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Question: Can we gain any benefits from playing against these no-regret learners? 
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Part 1:
• Topic 1: Better regret bounds against no-regret learners
• Topic 2: Last-iterate convergence with generic no-regret learners

Part 2:
• Topic 3: Exploiting no-regret learners with (minimal) payoff manipulation 

(setting: coopetitive games)

Question: Can we gain any benefits from playing against these no-regret learners? 
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1. Better regret bounds in repeated games
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Repeated 2-player zero-sum game: agent, adversary

6

Problem setting

03/07/2024

• At each t = {1,..T}: agent chooses strategy (action)              
• Adversary simultaneously chooses strategy
• Agent observes loss               and       (full information feedback)    
• Adversary is a no-(external)-regret learner:

<latexit sha1_base64="Y/LJ3ezEEBa1VdC+fQaps9iQ07Y=">AAACDnicbVA9SwNBFNzzM8avqKXNYhAsJNyJRMuAjWUEEwN3Z9jbvCRL9vbO3XdiOPILbPwrNhaK2Frb+W/cxBRqHFgYZuax702USmHQdT+dufmFxaXlwkpxdW19Y7O0td00SaY5NHgiE92KmAEpFDRQoIRWqoHFkYSraHA29q9uQRuRqEscphDGrKdEV3CGVmqX9u/aSAOhaBAz7HMm89aIBiaLDCDcUN899MJrmyu7FXcCOku8KSmTKert0kfQSXgWg0IumTG+56YY5kyj4BJGxSAzkDI+YD3wLVUsBhPmk3NGdN8qHdpNtH0K6UT9OZGz2JhhHNnkeGnz1xuL/3l+ht3TMBcqzRAU//6om0mKCR13QztCA0c5tIRxLeyulPeZZhxtg0Vbgvf35FnSPKp41Yp3cVyuVad1FMgu2SMHxCMnpEbOSZ00CCf35JE8kxfnwXlyXp237+icM53ZIb/gvH8BF92bdA==</latexit>

xt 2 X ✓ [0, 1]n
<latexit sha1_base64="izrQxWmozibNbLpn5/LniWM9qG4=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCBymJSPVY8OKxgv2AJoTNdtMu3WzC7kQspXjxr3jxoIhXf4U3/43bNAdtfTDweG+GmXlhKrgGx/m2lpZXVtfWSxvlza3tnV17b7+lk0xR1qSJSFQnJJoJLlkTOAjWSRUjcShYOxxeT/32PVOaJ/IORinzY9KXPOKUgJEC+xB7gsi+YDgK4Aw/BIA9lQuBXXGqTg68SNyCVFCBRmB/eb2EZjGTQAXRuus6KfhjooBTwSZlL9MsJXRI+qxrqCQx0/44f2GCT4zSw1GiTEnAufp7YkxirUdxaDpjAgM9703F/7xuBtGVP+YyzYBJOlsUZQJDgqd54B5XjIIYGUKo4uZWTAdEEQomtbIJwZ1/eZG0zqturereXlTqtSKOEjpCx+gUuegS1dENaqAmougRPaNX9GY9WS/Wu/Uxa12yipkD9AfW5w/n85Zz</latexit>

hft, xti

<latexit sha1_base64="se8l49beixDBtIWA+aBwNaTYJ9U=">AAACDnicbVC7SgNBFJ31GeMramkzGAQLCbsiaikIYhnBPCC7htnJXTNkdnaduSuEJV9g46/YWChia23n3zh5FJp4YOBwzrnMvSdMpTDout/O3PzC4tJyYaW4ura+sVna2q6bJNMcajyRiW6GzIAUCmooUEIz1cDiUEIj7F0M/cYDaCMSdYP9FIKY3SkRCc7QSu3SftRG6gtF/ZhhlzOZXw6ob7LQAMI9bbmHXnBrc2W34o5AZ4k3IWUyQbVd+vI7Cc9iUMglM6bluSkGOdMouIRB0c8MpIz32B20LFUsBhPko3MGdN8qHRol2j6FdKT+nshZbEw/Dm1yuLSZ9obif14rw+gsyIVKMwTFxx9FmaSY0GE3tCM0cJR9SxjXwu5KeZdpxtE2WLQleNMnz5L6UcU7qXjXx+Xzk0kdBbJL9sgB8cgpOSdXpEpqhJNH8kxeyZvz5Lw4787HODrnTGZ2yB84nz/dYJtQ</latexit>

ft 2 F ✓ [0, 1]n

<latexit sha1_base64="7v1E3c3k0w0pi+IHNyfMe7Ea3fw="></latexit>

1

T
max
x2X

TX

t=1

(hft, xi � hft, xti) ! 0, T ! 1

<latexit sha1_base64="RlGfQ9QcztAaNWM5nA25sr/R7Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlereneXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjd0=</latexit>xt



The agent’s objective: 
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Regret minimization notions
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<latexit sha1_base64="ABEln1dCUk5rp82zoKpRFAP2zMM="></latexit>

min
f1,f2,...,fT

TX

t=1

(hft, xti)



The agent’s objective: 
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Regret minimization notions

03/07/2024

Dynamic regret:

(sub-linear dynamic regret: only if                can be estimated efficiently)    

<latexit sha1_base64="ABEln1dCUk5rp82zoKpRFAP2zMM="></latexit>

min
f1,f2,...,fT

TX

t=1

(hft, xti)
<latexit sha1_base64="Br0KnkNDCofX2Qtv3OP1eJwfdfQ="></latexit>

DRT =
TX

t=1

(hft, xti � min
gt2F

hgt, xti)

<latexit sha1_base64="xYIdZ9sYlyIi1n8agWwa9rajcec=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuhEKblxW6AuaGCbTSTt08mDmRi0xn+LGhSJu/RJ3/o3TNgttPXDhcM693HuPnwiuwLK+jZXVtfWNzdJWeXtnd2/frBx0VJxKyto0FrHs+UQxwSPWBg6C9RLJSOgL1vXH11O/e8+k4nHUgknC3JAMIx5wSkBLnllxskcPnNzL4MrO77JW7plVq2bNgJeJXZAqKtD0zC9nENM0ZBFQQZTq21YCbkYkcCpYXnZSxRJCx2TI+ppGJGTKzWan5/hEKwMcxFJXBHim/p7ISKjUJPR1Z0hgpBa9qfif108huHQzHiUpsIjOFwWpwBDjaQ54wCWjICaaECq5vhXTEZGEgk6rrEOwF19eJp2zml2v2bfn1Ua9iKOEjtAxOkU2ukANdIOaqI0oekDP6BW9GU/Gi/FufMxbV4xi5hD9gfH5A5bHlC0=</latexit>

{xt}Tt=1



The agent’s objective: 
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Regret minimization notions
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Dynamic regret:

(sub-linear dynamic regret: only if                can be estimated efficiently)    

External regret:  

<latexit sha1_base64="ABEln1dCUk5rp82zoKpRFAP2zMM="></latexit>

min
f1,f2,...,fT

TX

t=1

(hft, xti)
<latexit sha1_base64="Br0KnkNDCofX2Qtv3OP1eJwfdfQ="></latexit>

DRT =
TX

t=1

(hft, xti � min
gt2F

hgt, xti)

<latexit sha1_base64="xYIdZ9sYlyIi1n8agWwa9rajcec=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuhEKblxW6AuaGCbTSTt08mDmRi0xn+LGhSJu/RJ3/o3TNgttPXDhcM693HuPnwiuwLK+jZXVtfWNzdJWeXtnd2/frBx0VJxKyto0FrHs+UQxwSPWBg6C9RLJSOgL1vXH11O/e8+k4nHUgknC3JAMIx5wSkBLnllxskcPnNzL4MrO77JW7plVq2bNgJeJXZAqKtD0zC9nENM0ZBFQQZTq21YCbkYkcCpYXnZSxRJCx2TI+ppGJGTKzWan5/hEKwMcxFJXBHim/p7ISKjUJPR1Z0hgpBa9qfif108huHQzHiUpsIjOFwWpwBDjaQ54wCWjICaaECq5vhXTEZGEgk6rrEOwF19eJp2zml2v2bfn1Ua9iKOEjtAxOkU2ukANdIOaqI0oekDP6BW9GU/Gi/FufMxbV4xi5hD9gfH5A5bHlC0=</latexit>

{xt}Tt=1

<latexit sha1_base64="n4oQsVyuFQQnnsY/rL20KkHKs7c="></latexit>

RT = min
f2F

TX

t=1

(hft, xti � hf, xti)



The agent’s objective: 
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Regret minimization notions
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Dynamic regret:

(sub-linear dynamic regret: only if                can be estimated efficiently)    

External regret:

Forward regret (Saha et al., 2012):

<latexit sha1_base64="ABEln1dCUk5rp82zoKpRFAP2zMM="></latexit>

min
f1,f2,...,fT

TX

t=1

(hft, xti)
<latexit sha1_base64="Br0KnkNDCofX2Qtv3OP1eJwfdfQ="></latexit>

DRT =
TX

t=1

(hft, xti � min
gt2F

hgt, xti)

<latexit sha1_base64="xYIdZ9sYlyIi1n8agWwa9rajcec=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuhEKblxW6AuaGCbTSTt08mDmRi0xn+LGhSJu/RJ3/o3TNgttPXDhcM693HuPnwiuwLK+jZXVtfWNzdJWeXtnd2/frBx0VJxKyto0FrHs+UQxwSPWBg6C9RLJSOgL1vXH11O/e8+k4nHUgknC3JAMIx5wSkBLnllxskcPnNzL4MrO77JW7plVq2bNgJeJXZAqKtD0zC9nENM0ZBFQQZTq21YCbkYkcCpYXnZSxRJCx2TI+ppGJGTKzWan5/hEKwMcxFJXBHim/p7ISKjUJPR1Z0hgpBa9qfif108huHQzHiUpsIjOFwWpwBDjaQ54wCWjICaaECq5vhXTEZGEgk6rrEOwF19eJp2zml2v2bfn1Ua9iKOEjtAxOkU2ukANdIOaqI0oekDP6BW9GU/Gi/FufMxbV4xi5hD9gfH5A5bHlC0=</latexit>

{xt}Tt=1

<latexit sha1_base64="n4oQsVyuFQQnnsY/rL20KkHKs7c="></latexit>

RT = min
f2F

TX

t=1

(hft, xti � hf, xti)



The agent’s objective: 
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Regret minimization notions
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Dynamic regret:

(sub-linear dynamic regret: only if                can be estimated efficiently)    

External regret:

Forward regret (Saha et al., 2012):

Claim:

<latexit sha1_base64="ABEln1dCUk5rp82zoKpRFAP2zMM="></latexit>

min
f1,f2,...,fT

TX

t=1

(hft, xti)
<latexit sha1_base64="Br0KnkNDCofX2Qtv3OP1eJwfdfQ="></latexit>

DRT =
TX

t=1

(hft, xti � min
gt2F

hgt, xti)

<latexit sha1_base64="xYIdZ9sYlyIi1n8agWwa9rajcec=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuhEKblxW6AuaGCbTSTt08mDmRi0xn+LGhSJu/RJ3/o3TNgttPXDhcM693HuPnwiuwLK+jZXVtfWNzdJWeXtnd2/frBx0VJxKyto0FrHs+UQxwSPWBg6C9RLJSOgL1vXH11O/e8+k4nHUgknC3JAMIx5wSkBLnllxskcPnNzL4MrO77JW7plVq2bNgJeJXZAqKtD0zC9nENM0ZBFQQZTq21YCbkYkcCpYXnZSxRJCx2TI+ppGJGTKzWan5/hEKwMcxFJXBHim/p7ISKjUJPR1Z0hgpBa9qfif108huHQzHiUpsIjOFwWpwBDjaQ54wCWjICaaECq5vhXTEZGEgk6rrEOwF19eJp2zml2v2bfn1Ua9iKOEjtAxOkU2ukANdIOaqI0oekDP6BW9GU/Gi/FufMxbV4xi5hD9gfH5A5bHlC0=</latexit>

{xt}Tt=1

<latexit sha1_base64="n4oQsVyuFQQnnsY/rL20KkHKs7c="></latexit>

RT = min
f2F

TX

t=1

(hft, xti � hf, xti)

<latexit sha1_base64="KGKC2WeK2mmJDiLWSCXOp+MgXPI=">AAACCHicbZDLSgMxFIYz9VbrbdSlC4NFcFVmRKrLgiAuq/QG7TBk0kwbmmTGJCOUoUs3voobF4q49RHc+TZm2hG09YfAz3fOIef8Qcyo0o7zZRWWlldW14rrpY3Nre0de3evpaJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwuszq7XsiFY1EQ49j4nE0EDSkGGmDfPuwx5EeSp7eTvwG7DFyB3/IVYZ8u+xUnKngonFzUwa56r792etHOOFEaMyQUl3XibWXIqkpZmRS6iWKxAiP0IB0jRWIE+Wl00Mm8NiQPgwjaZ7QcEp/T6SIKzXmgenMllTztQz+V+smOrzwUiriRBOBZx+FCYM6glkqsE8lwZqNjUFYUrMrxEMkEdYmu5IJwZ0/edG0TituteLenJVr1TyOIjgAR+AEuOAc1MA1qIMmwOABPIEX8Go9Ws/Wm/U+ay1Y+cw++CPr4xu/wpnD</latexit>

RT  FRT
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Achieving sub-linear forward regret
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(AFTRL)



13

Achieving sub-linear forward regret
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Theorem: If             are compact convex sets,                                          ,  R is strongly convex in p-norm
and adversary is a no-(external)-regret learner: 

<latexit sha1_base64="LpOIKieDLrS7BAB18OY0oMyAxgU=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuJCSiFSXBUFcVrAPaEOZTCft0MkkzEyEEurGX3HjQhG3/oU7/8ZJG0RbDwycOede7r3HjzlT2nG+rMLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPrjK/dU+lYpG40+OYeiEeCBYwgrWRevZBN8R6SDBPryen6OfTnvTsslNxpkCLxM1JGXLUe/Zntx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46vWCCjo3SR0EkzRMaTdXfHSkOlRqHvqnMVlTzXib+53USHVx6KRNxoqkgs0FBwpGOUBYH6jNJieZjQzCRzOyKyBBLTLQJrWRCcOdPXiTNs4pbrbi35+VaNY+jCIdwBCfgwgXU4Abq0AACD/AEL/BqPVrP1pv1PistWHnPPvyB9fENcouW2w==</latexit>

F ,X
<latexit sha1_base64="YVSwxcUa152M7BhPR8Xu/9RMdoo=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQlTIRqWJRCm5cVrAP6Awlk2ba0MyjSUYow/yDG3/FjQtF3Lpx59+YtgNq9cCFk3PuJfceN+JMKsv6NHJz8wuLS/nlwsrq2vqGubnVkGEsCK2TkIei5WJJOQtoXTHFaSsSFPsup013cDX2m3dUSBYGt2oUUcfHvYB5jGClpY55EB0N4SW0zu2KXYG2JzBJUJpEKTz8fg1TeAFRxyxaJWsC+JegjBRBhlrH/LC7IYl9GijCsZRtZEXKSbBQjHCaFuxY0giTAe7RtqYB9ql0kslNKdzTShd6odAVKDhRf04k2Jdy5Lu608eqL2e9sfif146Vd+YkLIhiRQMy/ciLOVQhHAcEu0xQovhIE0wE07tC0sc6CaVjLOgQ0OzJf0njuITKJXRzUqyWszjyYAfsgn2AwCmogmtQA3VAwD14BM/gxXgwnoxX423amjOymW3wC8b7FwDZm7g=</latexit>

p, q > 0 :
1

p
+

1

q
= 1

(AFTRL)

<latexit sha1_base64="Ooq0c5v2UoztNWqWSay9lZf5pV4=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1iEuimJSHUjFARxWcVeoCllMp20QyeTMDMRSujWja/ixoUibn0Dd76NkzYLbf1h4OM/5zDn/H7MmdKO820tLa+srq0XNoqbW9s7u/beflNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/ugqq7ceqFQsEvd6HNNuiAeCBYxgbayejbyQiV4aII8Jw1gPCebp9WRyVw5O0CVyenbJqThToUVwcyhBrnrP/vL6EUlCKjThWKmO68S6m2KpGeF0UvQSRWNMRnhAOwYFDqnqptNLJujYOH0URNI8odHU/T2R4lCpceibzmxXNV/LzP9qnUQHF92UiTjRVJDZR0HCkY5QFgvqM0mJ5mMDmEhmdkVkiCUm2oRXNCG48ycvQvO04lYr7u1ZqVbN4yjAIRxBGVw4hxrcQB0aQOARnuEV3qwn68V6tz5mrUtWPnMAf2R9/gCA05jf</latexit>

min
f2F

R(f) = 0
<latexit sha1_base64="eVYRNY6P8L4cIG4U19GJZ5Qz7FM=">AAACEXicbVDLSgMxFM34rPU16tJNsAjtpsyIVJcVQVwI1tIXtMOQSdM2NMkMSUYow/yCG3/FjQtF3Lpz59+YPhBtPRA4Oede7r0niBhV2nG+rKXlldW19cxGdnNre2fX3ttvqDCWmNRxyELZCpAijApS11Qz0ookQTxgpBkML8d+855IRUNR06OIeBz1Be1RjLSRfDvf4UgPJE+qtdRPaunP/+KqVr1JC7BDBbzNuwXfzjlFZwK4SNwZyYEZKr792emGOOZEaMyQUm3XibSXIKkpZiTNdmJFIoSHqE/ahgrEifKSyUUpPDZKF/ZCaZ7QcKL+7kgQV2rEA1M53lfNe2PxP68d6965l1ARxZoIPB3UixnUIRzHA7tUEqzZyBCEJTW7QjxAEmFtQsyaENz5kxdJ46Toloru3WmuXJrFkQGH4AjkgQvOQBlcgwqoAwwewBN4Aa/Wo/VsvVnv09Ila9ZzAP7A+vgG20ycTg==</latexit>

RTT (AFTRL) 2 O(1)
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Achieving sub-linear forward regret
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Theorem: If             are compact convex sets,                                          ,  R is strongly convex in p-norm
and adversary is a no-(external)-regret learner: 

Key steps:  We show that                                                    -> use       to predict   

<latexit sha1_base64="LpOIKieDLrS7BAB18OY0oMyAxgU=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuJCSiFSXBUFcVrAPaEOZTCft0MkkzEyEEurGX3HjQhG3/oU7/8ZJG0RbDwycOede7r3HjzlT2nG+rMLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPrjK/dU+lYpG40+OYeiEeCBYwgrWRevZBN8R6SDBPryen6OfTnvTsslNxpkCLxM1JGXLUe/Zntx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46vWCCjo3SR0EkzRMaTdXfHSkOlRqHvqnMVlTzXib+53USHVx6KRNxoqkgs0FBwpGOUBYH6jNJieZjQzCRzOyKyBBLTLQJrWRCcOdPXiTNs4pbrbi35+VaNY+jCIdwBCfgwgXU4Abq0AACD/AEL/BqPVrP1pv1PistWHnPPvyB9fENcouW2w==</latexit>

F ,X
<latexit sha1_base64="YVSwxcUa152M7BhPR8Xu/9RMdoo=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQlTIRqWJRCm5cVrAP6Awlk2ba0MyjSUYow/yDG3/FjQtF3Lpx59+YtgNq9cCFk3PuJfceN+JMKsv6NHJz8wuLS/nlwsrq2vqGubnVkGEsCK2TkIei5WJJOQtoXTHFaSsSFPsup013cDX2m3dUSBYGt2oUUcfHvYB5jGClpY55EB0N4SW0zu2KXYG2JzBJUJpEKTz8fg1TeAFRxyxaJWsC+JegjBRBhlrH/LC7IYl9GijCsZRtZEXKSbBQjHCaFuxY0giTAe7RtqYB9ql0kslNKdzTShd6odAVKDhRf04k2Jdy5Lu608eqL2e9sfif146Vd+YkLIhiRQMy/ciLOVQhHAcEu0xQovhIE0wE07tC0sc6CaVjLOgQ0OzJf0njuITKJXRzUqyWszjyYAfsgn2AwCmogmtQA3VAwD14BM/gxXgwnoxX423amjOymW3wC8b7FwDZm7g=</latexit>

p, q > 0 :
1

p
+

1

q
= 1

(AFTRL)

<latexit sha1_base64="Ooq0c5v2UoztNWqWSay9lZf5pV4=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1iEuimJSHUjFARxWcVeoCllMp20QyeTMDMRSujWja/ixoUibn0Dd76NkzYLbf1h4OM/5zDn/H7MmdKO820tLa+srq0XNoqbW9s7u/beflNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/ugqq7ceqFQsEvd6HNNuiAeCBYxgbayejbyQiV4aII8Jw1gPCebp9WRyVw5O0CVyenbJqThToUVwcyhBrnrP/vL6EUlCKjThWKmO68S6m2KpGeF0UvQSRWNMRnhAOwYFDqnqptNLJujYOH0URNI8odHU/T2R4lCpceibzmxXNV/LzP9qnUQHF92UiTjRVJDZR0HCkY5QFgvqM0mJ5mMDmEhmdkVkiCUm2oRXNCG48ycvQvO04lYr7u1ZqVbN4yjAIRxBGVw4hxrcQB0aQOARnuEV3qwn68V6tz5mrUtWPnMAf2R9/gCA05jf</latexit>

min
f2F

R(f) = 0
<latexit sha1_base64="eVYRNY6P8L4cIG4U19GJZ5Qz7FM=">AAACEXicbVDLSgMxFM34rPU16tJNsAjtpsyIVJcVQVwI1tIXtMOQSdM2NMkMSUYow/yCG3/FjQtF3Lpz59+YPhBtPRA4Oede7r0niBhV2nG+rKXlldW19cxGdnNre2fX3ttvqDCWmNRxyELZCpAijApS11Qz0ookQTxgpBkML8d+855IRUNR06OIeBz1Be1RjLSRfDvf4UgPJE+qtdRPaunP/+KqVr1JC7BDBbzNuwXfzjlFZwK4SNwZyYEZKr792emGOOZEaMyQUm3XibSXIKkpZiTNdmJFIoSHqE/ahgrEifKSyUUpPDZKF/ZCaZ7QcKL+7kgQV2rEA1M53lfNe2PxP68d6965l1ARxZoIPB3UixnUIRzHA7tUEqzZyBCEJTW7QjxAEmFtQsyaENz5kxdJ46Toloru3WmuXJrFkQGH4AjkgQvOQBlcgwqoAwwewBN4Aa/Wo/VsvVnv09Ila9ZzAP7A+vgG20ycTg==</latexit>

RTT (AFTRL) 2 O(1)
<latexit sha1_base64="rnWPnEG9MWeCwWAJxhHWiLy+/rE="></latexit>

||xt+1 � xt||q 2 O

✓
1p
T

◆
<latexit sha1_base64="RlGfQ9QcztAaNWM5nA25sr/R7Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlereneXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjd0=</latexit>xt

<latexit sha1_base64="37caDzBdSclS/yUP2rr/qwdBVQM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUj0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357UeujYjVA04S7kd0qEQoGEUrtZ/6GV5403654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1WfVqVe/+qlKv5XEU4QRO4Rw8uIY63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N7I9Z</latexit>xt+1



15

Achieving sub-linear forward regret

03/07/2024

Theorem: If             are compact convex sets,                                          ,  R is strongly convex in p-norm
and adversary is a no-(external)-regret learner: 

Key steps:  We show that                                                    -> use       to predict   

Next: extend results for predictable sequences, eg., Rakhlin & Shridharan (2013)

<latexit sha1_base64="LpOIKieDLrS7BAB18OY0oMyAxgU=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuJCSiFSXBUFcVrAPaEOZTCft0MkkzEyEEurGX3HjQhG3/oU7/8ZJG0RbDwycOede7r3HjzlT2nG+rMLS8srqWnG9tLG5tb1j7+41VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPrjK/dU+lYpG40+OYeiEeCBYwgrWRevZBN8R6SDBPryen6OfTnvTsslNxpkCLxM1JGXLUe/Zntx+RJKRCE46V6rhOrL0US80Ip5NSN1E0xmSEB7RjqMAhVV46vWCCjo3SR0EkzRMaTdXfHSkOlRqHvqnMVlTzXib+53USHVx6KRNxoqkgs0FBwpGOUBYH6jNJieZjQzCRzOyKyBBLTLQJrWRCcOdPXiTNs4pbrbi35+VaNY+jCIdwBCfgwgXU4Abq0AACD/AEL/BqPVrP1pv1PistWHnPPvyB9fENcouW2w==</latexit>

F ,X
<latexit sha1_base64="YVSwxcUa152M7BhPR8Xu/9RMdoo=">AAACE3icbVDLSgMxFM3UV62vUZdugkUQlTIRqWJRCm5cVrAP6Awlk2ba0MyjSUYow/yDG3/FjQtF3Lpx59+YtgNq9cCFk3PuJfceN+JMKsv6NHJz8wuLS/nlwsrq2vqGubnVkGEsCK2TkIei5WJJOQtoXTHFaSsSFPsup013cDX2m3dUSBYGt2oUUcfHvYB5jGClpY55EB0N4SW0zu2KXYG2JzBJUJpEKTz8fg1TeAFRxyxaJWsC+JegjBRBhlrH/LC7IYl9GijCsZRtZEXKSbBQjHCaFuxY0giTAe7RtqYB9ql0kslNKdzTShd6odAVKDhRf04k2Jdy5Lu608eqL2e9sfif146Vd+YkLIhiRQMy/ciLOVQhHAcEu0xQovhIE0wE07tC0sc6CaVjLOgQ0OzJf0njuITKJXRzUqyWszjyYAfsgn2AwCmogmtQA3VAwD14BM/gxXgwnoxX423amjOymW3wC8b7FwDZm7g=</latexit>

p, q > 0 :
1

p
+

1

q
= 1

(AFTRL)

<latexit sha1_base64="Ooq0c5v2UoztNWqWSay9lZf5pV4=">AAACCXicbZDLSsNAFIZPvNZ6i7p0M1iEuimJSHUjFARxWcVeoCllMp20QyeTMDMRSujWja/ixoUibn0Dd76NkzYLbf1h4OM/5zDn/H7MmdKO820tLa+srq0XNoqbW9s7u/beflNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/ugqq7ceqFQsEvd6HNNuiAeCBYxgbayejbyQiV4aII8Jw1gPCebp9WRyVw5O0CVyenbJqThToUVwcyhBrnrP/vL6EUlCKjThWKmO68S6m2KpGeF0UvQSRWNMRnhAOwYFDqnqptNLJujYOH0URNI8odHU/T2R4lCpceibzmxXNV/LzP9qnUQHF92UiTjRVJDZR0HCkY5QFgvqM0mJ5mMDmEhmdkVkiCUm2oRXNCG48ycvQvO04lYr7u1ZqVbN4yjAIRxBGVw4hxrcQB0aQOARnuEV3qwn68V6tz5mrUtWPnMAf2R9/gCA05jf</latexit>

min
f2F

R(f) = 0
<latexit sha1_base64="eVYRNY6P8L4cIG4U19GJZ5Qz7FM=">AAACEXicbVDLSgMxFM34rPU16tJNsAjtpsyIVJcVQVwI1tIXtMOQSdM2NMkMSUYow/yCG3/FjQtF3Lpz59+YPhBtPRA4Oede7r0niBhV2nG+rKXlldW19cxGdnNre2fX3ttvqDCWmNRxyELZCpAijApS11Qz0ookQTxgpBkML8d+855IRUNR06OIeBz1Be1RjLSRfDvf4UgPJE+qtdRPaunP/+KqVr1JC7BDBbzNuwXfzjlFZwK4SNwZyYEZKr792emGOOZEaMyQUm3XibSXIKkpZiTNdmJFIoSHqE/ahgrEifKSyUUpPDZKF/ZCaZ7QcKL+7kgQV2rEA1M53lfNe2PxP68d6965l1ARxZoIPB3UixnUIRzHA7tUEqzZyBCEJTW7QjxAEmFtQsyaENz5kxdJ46Toloru3WmuXJrFkQGH4AjkgQvOQBlcgwqoAwwewBN4Aa/Wo/VsvVnv09Ila9ZzAP7A+vgG20ycTg==</latexit>

RTT (AFTRL) 2 O(1)
<latexit sha1_base64="rnWPnEG9MWeCwWAJxhHWiLy+/rE="></latexit>

||xt+1 � xt||q 2 O

✓
1p
T

◆
<latexit sha1_base64="RlGfQ9QcztAaNWM5nA25sr/R7Pw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6c+9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqlereneXlXotj6MIJ3AK5+DBFdThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP2+Yjd0=</latexit>xt

<latexit sha1_base64="37caDzBdSclS/yUP2rr/qwdBVQM=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUj0WvHisYD+gDWWz3bRLN5uwOxFL6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357UeujYjVA04S7kd0qEQoGEUrtZ/6GV5403654lbdOcgq8XJSgRyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzc6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGN74mVBJilyxxaIwlQRjMvudDITmDOXEEsq0sLcSNqKaMrQJlWwI3vLLq6R1WfVqVe/+qlKv5XEU4QRO4Rw8uIY63EEDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8N7I9Z</latexit>xt+1
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(Prod-BR) – based on (A,B)-Prod (Sani et al., 2014) 
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Achieving sub-linear dynamic regret

03/07/2024

(Prod-BR) – based on (A,B)-Prod (Sani et al., 2014) 



2. Last-iterate convergence in repeated games
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Current state of the art

Repeated Matching Pennies after 2500 iterations: 

• No-regret learning alg: Multiplicative Weight Update

• Blue line: MWU vs MWU

• System dynamics: outward spiral -> no convergence
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Current state of the art

Repeated Matching Pennies after 2500 iterations: 

• No-regret learning alg: Multiplicative Weight Update

• Blue line: MWU vs MWU

• System dynamics: outward spiral -> no convergence

Known since Mertikopoulos, Papadimitriou & Piliouras (2018): no last-iterate convergence in general 
case. Other notable work: Bailey and Piliouras (2018), Cheung and Piliouras (2019)
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Current state of the art

Repeated Matching Pennies after 2500 iterations: 

• No-regret learning alg: Multiplicative Weight Update

• Blue line: MWU vs MWU

• System dynamics: outward spiral -> no convergence

Known since Mertikopoulos, Papadimitriou & Piliouras (2018): no last-iterate convergence in general 
case. Other notable work: Bailey and Piliouras (2018), Cheung and Piliouras (2019)

Existence of last-iterate convergence – some special cases:

• Daskalakis and Panageas (2018): Optimistic MWU + unique minimax equilibrium
• Bu, Ratliff & Mesbahi (2019): Differential games (linear-quadratic) + gradient ascent/descent
• Goktas & Greenwald (2022): Exploitability-minimising strategy profiles   

2103/07/2024



Last-iterate convergence with asymmetric knowledge 

2-player zero-sum + asymmetric information: 

• Column player (agent) can estimate her (approximate) 
minimax strategy

• Row player (adversary) is a no-external-regret learner
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Last-iterate convergence with asymmetric knowledge 

2-player zero-sum + asymmetric information: 

• Column player (agent) can estimate her (approximate) 
minimax strategy

• Row player (adversary) is a no-external-regret learner

23

At each time step t: 

• Agent chooses mix strategy                        and adversary chooses    

• Payoff matrix                            :

• Epsilon-Nash                :   

<latexit sha1_base64="GzJSgeU1KdW/KxePfzBiw6NWQvw=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgQkoiUl0W3LisYB+QxjCZTtqhM5MwMxFDyK+4caGIW3/EnX/jtM1CWw9cOJxzL/feEyaMKu0431ZlbX1jc6u6XdvZ3ds/sA/rPRWnEpMujlksByFShFFBuppqRgaJJIiHjPTD6c3M7z8SqWgs7nWWEJ+jsaARxUgbKbDrWZDrAg6pgJ5z7voPHAZ2w2k6c8BV4pakAUp0AvtrOIpxyonQmCGlPNdJtJ8jqSlmpKgNU0UShKdoTDxDBeJE+fn89gKeGmUEo1iaEhrO1d8TOeJKZTw0nRzpiVr2ZuJ/npfq6NrPqUhSTQReLIpSBnUMZ0HAEZUEa5YZgrCk5laIJ0girE1cNROCu/zyKuldNN1W0727bLRbZRxVcAxOwBlwwRVog1vQAV2AwRN4Bq/gzSqsF+vd+li0Vqxy5gj8gfX5A0WTk0A=</latexit>

yt 2 [0, 1]m
<latexit sha1_base64="UC1oyL6N+efkULWBc5KnDOAt0sM=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwICURqR4LXjxWsB+QxrDZbtulm03Y3UhLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzpR3n21pb39jc2i7tlHf39g8O7aNKW8WpJLRFYh7LbogV5UzQlmaa024iKY5CTjvh+Hbmd56oVCwWD3qaUD/CQ8EGjGBtpMCuTIJM56jHBPKcC9d/FCiwq07NmQOtErcgVSjQDOyvXj8maUSFJhwr5blOov0MS80Ip3m5lyqaYDLGQ+oZKnBElZ/Nb8/RmVH6aBBLU0Kjufp7IsORUtMoNJ0R1iO17M3E/zwv1YMbP2MiSTUVZLFokHKkYzQLAvWZpETzqSGYSGZuRWSEJSbaxFU2IbjLL6+S9mXNrdfc+6tqo17EUYITOIVzcOEaGnAHTWgBgQk8wyu8Wbn1Yr1bH4vWNauYOYY/sD5/AEWDk0A=</latexit>

xt 2 [0, 1]n

<latexit sha1_base64="wlOqzbCZEqZcwot+k/+UgAQqhjU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAILqQkItVlxY3LCvYBSSyT6aQdOpmEmYlQQnHjr7hxoYhbv8Kdf+P0sdDWAxcO59zLvfeEKWdKO863VVhaXlldK66XNja3tnfs3b2mSjJJaIMkPJHtECvKmaANzTSn7VRSHIectsLB9dhvPVCpWCLu9DClQYx7gkWMYG2kjn1whXwmkOecusF9LpCvWUwVikeoY5edijMBWiTujJRhhnrH/vK7CcliKjThWCnPdVId5FhqRjgdlfxM0RSTAe5Rz1CBzaIgn7wwQsdG6aIokaaERhP190SOY6WGcWg6Y6z7at4bi/95XqajyyBnIs00FWS6KMo40gka54G6TFKi+dAQTCQztyLSxxITbVIrmRDc+ZcXSfOs4lYr7u15uVadxVGEQziCE3DhAmpwA3VoAIFHeIZXeLOerBfr3fqYthas2cw+/IH1+QOnQZWn</latexit>

A 2 [0, 1]n⇥m

<latexit sha1_base64="6KU96pfLcCOAbXxbQTCkN3tcLvo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUIiURqR4LXjxWsB/SpmWz3bRLd5OwuxFD6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzvIgzpW3721pZXVvf2Mxt5bd3dvf2CweHTRXGktAGCXko2x5WlLOANjTTnLYjSbHwOG1545up33qkUrEwuNdJRF2BhwHzGcHaSA+lp175POmVz/qFol2xZ0DLxMlIETLU+4Wv7iAksaCBJhwr1XHsSLsplpoRTif5bqxohMkYD2nH0AALqtx0dvAEnRplgPxQmgo0mqm/J1IslEqEZzoF1iO16E3F/7xOrP1rN2VBFGsakPkiP+ZIh2j6PRowSYnmiSGYSGZuRWSEJSbaZJQ3ITiLLy+T5kXFqVacu8tirZrFkYNjOIESOHAFNbiFOjSAgIBneIU3S1ov1rv1MW9dsbKZI/gD6/MHJ9+PTA==</latexit>

(x⇤, y⇤)
<latexit sha1_base64="ff/6nmmWBVxLKNO8fXxcIv/bb+s=">AAACDXicbVC7TgJBFJ3FF+ILtbSZiCZIItk1Bi0xNpaY8EpgIbPDBSfMPpyZJW4WfsDGX7Gx0Bhbezv/xuFRKHiSSU7OOTd37nECzqQyzW8jsbS8srqWXE9tbG5t76R396rSDwWFCvW5L+oOkcCZBxXFFId6IIC4Doea078e+7UBCMl8r6yiAGyX9DzWZZQoLbXTR8PsQyvOjU5a5auolcOneDDETQ73uDkgAgLJ+DiWMfPmBHiRWDOSQTOU2umvZsenoQueopxI2bDMQNkxEYpRDqNUM5QQENonPWho6hEXpB1PrhnhY610cNcX+nkKT9TfEzFxpYxcRyddou7kvDcW//Maoepe2jHzglCBR6eLuiHHysfjanCHCaCKR5oQKpj+K6Z3RBCqdIEpXYI1f/IiqZ7lrULeuj3PFAuzOpLoAB2iLLLQBSqiG1RCFUTRI3pGr+jNeDJejHfjYxpNGLOZffQHxucPnRqaog==</latexit>

|(x⇤)TAy⇤ � v|  "

03/07/2024



Last-iterate convergence with asymmetric knowledge 

2-player zero-sum + asymmetric information: 

• Column player (agent) can estimate her (approximate) 
minimax strategy

• Row player (adversary) is a no-external-regret learner

24

At each time step t: 

• Agent chooses mix strategy                        and adversary chooses    

• Payoff matrix                            :

• Epsilon-Nash                :   

<latexit sha1_base64="GzJSgeU1KdW/KxePfzBiw6NWQvw=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgQkoiUl0W3LisYB+QxjCZTtqhM5MwMxFDyK+4caGIW3/EnX/jtM1CWw9cOJxzL/feEyaMKu0431ZlbX1jc6u6XdvZ3ds/sA/rPRWnEpMujlksByFShFFBuppqRgaJJIiHjPTD6c3M7z8SqWgs7nWWEJ+jsaARxUgbKbDrWZDrAg6pgJ5z7voPHAZ2w2k6c8BV4pakAUp0AvtrOIpxyonQmCGlPNdJtJ8jqSlmpKgNU0UShKdoTDxDBeJE+fn89gKeGmUEo1iaEhrO1d8TOeJKZTw0nRzpiVr2ZuJ/npfq6NrPqUhSTQReLIpSBnUMZ0HAEZUEa5YZgrCk5laIJ0girE1cNROCu/zyKuldNN1W0727bLRbZRxVcAxOwBlwwRVog1vQAV2AwRN4Bq/gzSqsF+vd+li0Vqxy5gj8gfX5A0WTk0A=</latexit>

yt 2 [0, 1]m
<latexit sha1_base64="UC1oyL6N+efkULWBc5KnDOAt0sM=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwICURqR4LXjxWsB+QxrDZbtulm03Y3UhLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzwoQzpR3n21pb39jc2i7tlHf39g8O7aNKW8WpJLRFYh7LbogV5UzQlmaa024iKY5CTjvh+Hbmd56oVCwWD3qaUD/CQ8EGjGBtpMCuTIJM56jHBPKcC9d/FCiwq07NmQOtErcgVSjQDOyvXj8maUSFJhwr5blOov0MS80Ip3m5lyqaYDLGQ+oZKnBElZ/Nb8/RmVH6aBBLU0Kjufp7IsORUtMoNJ0R1iO17M3E/zwv1YMbP2MiSTUVZLFokHKkYzQLAvWZpETzqSGYSGZuRWSEJSbaxFU2IbjLL6+S9mXNrdfc+6tqo17EUYITOIVzcOEaGnAHTWgBgQk8wyu8Wbn1Yr1bH4vWNauYOYY/sD5/AEWDk0A=</latexit>

xt 2 [0, 1]n

<latexit sha1_base64="wlOqzbCZEqZcwot+k/+UgAQqhjU=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAILqQkItVlxY3LCvYBSSyT6aQdOpmEmYlQQnHjr7hxoYhbv8Kdf+P0sdDWAxcO59zLvfeEKWdKO863VVhaXlldK66XNja3tnfs3b2mSjJJaIMkPJHtECvKmaANzTSn7VRSHIectsLB9dhvPVCpWCLu9DClQYx7gkWMYG2kjn1whXwmkOecusF9LpCvWUwVikeoY5edijMBWiTujJRhhnrH/vK7CcliKjThWCnPdVId5FhqRjgdlfxM0RSTAe5Rz1CBzaIgn7wwQsdG6aIokaaERhP190SOY6WGcWg6Y6z7at4bi/95XqajyyBnIs00FWS6KMo40gka54G6TFKi+dAQTCQztyLSxxITbVIrmRDc+ZcXSfOs4lYr7u15uVadxVGEQziCE3DhAmpwA3VoAIFHeIZXeLOerBfr3fqYthas2cw+/IH1+QOnQZWn</latexit>

A 2 [0, 1]n⇥m

<latexit sha1_base64="6KU96pfLcCOAbXxbQTCkN3tcLvo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUIiURqR4LXjxWsB/SpmWz3bRLd5OwuxFD6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzvIgzpW3721pZXVvf2Mxt5bd3dvf2CweHTRXGktAGCXko2x5WlLOANjTTnLYjSbHwOG1545up33qkUrEwuNdJRF2BhwHzGcHaSA+lp175POmVz/qFol2xZ0DLxMlIETLU+4Wv7iAksaCBJhwr1XHsSLsplpoRTif5bqxohMkYD2nH0AALqtx0dvAEnRplgPxQmgo0mqm/J1IslEqEZzoF1iO16E3F/7xOrP1rN2VBFGsakPkiP+ZIh2j6PRowSYnmiSGYSGZuRWSEJSbaZJQ3ITiLLy+T5kXFqVacu8tirZrFkYNjOIESOHAFNbiFOjSAgIBneIU3S1ov1rv1MW9dsbKZI/gD6/MHJ9+PTA==</latexit>

(x⇤, y⇤)
<latexit sha1_base64="ff/6nmmWBVxLKNO8fXxcIv/bb+s=">AAACDXicbVC7TgJBFJ3FF+ILtbSZiCZIItk1Bi0xNpaY8EpgIbPDBSfMPpyZJW4WfsDGX7Gx0Bhbezv/xuFRKHiSSU7OOTd37nECzqQyzW8jsbS8srqWXE9tbG5t76R396rSDwWFCvW5L+oOkcCZBxXFFId6IIC4Doea078e+7UBCMl8r6yiAGyX9DzWZZQoLbXTR8PsQyvOjU5a5auolcOneDDETQ73uDkgAgLJ+DiWMfPmBHiRWDOSQTOU2umvZsenoQueopxI2bDMQNkxEYpRDqNUM5QQENonPWho6hEXpB1PrhnhY610cNcX+nkKT9TfEzFxpYxcRyddou7kvDcW//Maoepe2jHzglCBR6eLuiHHysfjanCHCaCKR5oQKpj+K6Z3RBCqdIEpXYI1f/IiqZ7lrULeuj3PFAuzOpLoAB2iLLLQBSqiG1RCFUTRI3pGr+jNeDJejHfjYxpNGLOZffQHxucPnRqaog==</latexit>

|(x⇤)TAy⇤ � v|  "

Goal of the agent: achieve last-iterate convergence to                AND no-external-regret 
<latexit sha1_base64="6KU96pfLcCOAbXxbQTCkN3tcLvo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUIiURqR4LXjxWsB/SpmWz3bRLd5OwuxFD6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzvIgzpW3721pZXVvf2Mxt5bd3dvf2CweHTRXGktAGCXko2x5WlLOANjTTnLYjSbHwOG1545up33qkUrEwuNdJRF2BhwHzGcHaSA+lp175POmVz/qFol2xZ0DLxMlIETLU+4Wv7iAksaCBJhwr1XHsSLsplpoRTif5bqxohMkYD2nH0AALqtx0dvAEnRplgPxQmgo0mqm/J1IslEqEZzoF1iO16E3F/7xOrP1rN2VBFGsakPkiP+ZIh2j6PRowSYnmiSGYSGZuRWSEJSbaZJQ3ITiLLy+T5kXFqVacu8tirZrFkYNjOIESOHAFNbiFOjSAgIBneIU3S1ov1rv1MW9dsbKZI/gD6/MHJ9+PTA==</latexit>

(x⇤, y⇤)
03/07/2024



The LRCA algorithm

Odd time step: play the (approx.) minimax strategy

Even time step: 
play an adaptive 
strategy

25
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The LRCA algorithm

Odd time step: play the (approx.) minimax strategy

Even time step: 
play an adaptive 
strategy

Notes: 
• Playing the approximate Nash repeatedly doesn’t achieve no-external-regret
• Playing it up to a constant number of times doesn’t help last-iterate convergence

26
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Main result

Theorem: 
• If the adversary is a no-external-regret learner, then LRCA achieves                                    dynamic 

regret + convergence to 

• If adversary uses a constant learning rate     , the dynamic regret is

27
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<latexit sha1_base64="7za5UACgVHY2KC3IddU/CpF/WEY=">AAACDnicbVC7SgNBFJ31GeMramkzGAJJE3c1RMuAjZ0R8oJsDLOT2WTI7Ow6c1cIS77Axl+xsVDE1trOv3HyKDTxwIXDOfdy7z1eJLgG2/62VlbX1jc2U1vp7Z3dvf3MwWFDh7GirE5DEaqWRzQTXLI6cBCsFSlGAk+wpje8mvjNB6Y0D2UNRhHrBKQvuc8pASN1M7kbVzAf8tjV9woSV4T9vCyMa3fJ+WlpjF3F+wModDNZu2hPgZeJMydZNEe1m/lyeyGNAyaBCqJ127Ej6CREAaeCjdNurFlE6JD0WdtQSQKmO8n0nTHOGaWH/VCZkoCn6u+JhARajwLPdAYEBnrRm4j/ee0Y/MtOwmUUA5N0tsiPBYYQT7LBPa4YBTEyhFDFza2YDogiFEyCaROCs/jyMmmcFZ1y0bktZSvleRwpdIxOUB456AJV0DWqojqi6BE9o1f0Zj1ZL9a79TFrXbHmM0foD6zPH65DmzM=</latexit>

O

⇣p
log(n)T 3/4

⌘

<latexit sha1_base64="KmwvcCOh6XFR710YHKyYBz1+TaQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSgQ31ve/vMLa+sbmVnG7tLO7t39QPjxqmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5mfvtR9SGx+rBThMMJR0pPuSMWifd92TaL1f8qr8A+UuCnFQgR6Nf/uwNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkTOnDMgw1q6UJQv150RGpTFTGblOSe3YrHpz8T+vm9rhdZhxlaQWFVsuGqaC2JjM/yYDrpFZMXWEMs3drYSNqabMunRKLoRg9eW/pHVRDWrV4O6yUq/lcRThBE7hHAK4gjrcQgOawGAET/ACr57wnr03733ZWvDymWP4Be/jG1u6jdA=</latexit>µ

<latexit sha1_base64="EMkOwDpHi3oI3ojw/9c2MB31pgM=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhaeJukGgZsLEzQm6QjWF2MpsMmZ1dZ84KYdlnsPFVbCwUsbWy822cXApN/GHg4z/ncOb8XiS4Btv+tlZW19Y3NjNb2e2d3b393MFhU4exoqxBQxGqtkc0E1yyBnAQrB0pRgJPsJY3uprUWw9MaR7KOowj1g3IQHKfUwLG6uWKN65gPhSw6ytCE5kmrr5XYCCt3yXOWTnFruKDIRR7ubxdsqfCy+DMIY/mqvVyX24/pHHAJFBBtO44dgTdhCjgVLA068aaRYSOyIB1DEoSMN1Npiel+NQ4feyHyjwJeOr+nkhIoPU48ExnQGCoF2sT879aJwb/sptwGcXAJJ0t8mOBIcSTfHCfK0ZBjA0Qqrj5K6ZDYrIBk2LWhOAsnrwMzXLJqZSc2/N8tTKPI4OO0QkqIAddoCq6RjXUQBQ9omf0it6sJ+vFerc+Zq0r1nzmCP2R9fkDK0Gdvg==</latexit>

O

✓
np
n
T

1/2

◆

<latexit sha1_base64="6KU96pfLcCOAbXxbQTCkN3tcLvo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUIiURqR4LXjxWsB/SpmWz3bRLd5OwuxFD6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzvIgzpW3721pZXVvf2Mxt5bd3dvf2CweHTRXGktAGCXko2x5WlLOANjTTnLYjSbHwOG1545up33qkUrEwuNdJRF2BhwHzGcHaSA+lp175POmVz/qFol2xZ0DLxMlIETLU+4Wv7iAksaCBJhwr1XHsSLsplpoRTif5bqxohMkYD2nH0AALqtx0dvAEnRplgPxQmgo0mqm/J1IslEqEZzoF1iO16E3F/7xOrP1rN2VBFGsakPkiP+ZIh2j6PRowSYnmiSGYSGZuRWSEJSbaZJQ3ITiLLy+T5kXFqVacu8tirZrFkYNjOIESOHAFNbiFOjSAgIBneIU3S1ov1rv1MW9dsbKZI/gD6/MHJ9+PTA==</latexit>

(x⇤, y⇤)



Main result

Theorem: 
• If the adversary is a no-external-regret learner, then LRCA achieves                                    dynamic 

regret + convergence to 

• If adversary uses a constant learning rate     , the dynamic regret is
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<latexit sha1_base64="7za5UACgVHY2KC3IddU/CpF/WEY=">AAACDnicbVC7SgNBFJ31GeMramkzGAJJE3c1RMuAjZ0R8oJsDLOT2WTI7Ow6c1cIS77Axl+xsVDE1trOv3HyKDTxwIXDOfdy7z1eJLgG2/62VlbX1jc2U1vp7Z3dvf3MwWFDh7GirE5DEaqWRzQTXLI6cBCsFSlGAk+wpje8mvjNB6Y0D2UNRhHrBKQvuc8pASN1M7kbVzAf8tjV9woSV4T9vCyMa3fJ+WlpjF3F+wModDNZu2hPgZeJMydZNEe1m/lyeyGNAyaBCqJ127Ej6CREAaeCjdNurFlE6JD0WdtQSQKmO8n0nTHOGaWH/VCZkoCn6u+JhARajwLPdAYEBnrRm4j/ee0Y/MtOwmUUA5N0tsiPBYYQT7LBPa4YBTEyhFDFza2YDogiFEyCaROCs/jyMmmcFZ1y0bktZSvleRwpdIxOUB456AJV0DWqojqi6BE9o1f0Zj1ZL9a79TFrXbHmM0foD6zPH65DmzM=</latexit>

O

⇣p
log(n)T 3/4

⌘

<latexit sha1_base64="KmwvcCOh6XFR710YHKyYBz1+TaQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSgQ31ve/vMLa+sbmVnG7tLO7t39QPjxqmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5mfvtR9SGx+rBThMMJR0pPuSMWifd92TaL1f8qr8A+UuCnFQgR6Nf/uwNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkTOnDMgw1q6UJQv150RGpTFTGblOSe3YrHpz8T+vm9rhdZhxlaQWFVsuGqaC2JjM/yYDrpFZMXWEMs3drYSNqabMunRKLoRg9eW/pHVRDWrV4O6yUq/lcRThBE7hHAK4gjrcQgOawGAET/ACr57wnr03733ZWvDymWP4Be/jG1u6jdA=</latexit>µ

<latexit sha1_base64="EMkOwDpHi3oI3ojw/9c2MB31pgM=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhaeJukGgZsLEzQm6QjWF2MpsMmZ1dZ84KYdlnsPFVbCwUsbWy822cXApN/GHg4z/ncOb8XiS4Btv+tlZW19Y3NjNb2e2d3b393MFhU4exoqxBQxGqtkc0E1yyBnAQrB0pRgJPsJY3uprUWw9MaR7KOowj1g3IQHKfUwLG6uWKN65gPhSw6ytCE5kmrr5XYCCt3yXOWTnFruKDIRR7ubxdsqfCy+DMIY/mqvVyX24/pHHAJFBBtO44dgTdhCjgVLA068aaRYSOyIB1DEoSMN1Npiel+NQ4feyHyjwJeOr+nkhIoPU48ExnQGCoF2sT879aJwb/sptwGcXAJJ0t8mOBIcSTfHCfK0ZBjA0Qqrj5K6ZDYrIBk2LWhOAsnrwMzXLJqZSc2/N8tTKPI4OO0QkqIAddoCq6RjXUQBQ9omf0it6sJ+vFerc+Zq0r1nzmCP2R9fkDK0Gdvg==</latexit>

O

✓
np
n
T

1/2

◆

Key step: 
• Similarly to Topic 1, we want to show that the adversary’s behaviour is predictable
• This is more difficult due to the alternating behaviour of the agent

<latexit sha1_base64="6KU96pfLcCOAbXxbQTCkN3tcLvo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUIiURqR4LXjxWsB/SpmWz3bRLd5OwuxFD6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzvIgzpW3721pZXVvf2Mxt5bd3dvf2CweHTRXGktAGCXko2x5WlLOANjTTnLYjSbHwOG1545up33qkUrEwuNdJRF2BhwHzGcHaSA+lp175POmVz/qFol2xZ0DLxMlIETLU+4Wv7iAksaCBJhwr1XHsSLsplpoRTif5bqxohMkYD2nH0AALqtx0dvAEnRplgPxQmgo0mqm/J1IslEqEZzoF1iO16E3F/7xOrP1rN2VBFGsakPkiP+ZIh2j6PRowSYnmiSGYSGZuRWSEJSbaZJQ3ITiLLy+T5kXFqVacu8tirZrFkYNjOIESOHAFNbiFOjSAgIBneIU3S1ov1rv1MW9dsbKZI/gD6/MHJ9+PTA==</latexit>

(x⇤, y⇤)



Main result

Theorem: 
• If the adversary is a no-external-regret learner, then LRCA achieves                                    dynamic 

regret + convergence to 

• If adversary uses a constant learning rate     , the dynamic regret is
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<latexit sha1_base64="7za5UACgVHY2KC3IddU/CpF/WEY=">AAACDnicbVC7SgNBFJ31GeMramkzGAJJE3c1RMuAjZ0R8oJsDLOT2WTI7Ow6c1cIS77Axl+xsVDE1trOv3HyKDTxwIXDOfdy7z1eJLgG2/62VlbX1jc2U1vp7Z3dvf3MwWFDh7GirE5DEaqWRzQTXLI6cBCsFSlGAk+wpje8mvjNB6Y0D2UNRhHrBKQvuc8pASN1M7kbVzAf8tjV9woSV4T9vCyMa3fJ+WlpjF3F+wModDNZu2hPgZeJMydZNEe1m/lyeyGNAyaBCqJ127Ej6CREAaeCjdNurFlE6JD0WdtQSQKmO8n0nTHOGaWH/VCZkoCn6u+JhARajwLPdAYEBnrRm4j/ee0Y/MtOwmUUA5N0tsiPBYYQT7LBPa4YBTEyhFDFza2YDogiFEyCaROCs/jyMmmcFZ1y0bktZSvleRwpdIxOUB456AJV0DWqojqi6BE9o1f0Zj1ZL9a79TFrXbHmM0foD6zPH65DmzM=</latexit>

O

⇣p
log(n)T 3/4

⌘

<latexit sha1_base64="KmwvcCOh6XFR710YHKyYBz1+TaQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmgckS5iddJIhM7PLzKwQlnyCFw+KePWLvPk3TpI9aLSgoajqprsrSgQ31ve/vMLa+sbmVnG7tLO7t39QPjxqmTjVDJssFrHuRNSg4AqblluBnUQjlZHAdjS5mfvtR9SGx+rBThMMJR0pPuSMWifd92TaL1f8qr8A+UuCnFQgR6Nf/uwNYpZKVJYJakw38BMbZlRbzgTOSr3UYELZhI6w66iiEk2YLU6dkTOnDMgw1q6UJQv150RGpTFTGblOSe3YrHpz8T+vm9rhdZhxlaQWFVsuGqaC2JjM/yYDrpFZMXWEMs3drYSNqabMunRKLoRg9eW/pHVRDWrV4O6yUq/lcRThBE7hHAK4gjrcQgOawGAET/ACr57wnr03733ZWvDymWP4Be/jG1u6jdA=</latexit>µ

<latexit sha1_base64="EMkOwDpHi3oI3ojw/9c2MB31pgM=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhaeJukGgZsLEzQm6QjWF2MpsMmZ1dZ84KYdlnsPFVbCwUsbWy822cXApN/GHg4z/ncOb8XiS4Btv+tlZW19Y3NjNb2e2d3b393MFhU4exoqxBQxGqtkc0E1yyBnAQrB0pRgJPsJY3uprUWw9MaR7KOowj1g3IQHKfUwLG6uWKN65gPhSw6ytCE5kmrr5XYCCt3yXOWTnFruKDIRR7ubxdsqfCy+DMIY/mqvVyX24/pHHAJFBBtO44dgTdhCjgVLA068aaRYSOyIB1DEoSMN1Npiel+NQ4feyHyjwJeOr+nkhIoPU48ExnQGCoF2sT879aJwb/sptwGcXAJJ0t8mOBIcSTfHCfK0ZBjA0Qqrj5K6ZDYrIBk2LWhOAsnrwMzXLJqZSc2/N8tTKPI4OO0QkqIAddoCq6RjXUQBQ9omf0it6sJ+vFerc+Zq0r1nzmCP2R9fkDK0Gdvg==</latexit>

O

✓
np
n
T

1/2

◆

Key step: 
• Similarly to Topic 1, we want to show that the adversary’s behaviour is predictable
• This is more difficult due to the alternating behaviour of the agent

Claim:

<latexit sha1_base64="6KU96pfLcCOAbXxbQTCkN3tcLvo=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUIiURqR4LXjxWsB/SpmWz3bRLd5OwuxFD6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzvIgzpW3721pZXVvf2Mxt5bd3dvf2CweHTRXGktAGCXko2x5WlLOANjTTnLYjSbHwOG1545up33qkUrEwuNdJRF2BhwHzGcHaSA+lp175POmVz/qFol2xZ0DLxMlIETLU+4Wv7iAksaCBJhwr1XHsSLsplpoRTif5bqxohMkYD2nH0AALqtx0dvAEnRplgPxQmgo0mqm/J1IslEqEZzoF1iO16E3F/7xOrP1rN2VBFGsakPkiP+ZIh2j6PRowSYnmiSGYSGZuRWSEJSbaZJQ3ITiLLy+T5kXFqVacu8tirZrFkYNjOIESOHAFNbiFOjSAgIBneIU3S1ov1rv1MW9dsbKZI/gD6/MHJ9+PTA==</latexit>

(x⇤, y⇤)



3. Exploiting no-external-regret learners via (minimal) payoff 
manipulation

3003/07/2024



Payoff manipulation

• Data poisoning attacks against bandit and RL agents

• Last-iterate convergence to a given mix strategy profile

• Learning to win coopetitive games

03/07/2024 31



What’s coopetitive game?
• In order to win/perform well, one must cooperate with their opponents
• But they also need to know when to stop cooperating to become the winner/achieve their goal
• That is, they need to cooperate and compete at the same time (Nalebuff & Brandenburger, 1996)

03/07/2024 32

https://cruciformstuff.com/2023/07/30/betrayal/



Example 1: Blue-Ray vs. DVD

03/07/2024 33

https://fr.tipard.com/resource/blu-ray-vs-dvd.html



Example 2: Tour de France

https://www.ef.fr/blog/language/les-principaux-termes-de-cyclisme-connaitre-pour-regarder-le-tour-de-france/

03/07/2024 34



Recent interests from the AI Community
Google Deepmind + Cooperative AI Foundation’s Melting Pot Challenge (hosted at NeurIPS 2023)

https://www.aicrowd.com/challenges/meltingpot-challenge-2023

03/07/2024 35



Research questions

In AI, we consider a multi-agent sequential decision-making version of coopetitive games:

• Who to cooperate with?

• How to signal/incentivise others to collaborate

• When to switch side?

03/07/2024 36



Our focus
• Aim: Proof of Concept
• Simplified setting
• 3 players
• Repeated games
• Polymatrix games
• Signaling: payoff manipulation

03/07/2024 37



Payoff manipulation explained
• In our setting no explicit communication between agents is allowed

• Instead, we allow one agent to modify another agent’s payoff by:

• Sacrificing from their own payoffs (e.g., gift, bribery, etc) -> increasing the other’s payoff

• Enforce some penalties -> decreasing opponent’s payoff

• Examples: multiplayer video games, nature, etc.

03/07/2024 38



Problem formulation

• 3 players: P1, P2, P3 (we are P1) – repeated game (each round they play the same game)
• Polymatrix game: 

• Game can be decomposed to sum or pairwise 2-player games
• Payoff = sum of pairwise payoffs defined by pairwise payoff matrices

• Payoff manipulation: P1 can modify             and
• Payoff of P1:

• Payoff of P2 & P3:

<latexit sha1_base64="n1GBd4gjuYDLtIKjfF47uqrTtbQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahgpRdkeqx4sVjBfsh7VqyabaNTbJLkhXK0l/hxYMiXv053vw3pu0etPpg4PHeDDPzgpgzbVz3y8ktLa+sruXXCxubW9s7xd29po4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Grqtx6p0iySt2YcU1/ggWQhI9hY6e7yPi2zk4fjSa9YcivuDOgv8TJSggz1XvGz249IIqg0hGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKrGg2k9nB0/QkVX6KIyULWnQTP05kWKh9VgEtlNgM9SL3lT8z+skJrzwUybjxFBJ5ovChCMToen3qM8UJYaPLcFEMXsrIkOsMDE2o4INwVt8+S9pnla8asW7OSvVqlkceTiAQyiDB+dQg2uoQwMICHiCF3h1lPPsvDnv89ack83swy84H9/H3Y+1</latexit>

A(i,j)

<latexit sha1_base64="MKaZrX9EIxuq9KniUBE4n1amWZ4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbpHqsePFYwX5Iu5Zsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Gbqt56o0iyS92YcU1/ggWQhI9hY6eH6MS1Vzr2zSa9QdMvuDGiZeBkpQoZ6r/DV7UckEVQawrHWHc+NjZ9iZRjhdJLvJprGmIzwgHYslVhQ7aezgyfo1Cp9FEbKljRopv6eSLHQeiwC2ymwGepFbyr+53USE175KZNxYqgk80VhwpGJ0PR71GeKEsPHlmCimL0VkSFWmBibUd6G4C2+vEyalbJXLXt3F8VaNYsjB8dwAiXw4BJqcAt1aAABAc/wCm+Ocl6cd+dj3rriZDNH8AfO5w8cz49F</latexit>

A(2,1)
<latexit sha1_base64="IUTU0whRzEGoLn+XQaf+fajPldQ=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLKrUj1WvHisYD+kXUs2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+Q0eJIrROIh6pVoA15UzSumGG01asKBYBp81geDPxm09UaRbJezOKqS9wX7KQEWys9HD9mJbOT72TcbdQdMvuFGiReBkpQoZat/DV6UUkEVQawrHWbc+NjZ9iZRjhdJzvJJrGmAxxn7YtlVhQ7afTg8fo2Co9FEbKljRoqv6eSLHQeiQC2ymwGeh5byL+57UTE175KZNxYqgks0VhwpGJ0OR71GOKEsNHlmCimL0VkQFWmBibUd6G4M2/vEgaZ2WvUvbuLorVShZHDg7hCErgwSVU4RZqUAcCAp7hFd4c5bw4787HrHXJyWYO4A+czx8eV49G</latexit>
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Winning policies
Objective: P1 will have higher total/average payoff than P2 and P3

Idea: We are interested in a certain type of behaviour (policy) that can lead to winning the game
• Suppose P1 plays i* action for all the rounds
• Suppose P2 has a strictly dominant strategy j* against i*, similarly P3 has a strictly dominant 

strategy k* against i*
• Also, suppose
• Then by consistently playing i*, P1 would eventually win the game 

03/07/2024 40

<latexit sha1_base64="gKi384exUR6lEPleWgyIJL2gaYM="></latexit>

u1(i
⇤, j⇤, k⇤) > max

n
u2(i

⇤, j⇤, k⇤), u3(i
⇤, j⇤, k⇤)

o



Winning policies
Objective: P1 will have higher total/average payoff than P2 and P3

Idea: We are interested in a certain type of behaviour (policy) that can lead to winning the game
• Suppose P1 plays i* action for all the rounds
• Suppose P2 has a strictly dominant strategy j* against i*, similarly P3 has a strictly dominant 

strategy k* against i*
• Also, suppose
• Then by consistently playing i*, P1 would eventually win the game 

Issue: such situation does not always exist L
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Winning policies
Objective: P1 will have higher total/average payoff than P2 and P3

Idea: We are interested in a certain type of behaviour (policy) that can lead to winning the game
• Suppose P1 plays i* action for all the rounds
• Suppose P2 has a strictly dominant strategy j* against i*, similarly P3 has a strictly dominant 

strategy k* against i*
• Also, suppose
• Then by consistently playing i*, P1 would eventually win the game 

Issue: such situation does not always exist L

Solution: create such solution via (minimal) payoff matrix manipulation!!! J
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Existence of dominant solvable games
Goal: Design a game via (optimally) manipulating              and              such that P2 has a strictly 
dominant strategy j* against i*, similarly P3 has a strictly dominant strategy k* against i* (for 
some i* action of P1)
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Existence of dominant solvable games
Goal: Design a game via (optimally) manipulating              and              such that P2 has a strictly 
dominant strategy j* against i*, similarly P3 has a strictly dominant strategy k* against i* (for 
some i* action of P1)

Result 1: such dominant solvable game exists for any original 3-player polymatrix games
Even more, if we fix i*, j*, and k* in advance -> there exists a dominant solvable game for 
(i*,j*,k*)
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Existence of dominant solvable games
Goal: Design a game via (optimally) manipulating              and              such that P2 has a strictly 
dominant strategy j* against i*, similarly P3 has a strictly dominant strategy k* against i* (for 
some i* action of P1)

Result 1: such dominant solvable game exists for any original 3-player polymatrix games
Even more, if we fix i*, j*, and k* in advance -> there exists a dominant solvable game for 
(i*,j*,k*)

Issue 1: How to achieve 
Issue 2: What happens if P2 and P3 are learning agents?    
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Consistent agents

Consistent agent:
• There is a same fixed best action for that agent in every round
• Event: the fraction of number of times the agent plays this best action tends to 1
• Probability of this event = 1 
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Persistent agents
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Persistent agent:
• There is a same fixed best action for that agent from some round (i.e., eventually)
• Event: the fraction of number of times the agent plays this best action tends to 1 
• Probability of this event = 1
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Persistent agent:
• There is a same fixed best action for that agent from some round (i.e., eventually)
• Event: the fraction of number of times the agent plays this best action tends to 1 
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Main results
Winning dominance solvable policies: 
• Each action of P1=
• Makes P1 is the winner of the resulting dominant solvable game 

03/07/2024 49

<latexit sha1_base64="B3ANjDCIYA5QrngN5JDiy3hUPLc=">AAACCnicbVDLSgMxFM3UV62vUZduokVooZRJleqy4MaNUME+oJ0OmTTThmYeJBmhDF278VfcuFDErV/gzr8xbUfQ1gOBc8+5l5t73IgzqSzry8isrK6tb2Q3c1vbO7t75v5BU4axILRBQh6Ktosl5SygDcUUp+1IUOy7nLbc0dXUb91TIVkY3KlxRG0fDwLmMYKVlhzzuIB7yFEleNNLCpUSKk5+irN5UXTMvFW2ZoDLBKUkD1LUHfOz2w9J7NNAEY6l7CArUnaChWKE00muG0saYTLCA9rRNMA+lXYyO2UCT7XSh14o9AsUnKm/JxLsSzn2Xd3pYzWUi95U/M/rxMq7tBMWRLGiAZkv8mIOVQinucA+E5QoPtYEE8H0XyEZYoGJ0unldAho8eRl0qyUUbWMbs/ztWoaRxYcgRNQAAhcgBq4BnXQAAQ8gCfwAl6NR+PZeDPe560ZI505BH9gfHwDCh2XSA==</latexit>

(a1t ,M
(2,1)
t ,M (3,1)

t )



Main results
Winning dominance solvable policies: 
• Each action of P1=
• Makes P1 is the winner of the resulting dominant solvable game 

Theorem 1: If P2 and P3 are consistent agents then there exists a winning dominance 
solvable policy for P1

Theorem 2: If P2 is consistent and P3 is persistent, then there exists a winning dominance 
solvable policy for P1

Theorem 3: These winning dominance solvable policies, if exist, can be calculated in 
polynomial running time
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Additional objectives

• Winning by largest margin

• Winning by lowest inefficiency ratio

• Maximising the egalitarian social welfare
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Winning by largest margin
Margin of P1:

• How much better the (expected) average payoff of P1 is compared to the others’
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Winning by largest margin
Margin of P1:

• How much better the (expected) average payoff of P1 is compared to the others’

Theorem 6: If winning dominance solvable policies exist, then there exists an algorithm that can find 
the largest margin dominance solvable policy, with running time that is polynomial in the number 
of actions of the players.
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Winning by lowest inefficiency ratio
Inefficiency ratio: the ratio between the cost for modifying the payoff matrices and the expected 
increase in long run payoffs from the worst-case payoff.
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Winning by lowest inefficiency ratio
Inefficiency ratio: the ratio between the cost for modifying the payoff matrices and the expected 
increase in long run payoffs from the worst-case payoff.

Theorem: If winning dominance solvable policies exist, then there exists an algorithm that can find 
the winning dominance solvable policy with the lowest inefficiency ratio, with running time that 
is polynomial in the number of actions of the players.
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Maximising egalitarian social welfare
Egalitarian social welfare: The lowest payoff among the players’
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Maximising egalitarian social welfare
Egalitarian social welfare: The lowest payoff among the players’

Theorem: There exists an algorithm that can find the dominance solvable policy that maximizes 
egalitarian social welfare with running time that is polynomial in the number of actions of the 
players.

03/07/2024 57



Application 1: 3-Player iterated prisoner’s dilemma
Action space = {C, D}
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Application 1: 3-Player iterated prisoner’s dilemma
Action space = {C, D}

For P1, a winning strategy would be always playing D (and both P2 and P3 also defect all the time)
• But this one has 0 margin as well
• Can we design a better policy with positive margin, and incentivises cooperation?
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Application 1: 3-Player iterated prisoner’s dilemma
Action space = {C, D}

For P1, a winning strategy would be always playing D (and both P2 and P3 also defect all the time)
• But this one has 0 margin as well
• Can we design a better policy with positive margin, and incentivises cooperation?

We show that for                       we set

P1 plays D and manipulates opponents’ payoff matrices to
Theorem: system will converge to (D,C,C) and P1 wins with large (positive) margin   
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Application 2: social distancing game
Inspired by Zinkevic’s Lemonade Stand Game
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Application 2: social distancing game
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Application 2: social distancing game
Inspired by Zinkevic’s Lemonade Stand Game

Winning the game:
Theorem 1: P1 can win the game with negligible 
manipulation cost

Egalitarian social welfare:
Theorem 2: P1 plays position 12 and use
and      to manipulate the payoff of P2 and P3,
then the egalitarian social welfare is maximised
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Summary

• No-regret learner’s behaviour is predictable

• Better regret bounds against no-regret learners (Topic 1)

• Last-iterate convergence under information asymmetry (Topic 2)

• Easy to manipulate their behaviour with minimal manipulation cost (Topic 3)
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Open questions
• Topic 1 (better regret bounds): 

• extend to (episodic) RL, online MDPs, stochastic games

• Topic 2 (last-iterate convergence): 
• Relax the information asymmetry assumption; 
• How frequently we need to play the approximate Nash

• Topic 3 (minimal manipulation cost): 
• Optimal manipulation schemes?
• N-player games (N > 3)
• General games (not polymatrix)?
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Online version of our papers

• Topic 1: https://arxiv.org/abs/2302.06652

• Topic 2: https://proceedings.mlr.press/v132/dinh21a.html

• Topic 3: https://arxiv.org/abs/2110.13532
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Many thanks for your attention
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