO09+K9ex/L1pJXzJzCH3ifP9PQjqA=</latexit>

/
X

j

x⇤
i,j

<latexit sha1_base64="BQFW5caC2pGE5WSI6308jEZdc/E=">AAACA3icbVDLSgMxFM3UV62vUXe6CRZBRMpMFXRZcOOygn1AZxwyadqmTTJDkhHLMODGX3HjQhG3/oQ7/8a0zkJbDwQO59zLzTlhzKjSjvNlFRYWl5ZXiqultfWNzS17e6epokRi0sARi2Q7RIowKkhDU81IO5YE8ZCRVji6nPitOyIVjcSNHsfE56gvaI9ipI0U2HteLKNYR9BTCQ/SYQbvb4+DlJ4Ms8AuOxVnCjhP3JyUQY56YH963QgnnAiNGVKq4zqx9lMkNcWMZCUvUSRGeIT6pGOoQJwoP51myOChUbqwF0nzhIZT9fdGirhSYx6aSY70QM16E/E/r5Po3oWfUhEnmgj8c6iXMGgyTwqBXSoJ1mxsCMKSmr9CPEASYW1qK5kS3NnI86RZrbinler1Wbnm5HUUwT44AEfABeegBq5AHTQABg/gCbyAV+vRerberPef0YKV7+yCP7A+vgH3d5ep</latexit>

Servers

j1
<latexit sha1_base64="yMLCDvnvK5SDNyJZJ29+Z+G/ZJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNTdPI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDyMY2E</latexit>

/ x⇤
i,j1

<latexit sha1_base64="Gt33nOHsarQt1aCzT5wV6mMFb28=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgImWmCrosuHFZwT6gHYdMmmmjmSQkGbEM9VfcuFDErR/izr8xbWehrQcuHM65l3vviSSj2njet1NYWl5ZXSuulzY2t7Z33N29lhapwqSJBROqEyFNGOWkaahhpCMVQUnESDu6v5z47QeiNBX8xowkCRI04DSmGBkrhW65J5WQRsDH2+Mwoyd3oT8O3YpX9aaAi8TPSQXkaITuV68vcJoQbjBDWnd9T5ogQ8pQzMi41Es1kQjfowHpWspRQnSQTY8fw0Or9GEslC1u4FT9PZGhROtREtnOBJmhnvcm4n9eNzXxRZBRLlNDOJ4tilMG7bOTJGCfKoING1mCsKL2VoiHSCFsbF4lG4I///IiadWq/mm1dn1WqXt5HEWwDw7AEfDBOaiDK9AATYDBCDyDV/DmPDkvzrvzMWstOPlMGfyB8/kDJWaUYQ==</latexit>

/ x⇤
i,j2

<latexit sha1_base64="9ShOq3heJryQ73lFrsVoyvDvhdA=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgImWmCrosuHFZwT6gHYdMmmmjmSQkGbEM9VfcuFDErR/izr8xbWehrQcuHM65l3vviSSj2njet1NYWl5ZXSuulzY2t7Z33N29lhapwqSJBROqEyFNGOWkaahhpCMVQUnESDu6v5z47QeiNBX8xowkCRI04DSmGBkrhW65J5WQRsDH2+Mwoyd3YW0cuhWv6k0BF4mfkwrI0Qjdr15f4DQh3GCGtO76njRBhpShmJFxqZdqIhG+RwPStZSjhOggmx4/hodW6cNYKFvcwKn6eyJDidajJLKdCTJDPe9NxP+8bmriiyCjXKaGcDxbFKcM2mcnScA+VQQbNrIEYUXtrRAPkULY2LxKNgR//uVF0qpV/dNq7fqsUvfyOIpgHxyAI+CDc1AHV6ABmgCDEXgGr+DNeXJenHfnY9ZacPKZMvgD5/MHJuuUYg==</latexit>

/ x⇤
i,j3

<latexit sha1_base64="K4VCbdaJ+HVieZ5gVtBh36PWKnk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgIiVpBV0W3LisYB/QxjCZTtqxk8kwMxFDqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7TyAYVdpxvq3Cyura+kZxs7S1vbO7Z+8ftFWcSExaOGax7AZIEUY5aWmqGekKSVAUMNIJxldTv/NApKIxv9WpIF6EhpyGFCNtJN8u94WMhY7h492pn9Gze78+8e2KU3VmgMvEzUkF5Gj69ld/EOMkIlxjhpTquY7QXoakppiRSamfKCIQHqMh6RnKUUSUl82On8BjowxgGEtTXMOZ+nsiQ5FSaRSYzgjpkVr0puJ/Xi/R4aWXUS4STTieLwoTBs2z0yTggEqCNUsNQVhScyvEIyQR1iavkgnBXXx5mbRrVbderd2cVxpOHkcRHIIjcAJccAEa4Bo0QQtgkIJn8ArerCfrxXq3PuatBSufKYM/sD5/AChwlGM=</latexit>

j2
<latexit sha1_base64="68ly2CDjqGNsaFnfvbKyIWvDLJI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8d+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5FtXZ3Wam7eRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHztY2F</latexit>

j1
<latexit sha1_base64="yMLCDvnvK5SDNyJZJ29+Z+G/ZJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNTdPI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDyMY2E</latexit>

j3
<latexit sha1_base64="Wc7yedgi4NQmgblPkunF170Wmfk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkr6LHgxWNF+wFtKJvtpl272YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuLaiFg94CThfkSHSoSCUbTS/WO/1i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadog3BW355lbSqFa9Wqd5dlutuHkcBTuEMLsCDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gD1OY2G</latexit>

j2
<latexit sha1_base64="68ly2CDjqGNsaFnfvbKyIWvDLJI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8d+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5FtXZ3Wam7eRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHztY2F</latexit>

j1
<latexit sha1_base64="yMLCDvnvK5SDNyJZJ29+Z+G/ZJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNTdPI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDyMY2E</latexit>

<latexit sha1_base64="N5P1ij0X8jmoL3woEiWg5wzNVKc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq8UG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPKE4zb</latexit>

Compatibility-sets = Pooling effects



Correlated LP-rounding approach [AS, ’22]

<latexit sha1_base64="Pvj9C/zdd8e6HiVyMUZVYM2m78A=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJgYxnBSwLJEfY2e8mS3b1jd04IIb/BxkIRW3+Qnf/GTXKFJj4YeLw3w8y8OJPCou9/e6WNza3tnfJuZW//4PCoenzSsmluGA9ZKlPTianlUmgeokDJO5nhVMWSt+Px3dxvP3FjRaofcZLxSNGhFolgFJ0U9lTeF/1qza/7C5B1EhSkBgWa/epXb5CyXHGNTFJru4GfYTSlBgWTfFbp5ZZnlI3pkHcd1VRxG00Xx87IhVMGJEmNK41kof6emFJl7UTFrlNRHNlVby7+53VzTG6jqdBZjlyz5aIklwRTMv+cDIThDOXEEcqMcLcSNqKGMnT5VFwIwerL66R1VQ/8evBwXWv4RRxlOINzuIQAbqAB99CEEBgIeIZXePO09+K9ex/L1pJXzJzCH3ifP9PQjqA=</latexit>

/
X

j

x⇤
i,j

<latexit sha1_base64="BQFW5caC2pGE5WSI6308jEZdc/E=">AAACA3icbVDLSgMxFM3UV62vUXe6CRZBRMpMFXRZcOOygn1AZxwyadqmTTJDkhHLMODGX3HjQhG3/oQ7/8a0zkJbDwQO59zLzTlhzKjSjvNlFRYWl5ZXiqultfWNzS17e6epokRi0sARi2Q7RIowKkhDU81IO5YE8ZCRVji6nPitOyIVjcSNHsfE56gvaI9ipI0U2HteLKNYR9BTCQ/SYQbvb4+DlJ4Ms8AuOxVnCjhP3JyUQY56YH963QgnnAiNGVKq4zqx9lMkNcWMZCUvUSRGeIT6pGOoQJwoP51myOChUbqwF0nzhIZT9fdGirhSYx6aSY70QM16E/E/r5Po3oWfUhEnmgj8c6iXMGgyTwqBXSoJ1mxsCMKSmr9CPEASYW1qK5kS3NnI86RZrbinler1Wbnm5HUUwT44AEfABeegBq5AHTQABg/gCbyAV+vRerberPef0YKV7+yCP7A+vgH3d5ep</latexit>

Servers

<latexit sha1_base64="YWqr6HxX3hHSXLK+TwTO5BLBbio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvHisYD+gDWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZQ2Nre2d8q7lb39g8Oj6vFJx8SpZrzNYhnrXkANl0LxNgqUvJdoTqNA8m4wvZv73SeujYjVI2YJ9yM6ViIUjKKVulcDoULMhtWaW3cXIOvEK0gNCrSG1a/BKGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny/OnZELq4xIGGtbCslC/T2R08iYLApsZ0RxYla9ufif108xvPVzoZIUuWLLRWEqCcZk/jsZCc0ZyswSyrSwtxI2oZoytAlVbAje6svrpHNd99y699CoNd0ijjKcwTlcggc30IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8ASPwj18=</latexit>

Customersj1
<latexit sha1_base64="yMLCDvnvK5SDNyJZJ29+Z+G/ZJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNTdPI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDyMY2E</latexit>

/ x⇤
i,j1

<latexit sha1_base64="Gt33nOHsarQt1aCzT5wV6mMFb28=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgImWmCrosuHFZwT6gHYdMmmmjmSQkGbEM9VfcuFDErR/izr8xbWehrQcuHM65l3vviSSj2njet1NYWl5ZXSuulzY2t7Z33N29lhapwqSJBROqEyFNGOWkaahhpCMVQUnESDu6v5z47QeiNBX8xowkCRI04DSmGBkrhW65J5WQRsDH2+Mwoyd3oT8O3YpX9aaAi8TPSQXkaITuV68vcJoQbjBDWnd9T5ogQ8pQzMi41Es1kQjfowHpWspRQnSQTY8fw0Or9GEslC1u4FT9PZGhROtREtnOBJmhnvcm4n9eNzXxRZBRLlNDOJ4tilMG7bOTJGCfKoING1mCsKL2VoiHSCFsbF4lG4I///IiadWq/mm1dn1WqXt5HEWwDw7AEfDBOaiDK9AATYDBCDyDV/DmPDkvzrvzMWstOPlMGfyB8/kDJWaUYQ==</latexit>

/ x⇤
i,j2

<latexit sha1_base64="9ShOq3heJryQ73lFrsVoyvDvhdA=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIsgImWmCrosuHFZwT6gHYdMmmmjmSQkGbEM9VfcuFDErR/izr8xbWehrQcuHM65l3vviSSj2njet1NYWl5ZXSuulzY2t7Z33N29lhapwqSJBROqEyFNGOWkaahhpCMVQUnESDu6v5z47QeiNBX8xowkCRI04DSmGBkrhW65J5WQRsDH2+Mwoyd3YW0cuhWv6k0BF4mfkwrI0Qjdr15f4DQh3GCGtO76njRBhpShmJFxqZdqIhG+RwPStZSjhOggmx4/hodW6cNYKFvcwKn6eyJDidajJLKdCTJDPe9NxP+8bmriiyCjXKaGcDxbFKcM2mcnScA+VQQbNrIEYUXtrRAPkULY2LxKNgR//uVF0qpV/dNq7fqsUvfyOIpgHxyAI+CDc1AHV6ABmgCDEXgGr+DNeXJenHfnY9ZacPKZMvgD5/MHJuuUYg==</latexit>

/ x⇤
i,j3

<latexit sha1_base64="K4VCbdaJ+HVieZ5gVtBh36PWKnk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgIiVpBV0W3LisYB/QxjCZTtqxk8kwMxFDqL/ixoUibv0Qd/6N0zYLbT1w4XDOvdx7TyAYVdpxvq3Cyura+kZxs7S1vbO7Z+8ftFWcSExaOGax7AZIEUY5aWmqGekKSVAUMNIJxldTv/NApKIxv9WpIF6EhpyGFCNtJN8u94WMhY7h492pn9Gze78+8e2KU3VmgMvEzUkF5Gj69ld/EOMkIlxjhpTquY7QXoakppiRSamfKCIQHqMh6RnKUUSUl82On8BjowxgGEtTXMOZ+nsiQ5FSaRSYzgjpkVr0puJ/Xi/R4aWXUS4STTieLwoTBs2z0yTggEqCNUsNQVhScyvEIyQR1iavkgnBXXx5mbRrVbderd2cVxpOHkcRHIIjcAJccAEa4Bo0QQtgkIJn8ArerCfrxXq3PuatBSufKYM/sD5/AChwlGM=</latexit>

j2
<latexit sha1_base64="68ly2CDjqGNsaFnfvbKyIWvDLJI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8d+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5FtXZ3Wam7eRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHztY2F</latexit>

j1
<latexit sha1_base64="yMLCDvnvK5SDNyJZJ29+Z+G/ZJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNTdPI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDyMY2E</latexit>

j3
<latexit sha1_base64="Wc7yedgi4NQmgblPkunF170Wmfk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkr6LHgxWNF+wFtKJvtpl272YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuLaiFg94CThfkSHSoSCUbTS/WO/1i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+6pScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadog3BW355lbSqFa9Wqd5dlutuHkcBTuEMLsCDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gD1OY2G</latexit>

j2
<latexit sha1_base64="68ly2CDjqGNsaFnfvbKyIWvDLJI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8d+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5FtXZ3Wam7eRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHztY2F</latexit>

j1
<latexit sha1_base64="yMLCDvnvK5SDNyJZJ29+Z+G/ZJ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru7rNTdPI4inMApnIMHV1CHW2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gDyMY2E</latexit>

<latexit sha1_base64="N5P1ij0X8jmoL3woEiWg5wzNVKc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByN/c7T6g0T+SDmaYYxHQkecQZNVZq8UG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroNci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r3Wda3hFnGU4QzO4RI8uIEG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPKE4zb</latexit>

Compatibility-sets = Pooling effects

<latexit sha1_base64="OKLMYv3stAz3Cp0aNw/wFoWQhq0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZQu9kNhkzs7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VZXUai1i1AtRM8IjVDTeCtRLFUAaCNYPhzcRvPjGleRzdm1HCfIn9iIecorFSq9NHKbH70C2V3Yo7BVkkXk7KkKPWLX11ejFNJYsMFah123MT42eoDKeCjYudVLME6RD7rG1phJJpP5veOybHVumRMFa2IkOm6u+JDKXWIxnYTolmoOe9ifif105NeOVnPEpSwyI6WxSmgpiYTJ4nPa4YNWJkCVLF7a2EDlAhNTaiog3Bm395kTROK95F5fzurFy9zuMowCEcwQl4cAlVuIUa1IGCgGd4hTfn0Xlx3p2PWeuSk88cwB84nz8J6I/8</latexit>�jj2
<latexit sha1_base64="68ly2CDjqGNsaFnfvbKyIWvDLJI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+8d+rV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmnVqt5FtXZ3Wam7eRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHztY2F</latexit>



Reduction to contention resolution scheme

Algorithm recipe

1. Approximate DLP

2. Upon arrival of type j, independently draw server requests with probability

3. Run CRS on requests to match

4. Discard the unused requests

Vondrák et al. [‘11]: For any matroid and any feasible            , there exists an efficient (1-1/e) –
balanced contention resolution scheme.

<latexit sha1_base64="Lv3kY0cbB+/mw8kH/06geC/YBqY=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRSH8uCG5cV7AOaECbTaTt0Mgkzk9IS+iduXCji1j9x5984abPQ1gMXDufcy733hAlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTtopTSWiLxDyW3RArypmgLc00p91EUhyFnHbC8X3udyZUKhaLJz1LqB/hoWADRrA2UmDbU48JlHkEc9ScB9NKYFedmrMAWiduQapQoBnYX14/JmlEhSYcK9VznUT7GZaaEU7nFS9VNMFkjIe0Z6jAEVV+trh8ji6M0keDWJoSGi3U3xMZjpSaRaHpjLAeqVUvF//zeqke3PkZE0mqqSDLRYOUIx2jPAbUZ5ISzWeGYCKZuRWREZaYaBNWHoK7+vI6aV/V3Jva9WO92qgXcZThDM7hEly4hQY8QBNaQGACz/AKb1ZmvVjv1seytWQVM6fwB9bnD4VVkuc=</latexit>

x 2 Px

(choosing item i with proba 1-1/e conditional on being independently sampled with proba xi)



Reduction to contention resolution scheme

Algorithmic recipe

1. Approximately solve DLP

2. Upon an arrival of type j, independently draw server requests with probability

3. Run CRS(j) on requests to match

4. Discard the unused requests. 

Vondrák et al. [‘11]: For any matroid and any feasible            , there exists an efficient (1-1/e) –
balanced contention resolution scheme.

<latexit sha1_base64="DIYWbn9rEKRcJNUobNe+u71YqHQ=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovQipRE6mNZcOOyRfuANobJdNIOnTyYmYglZOHGX3HjQhG3foQ7/8ZJm4VWD1w4nHMv997jRowKaZpfWmFpeWV1rbiub2xube8Yu3sdEcYckzYOWch7LhKE0YC0JZWM9CJOkO8y0nUnl5nfvSNc0DC4kdOI2D4aBdSjGEklOUapcu8k9Pg6vU1aDq3I6lFanQu67hhls2bOAP8SKydlkKPpGJ+DYYhjnwQSMyRE3zIjaSeIS4oZSfVBLEiE8ASNSF/RAPlE2MnsiRQeKmUIvZCrCiScqT8nEuQLMfVd1ekjORaLXib+5/Vj6V3YCQ2iWJIAzxd5MYMyhFkicEg5wZJNFUGYU3UrxGPEEZYqtywEa/Hlv6RzUrPOaqeterlRz+MoghI4ABVggXPQAFegCdoAgwfwBF7Aq/aoPWtv2vu8taDlM/vgF7SPbx25lm4=</latexit>

(xQi(t)⇤
i,S )i,S

<latexit sha1_base64="Lv3kY0cbB+/mw8kH/06geC/YBqY=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRSH8uCG5cV7AOaECbTaTt0Mgkzk9IS+iduXCji1j9x5984abPQ1gMXDufcy733hAlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTtopTSWiLxDyW3RArypmgLc00p91EUhyFnHbC8X3udyZUKhaLJz1LqB/hoWADRrA2UmDbU48JlHkEc9ScB9NKYFedmrMAWiduQapQoBnYX14/JmlEhSYcK9VznUT7GZaaEU7nFS9VNMFkjIe0Z6jAEVV+trh8ji6M0keDWJoSGi3U3xMZjpSaRaHpjLAeqVUvF//zeqke3PkZE0mqqSDLRYOUIx2jPAbUZ5ISzWeGYCKZuRWREZaYaBNWHoK7+vI6aV/V3Jva9WO92qgXcZThDM7hEly4hQY8QBNaQGACz/AKb1ZmvVjv1seytWQVM6fwB9bnD4VVkuc=</latexit>

x 2 Px

(choosing item i with proba 1-1/e conditional on being independently sampled with proba xi)



Reduction to contention resolution scheme

Algorithmic recipe

1. Approximately solve DLP

2. Upon an arrival of type j, independently draw server requests with probability

3. Run CRS(j) on requests to match

4. Discard the unused requests. 

Vondrák et al. [‘11]: For any matroid and any feasible            , there exists an efficient (1-1/e) –
balanced contention resolution scheme.

<latexit sha1_base64="DIYWbn9rEKRcJNUobNe+u71YqHQ=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovQipRE6mNZcOOyRfuANobJdNIOnTyYmYglZOHGX3HjQhG3foQ7/8ZJm4VWD1w4nHMv997jRowKaZpfWmFpeWV1rbiub2xube8Yu3sdEcYckzYOWch7LhKE0YC0JZWM9CJOkO8y0nUnl5nfvSNc0DC4kdOI2D4aBdSjGEklOUapcu8k9Pg6vU1aDq3I6lFanQu67hhls2bOAP8SKydlkKPpGJ+DYYhjnwQSMyRE3zIjaSeIS4oZSfVBLEiE8ASNSF/RAPlE2MnsiRQeKmUIvZCrCiScqT8nEuQLMfVd1ekjORaLXib+5/Vj6V3YCQ2iWJIAzxd5MYMyhFkicEg5wZJNFUGYU3UrxGPEEZYqtywEa/Hlv6RzUrPOaqeterlRz+MoghI4ABVggXPQAFegCdoAgwfwBF7Aq/aoPWtv2vu8taDlM/vgF7SPbx25lm4=</latexit>

(xQi(t)⇤
i,S )i,S

<latexit sha1_base64="Lv3kY0cbB+/mw8kH/06geC/YBqY=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRSH8uCG5cV7AOaECbTaTt0Mgkzk9IS+iduXCji1j9x5984abPQ1gMXDufcy733hAlnSjvOt1Xa2Nza3invVvb2Dw6P7OOTtopTSWiLxDyW3RArypmgLc00p91EUhyFnHbC8X3udyZUKhaLJz1LqB/hoWADRrA2UmDbU48JlHkEc9ScB9NKYFedmrMAWiduQapQoBnYX14/JmlEhSYcK9VznUT7GZaaEU7nFS9VNMFkjIe0Z6jAEVV+trh8ji6M0keDWJoSGi3U3xMZjpSaRaHpjLAeqVUvF//zeqke3PkZE0mqqSDLRYOUIx2jPAbUZ5ISzWeGYCKZuRWREZaYaBNWHoK7+vI6aV/V3Jva9WO92qgXcZThDM7hEly4hQY8QBNaQGACz/AKb1ZmvVjv1seytWQVM6fwB9bnD4VVkuc=</latexit>

x 2 Px

(choosing item i with proba 1-1/e conditional on being independently sampled with proba xi)

Fact: Discarding induces correlations L



Continuous-time discarding

1
1

ji

n m

µi
<latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit><latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit><latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit><latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit>

�i
<latexit sha1_base64="qVP1+cgTw3wWm6i4V8f0XxenkR0="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="fujL5FqbvKmDYSB7vAUxt10GijA="></latexit>

<latexit sha1_base64="YWqr6HxX3hHSXLK+TwTO5BLBbio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvHisYD+gDWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZQ2Nre2d8q7lb39g8Oj6vFJx8SpZrzNYhnrXkANl0LxNgqUvJdoTqNA8m4wvZv73SeujYjVI2YJ9yM6ViIUjKKVulcDoULMhtWaW3cXIOvEK0gNCrSG1a/BKGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny/OnZELq4xIGGtbCslC/T2R08iYLApsZ0RxYla9ufif108xvPVzoZIUuWLLRWEqCcZk/jsZCc0ZyswSyrSwtxI2oZoytAlVbAje6svrpHNd99y699CoNd0ijjKcwTlcggc30IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8ASPwj18=</latexit>

<latexit sha1_base64="OKLMYv3stAz3Cp0aNw/wFoWQhq0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZQu9kNhkzs7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VZXUai1i1AtRM8IjVDTeCtRLFUAaCNYPhzcRvPjGleRzdm1HCfIn9iIecorFSq9NHKbH70C2V3Yo7BVkkXk7KkKPWLX11ejFNJYsMFah123MT42eoDKeCjYudVLME6RD7rG1phJJpP5veOybHVumRMFa2IkOm6u+JDKXWIxnYTolmoOe9ifif105NeOVnPEpSwyI6WxSmgpiYTJ4nPa4YNWJkCVLF7a2EDlAhNTaiog3Bm395kTROK95F5fzurFy9zuMowCEcwQl4cAlVuIUa1IGCgGd4hTfn0Xlx3p2PWeuSk88cwB84nz8J6I/8</latexit>�j
<latexit sha1_base64="Kuc+CuWzivzSnWcFq4OwPn8kXm4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF20puMmZ1dZmaFsOQjvHhQxKvf482/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFSS/UyfvIw6ZUrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOyFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJlWwI3uLLf0nztOpdVM/vziq16zyOIhzAIRyDB5dQg1uoQwMYjOAJXuDVSZxn5815n7cWnHxmH37B+fgGUOqPkg==</latexit>ri,j



Continuous-time discarding

1
1

ji

n m

µi
<latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit><latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit><latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit><latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit>

�i
<latexit sha1_base64="qVP1+cgTw3wWm6i4V8f0XxenkR0="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="fujL5FqbvKmDYSB7vAUxt10GijA="></latexit>

<latexit sha1_base64="YWqr6HxX3hHSXLK+TwTO5BLBbio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvHisYD+gDWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZQ2Nre2d8q7lb39g8Oj6vFJx8SpZrzNYhnrXkANl0LxNgqUvJdoTqNA8m4wvZv73SeujYjVI2YJ9yM6ViIUjKKVulcDoULMhtWaW3cXIOvEK0gNCrSG1a/BKGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny/OnZELq4xIGGtbCslC/T2R08iYLApsZ0RxYla9ufif108xvPVzoZIUuWLLRWEqCcZk/jsZCc0ZyswSyrSwtxI2oZoytAlVbAje6svrpHNd99y699CoNd0ijjKcwTlcggc30IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8ASPwj18=</latexit>

<latexit sha1_base64="OKLMYv3stAz3Cp0aNw/wFoWQhq0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZQu9kNhkzs7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VZXUai1i1AtRM8IjVDTeCtRLFUAaCNYPhzcRvPjGleRzdm1HCfIn9iIecorFSq9NHKbH70C2V3Yo7BVkkXk7KkKPWLX11ejFNJYsMFah123MT42eoDKeCjYudVLME6RD7rG1phJJpP5veOybHVumRMFa2IkOm6u+JDKXWIxnYTolmoOe9ifif105NeOVnPEpSwyI6WxSmgpiYTJ4nPa4YNWJkCVLF7a2EDlAhNTaiog3Bm395kTROK95F5fzurFy9zuMowCEcwQl4cAlVuIUa1IGCgGd4hTfn0Xlx3p2PWeuSk88cwB84nz8J6I/8</latexit>�j
<latexit sha1_base64="Kuc+CuWzivzSnWcFq4OwPn8kXm4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF20puMmZ1dZmaFsOQjvHhQxKvf482/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFSS/UyfvIw6ZUrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOyFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJlWwI3uLLf0nztOpdVM/vziq16zyOIhzAIRyDB5dQg1uoQwMYjOAJXuDVSZxn5815n7cWnHxmH37B+fgGUOqPkg==</latexit>ri,j

j j j j

1 1 1 1

m m m m

fake types
<latexit sha1_base64="HfzaPY2Dy0e8ZEP0qHGORwMbH8U=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD4ZdiY9jwIvHCOYBSQizk9lkyOzsMtMrhCW/4cWDIl79GW/+jZNkD5pY0FBUddPd5cdSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3Mbz1xbUSkHnES815Ih0oEglG0UreLIuSGlNWFd94vltyKOwdZJV5GSpCh3i9+dQcRS0KukElqTMdzY+ylVKNgkk8L3cTwmLIxHfKOpYraVb10fvOUnFllQIJI21JI5urviZSGxkxC33aGFEdm2ZuJ/3mdBIPbXipUnCBXbLEoSCTBiMwCIAOhOUM5sYQyLeythI2opgxtTAUbgrf88ippXla868rVQ7VUq2Zx5OEETqEMHtxADe6hDg1gEMMzvMKbkzgvzrvzsWjNOdnMMfyB8/kDhZGQqQ==</latexit>

⇥(n� 1)



Continuous-time discarding

1
1

ji

n m

µi
<latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit><latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit><latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit><latexit sha1_base64="vXtvWewlAWlGC8ZHVkyqv8Uwipc=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCswp0IsQzYWEbwkkByhL3NXLJkd+/Y3RNCyG+wsVDE1h9k579xk1yhiQ8GHu/NMDMvzgQ31ve/vY3Nre2d3dJeef/g8Oi4cnLaMmmuGYYsFanuxNSg4ApDy63ATqaRylhgOx7fzf32E2rDU/VoJxlGkg4VTzij1klhT+Z93q9U/Zq/AFknQUGqUKDZr3z1BinLJSrLBDWmG/iZjaZUW84Ezsq93GBG2ZgOseuoohJNNF0cOyOXThmQJNWulCUL9ffElEpjJjJ2nZLakVn15uJ/Xje3yW005SrLLSq2XJTkgtiUzD8nA66RWTFxhDLN3a2EjaimzLp8yi6EYPXlddK6rgV+LXi4qTbqRRwlOIcLuIIA6tCAe2hCCAw4PMMrvHnKe/HevY9l64ZXzJzBH3ifP9Xrjqc=</latexit>

�i
<latexit sha1_base64="qVP1+cgTw3wWm6i4V8f0XxenkR0="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="GRLAlasYyCfNrlEvDFUtixAyV/c="></latexit><latexit sha1_base64="fujL5FqbvKmDYSB7vAUxt10GijA="></latexit>

<latexit sha1_base64="YWqr6HxX3hHSXLK+TwTO5BLBbio=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvHisYD+gDWWz3bRLN5uwOxFC6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777ZQ2Nre2d8q7lb39g8Oj6vFJx8SpZrzNYhnrXkANl0LxNgqUvJdoTqNA8m4wvZv73SeujYjVI2YJ9yM6ViIUjKKVulcDoULMhtWaW3cXIOvEK0gNCrSG1a/BKGZpxBUySY3pe26Cfk41Cib5rDJIDU8om9Ix71uqaMSNny/OnZELq4xIGGtbCslC/T2R08iYLApsZ0RxYla9ufif108xvPVzoZIUuWLLRWEqCcZk/jsZCc0ZyswSyrSwtxI2oZoytAlVbAje6svrpHNd99y699CoNd0ijjKcwTlcggc30IR7aEEbGEzhGV7hzUmcF+fd+Vi2lpxi5hT+wPn8ASPwj18=</latexit>

<latexit sha1_base64="OKLMYv3stAz3Cp0aNw/wFoWQhq0=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZQu9kNhkzs7vOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VZXUai1i1AtRM8IjVDTeCtRLFUAaCNYPhzcRvPjGleRzdm1HCfIn9iIecorFSq9NHKbH70C2V3Yo7BVkkXk7KkKPWLX11ejFNJYsMFah123MT42eoDKeCjYudVLME6RD7rG1phJJpP5veOybHVumRMFa2IkOm6u+JDKXWIxnYTolmoOe9ifif105NeOVnPEpSwyI6WxSmgpiYTJ4nPa4YNWJkCVLF7a2EDlAhNTaiog3Bm395kTROK95F5fzurFy9zuMowCEcwQl4cAlVuIUa1IGCgGd4hTfn0Xlx3p2PWeuSk88cwB84nz8J6I/8</latexit>�j
<latexit sha1_base64="Kuc+CuWzivzSnWcFq4OwPn8kXm4=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgQcKu+DoGvXiMYB6QLGF20puMmZ1dZmaFsOQjvHhQxKvf482/cZLsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSzvzThBP6IDyUPOqLFSS/UyfvIw6ZUrbtWdgfwlXk4qkKPeK392+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOyFHVumTMFa2pCEz9edERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJlWwI3uLLf0nztOpdVM/vziq16zyOIhzAIRyDB5dQg1uoQwMYjOAJXuDVSZxn5815n7cWnHxmH37B+fgGUOqPkg==</latexit>ri,j

j j j j

1 1 1 1

m m m m

anti-CRS selection
<latexit sha1_base64="HfzaPY2Dy0e8ZEP0qHGORwMbH8U=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQD4ZdiY9jwIvHCOYBSQizk9lkyOzsMtMrhCW/4cWDIl79GW/+jZNkD5pY0FBUddPd5cdSGHTdbye3tr6xuZXfLuzs7u0fFA+PmiZKNOMNFslIt31quBSKN1Cg5O1Ycxr6krf88d3Mbz1xbUSkHnES815Ih0oEglG0UreLIuSGlNWFd94vltyKOwdZJV5GSpCh3i9+dQcRS0KukElqTMdzY+ylVKNgkk8L3cTwmLIxHfKOpYraVb10fvOUnFllQIJI21JI5urviZSGxkxC33aGFEdm2ZuJ/3mdBIPbXipUnCBXbLEoSCTBiMwCIAOhOUM5sYQyLeythI2opgxtTAUbgrf88ippXla868rVQ7VUq2Zx5OEETqEMHtxADe6hDg1gEMMzvMKbkzgvzrvzsWjNOdnMMfyB8/kDhZGQqQ==</latexit>

⇥(n� 1)


