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Deep Reinforcement Learning achieves super-human performance!



At what cost?

“Training AlphaGoZero to play Go took 72 hours, with over 4.9 million 
matches played, and with each move during self-play using about 0.4 
seconds of processing time, on a single machine with 4 TPUs (Google’s 
special-purpose Tensor Processing Unit chips), plus additional 
parameter updates powered by 64 GPUs and 19 CPUs.” [Silver et.al. 2017]

*does not include hyperparameter tuning!

Deep Reinforcement Learning achieves super-human performance!



Deep Reinforcement Learning achieves super-human performance!

At what cost? High computational/storage burdens, massive training 
data requirements, sensitive to hyperparameter tuning

RL is not yet practical for settings where it is also critical to exhibit
• Data efficiency / efficient learning
• Low computational cost and time
• Low storage requirements / memory usage

In real-world systems, domain heuristics often outperform RL, 
as RL ignores the known structure of the problem.



Central Research Question

How to design RL algorithms that provably and efficiently 

exploit structure arising in real-world systems?

What types of structure are 

reasonable and common?

What type of information 

is commonly available?

How to exploit it to lead 

to efficient learning?
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Outline – dealing with large state/action MDPs

• Part I: Exploiting smoothness in continuous state/action MDPs 
 using adaptive discretization

• Part II: Exploiting latent low rank structure in action-value function 
 using matrix completion

Sean R. Sinclair, Siddhartha Banerjee, Christina Lee Yu. “Adaptive Discretization for Online Reinforcement Learning.” 
Operations Research, 2022.

Sean R. Sinclair, Tianyu Wang, Gauri Jain, Siddhartha Banerjee, Christina Lee Yu. “Adaptive Discretization for Model-
Based Reinforcement Learning.” Neurips, 2020.

Sean R. Sinclair, Siddhartha Banerjee, Christina Lee Yu. “Adaptive Discretization for Episodic Reinforcement Learning in 
Metric Spaces.” POMACS + ACM SIGMETRICS, 2019.

Tyler Sam, Yudong Chen, Christina Lee Yu. “Overcoming the Long Horizon Barrier for Sample-Efficient Reinforcement 
Learning with Latent Low-Rank Structure.” POMACS + ACM SIGMETRICS, 2023.



Part I: Exploiting smoothness in 
continuous state/action space MDPs 

using adaptive discretization

Joint work with Sid Banerjee, Gauri Jain, Sean Sinclair, Tianyu Wang



Episodic Reinforcement Learning

• Agent interacts with an unknown MDP over a length H horizon

• Agent Policy

• Model Parameters 

• Value Function

• Q Function

• Goal: minimize expected regret over K episodes of online interaction
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Dealing with continuous state/action spaces

1) Parametric function approximation
• Approximate value function or policy with tractable function class
• Leverage techniques from supervised learning
• Sensitive to model mismatch

2) Discretization / Aggregation
• Approximate full MDP with a smaller tabular MDP
• Relies on smoothness assumptions with respect to known metric



Discretization for Continuous MDPs

• Compact continuous state space 𝑆, 𝐴, with known metric
• Assume that MDP (𝑄∗, 𝑟, 𝑇) is Lipschitz continuous wrt known metric
• Naïve discretization approach

• Choose 𝜖 to balance approx error and regret from tabular MDP

Continuous 
MDP 
(𝑆, 𝐴)

Tabular 
MDP
(𝑆! , 𝐴!)

Uniform 𝜖-net 
discretization



Discretization for Continuous MDPs

• Compact continuous state space 𝑆, 𝐴, with known metric
• Assume that MDP (𝑄∗, 𝑟, 𝑇) is Lipschitz continuous wrt known metric
• Naïve discretization approach

• Choose 𝜖 to balance approx error and regret from tabular MDP

Continuous 
MDP 
(𝑆, 𝐴)

Tabular 
MDP
(𝑆! , 𝐴!)

Uniform 𝜖-net 
discretization

Regret ≤ 𝐻( 𝑆)𝐴)𝐾 + 𝐻𝐾𝐿𝜖

≈ 𝜖"#, where 𝑑 is dimension of 𝑆×𝐴

Optimistic Q-Learning Discretization Error



Discretization for Continuous MDPs

• Compact continuous state space 𝑆, 𝐴, with known metric
• Assume that MDP (𝑄∗, 𝑟, 𝑇) is Lipschitz continuous wrt known metric
• Naïve discretization approach

• Choose 𝜖 to balance approx error and regret from tabular MDP

Continuous 
MDP 
(𝑆, 𝐴)

Tabular 
MDP
(𝑆! , 𝐴!)

Uniform 𝜖-net 
discretization

Regret ≤ 𝐻( 𝑆)𝐴)𝐾 + 𝐻𝐾𝐿𝜖

≈ 𝜖"#, where 𝑑 is dimension of 𝑆×𝐴

Optimistic Q-Learning

matches minimax lower bd 
from contextual bandits

Discretization Error

≤ 𝑂(𝐾(-./)/(-.1))



Discretization for Continuous MDPs

• Compact continuous state space 𝑆, 𝐴, with known metric
• Assume that MDP (𝑄∗, 𝑟, 𝑇) is Lipschitz continuous wrt known metric
• Naïve discretization approach

• Choose 𝜖 to balance approx error and regret from tabular MDP
• Could be very expensive in both memory and sample complexity
• Can we reduce memory requirements while preserving performance?

Continuous 
MDP 
(𝑆, 𝐴)

Tabular 
MDP
(𝑆! , 𝐴!)

Uniform 𝜖-net 
discretization



Adaptive Discretization

• Assume Lipschitz assumptions on model with respect to metric space
• Only refine discretization on an “as needed” basis

• Is there an optimal sequence of approximating MDPs? 
• Overarching idea can be applied to convert any tabular RL algorithm 

into an algorithm for continuous spaces

Continuous 
MDP

Tabular 
MDP(1)

Tabular 
MDP(2)

Tabular 
MDP(3)



We propose AdaQL (model free) and AdaMB (model based) that achieve

where 𝑧 is zooming dim, 𝑑2 is dim of state space.

Informal Theorem

dependence on K matches minimax 
lower bound from contextual bandits

[SinclairBanerjeeYu2019] [SinclairWangJainBanerjeeYu2020]

analogous to instance specific bounds in the multi-arm bandit literature
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We propose AdaQL (model free) and AdaMB (model based) that achieve

where 𝑧 is zooming dim, 𝑑2 is dim of state space.

Informal Theorem [SinclairBanerjeeYu2019] [SinclairWangJainBanerjeeYu2020]
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• Assume compact metric spaces 𝑆, 𝐴
• AdaQL: Lipschitz value functions 𝑄3∗  and 𝑉3∗
• AdaMB: Lipschitz rewards 𝑟3 and transitions 𝑇3 in the 1-Wasserstein metric

can be improved for “simple” dynamics



Zooming Dimension

0

1

Ac
tio

n Optimal policy

State𝑥

𝑄3∗  function
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Zooming Dimension
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Zooming Dimension
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Adaptive discretization exploits structure in benign problem instances with low zooming 
dimension; constructing a partition that follows the contours of the value function.



Adaptive discretization exploits structure in benign problem instances with low zooming 
dimension; constructing a partition that follows the contours of the value function.



Main Format of Algorithm

• Maintain partition of state action space + corresponding estimates
• Given current partition, run original tabular RL algorithm 
• Greedy selection rule w.r.t. optimistic estimates,

• Can plug in model free or model based approximations for Bellman update

• Subpartition a region 𝐵 when it has been chosen “too often”, 
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Model Free Q Learning Algorithm → AdaQL

• Directly estimate Q function and associated value function

• Given observation 𝑥" , 𝑎" , 𝑟" , 𝑥"$% , use Q-learning update

where 𝑡 = is # of times action has been selected, 𝛼8 = (𝐻 + 1)/(𝐻 + 𝑡)
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Model Based RL Algorithm → AdaMB

• Maintain empirical estimates for reward fn and transition kernel

• Plug in empirical estimates to the Bellman update equation

• Want to approximate 𝑟̂ and /𝔼 without needing to store all datapoints
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AdaMB: Model Based Adaptive Discretization

State

Ac
tio

n

Induced State Partition

• Maintain partition of the state-action space
• Keep empirical estimates
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AdaMB: Model Based Adaptive Discretization

State

Ac
tio

n

Uniform State Discretization

• Maintain partition of the state-action space
• Keep empirical estimates
• Estimate                 over a uniform discretization 

of the state space at coarseness
• Maintains necessary accuracy of estimate while 

limiting storage complexity
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AdaMB: Model Based Adaptive Discretization

State

Ac
tio

n

• Maintain partition of the state-action space
• Keep empirical estimates

• Greedy Selection Rule

𝑥$

<latexit sha1_base64="H6J9DqmYHsNHLPvMWJP/tLpda4s=">AAACIXicbVDLSsNAFJ34rPUVdelmsAgKUhIp6kaounFZwT6gKeFmOm0GJ5MwMxFLyK+48VfcuFCkO/FnnNQutHpg4HDuPXfuPUHCmdKO82HNzS8sLi2XVsqra+sbm/bWdkvFqSS0SWIey04AinImaFMzzWknkRSigNN2cHdV1Nv3VCoWi1s9SmgvgqFgA0ZAG8m3z8AP8Tn2QA69CB78DDwmDNMhAZ5d5Dn2YuMvxmc3uR8ePPjhkfEc+nbFqToT4L/EnZIKmqLh22OvH5M0okITDkp1XSfRvQykZoTTvOyliiZA7mBIu4YKiKjqZZMLc7xvlD4exNI8ofFE/enIIFJqFAWms9hdzdYK8b9aN9WDs17GRJJqKsj3R4OUYx3jIi7cZ5ISzUeGAJHM7IpJCBKINqGWTQju7Ml/Seu46p5Uaze1Sv1yGkcJ7aI9dIBcdIrq6Bo1UBMR9Iie0St6s56sF+vdGn+3zllTzw76BevzC9AIo+8=</latexit>

ah = argmax
a2A

Qh(xh, ah)

<latexit sha1_base64="2kk1JS3iXMKbih/Crcd/RyUHcH4=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBASkLArQS1DbCwj5AXJssxOZrNDZh/M3BXCmt7GX7GxUMTWH7Dzb5w8Ck08MHDuOfdy5x4vEVyBZX0ba+sbm1vbuZ387t7+waF5dNxWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxvdTP3OPZOKx1ETxglzQjKMuM8pAS25ZqEfEMjkxA1K9fI5nlXNadWngxjwA66XXbNoVawZ8CqxF6SIFmi45ld/ENM0ZBFQQZTq2VYCTkYkcCrYJN9PFUsIHZEh62kakZApJ5vdMsFnWhlgP5b6RYBn6u+JjIRKjUNPd4YEArXsTcX/vF4K/rWT8ShJgUV0vshPBYYYT4PBAy4ZBTHWhFDJ9V8xDYgkFHR8eR2CvXzyKmlfVOzLSvWuWqzVF3Hk0CkqoBKy0RWqoVvUQC1E0SN6Rq/ozXgyXox342PeumYsZk7QHxifP+uQmbI=</latexit>

r̂h(B), T̂h(·|B)

Induced State Partition



AdaMB: Model Based Adaptive Discretization

State

Ac
tio

n

• Maintain partition of the state-action space
• Keep empirical estimates

• Greedy Selection Rule

• Compute empirical Bellman update

where𝑥$

<latexit sha1_base64="2kk1JS3iXMKbih/Crcd/RyUHcH4=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBASkLArQS1DbCwj5AXJssxOZrNDZh/M3BXCmt7GX7GxUMTWH7Dzb5w8Ck08MHDuOfdy5x4vEVyBZX0ba+sbm1vbuZ387t7+waF5dNxWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxvdTP3OPZOKx1ETxglzQjKMuM8pAS25ZqEfEMjkxA1K9fI5nlXNadWngxjwA66XXbNoVawZ8CqxF6SIFmi45ld/ENM0ZBFQQZTq2VYCTkYkcCrYJN9PFUsIHZEh62kakZApJ5vdMsFnWhlgP5b6RYBn6u+JjIRKjUNPd4YEArXsTcX/vF4K/rWT8ShJgUV0vshPBYYYT4PBAy4ZBTHWhFDJ9V8xDYgkFHR8eR2CvXzyKmlfVOzLSvWuWqzVF3Hk0CkqoBKy0RWqoVvUQC1E0SN6Rq/ozXgyXox342PeumYsZk7QHxifP+uQmbI=</latexit>

r̂h(B), T̂h(·|B)

<latexit sha1_base64="Uj+NvknOzlb+OkwbMeJvr0t0ltk=">AAACHXicbZDLSgMxFIYzXmu9VV26CRahIpQZKepGKHXjsoK9QFtKJs20oZlkSM6IZeiLuPFV3LhQxIUb8W1MLxRt/SHw851zODm/HwluwHW/naXlldW19dRGenNre2c3s7dfNSrWlFWoEkrXfWKY4JJVgINg9UgzEvqC1fz+9aheu2facCXvYBCxVki6kgecErConSk0gT2AoYmvZGyG+ArPACdmmCud4NMZokoGI9TOZN28OxZeNN7UZNFU5Xbms9lRNA6ZBCqIMQ3PjaCVEA2cCjZMN2PDIkL7pMsa1koSMtNKxtcN8bElHRwobZ8EPKa/JxISGjMIfdsZEuiZ+doI/ldrxBBcthIuoxiYpJNFQSwwKDyKCne4ZhTEwBpCNbd/xbRHNKFgA03bELz5kxdN9SzvnecLt4VssTSNI4UO0RHKIQ9doCK6QWVUQRQ9omf0it6cJ+fFeXc+Jq1LznTmAP2R8/UDTF+iAw==</latexit>

bonus = bias(B) + conf(B)

concentration of 9𝑇 
may depend on 𝑑%

<latexit sha1_base64="lkZhHR0ZIojF6vyIyMVLjgjea/w="></latexit>

Qh(B) = r̂h(B) + Ê[V h+1(x) | B] +BONUS

V h(x) = max
a2A

Qh(x, a)

Induced State Partition



AdaMB: Model Based Adaptive Discretization

State

Ac
tio

n

Induced State Partition

• Maintain partition of the state-action space
• Keep empirical estimates

• Greedy Selection Rule

• Compute empirical Bellman update

• Subpartition region if bias > confidence radius
• New regions have half diameter of parent, inherit all 

estimates of reward, transition, and counts

<latexit sha1_base64="2kk1JS3iXMKbih/Crcd/RyUHcH4=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBASkLArQS1DbCwj5AXJssxOZrNDZh/M3BXCmt7GX7GxUMTWH7Dzb5w8Ck08MHDuOfdy5x4vEVyBZX0ba+sbm1vbuZ387t7+waF5dNxWcSopa9FYxLLrEcUEj1gLOAjWTSQjoSdYxxvdTP3OPZOKx1ETxglzQjKMuM8pAS25ZqEfEMjkxA1K9fI5nlXNadWngxjwA66XXbNoVawZ8CqxF6SIFmi45ld/ENM0ZBFQQZTq2VYCTkYkcCrYJN9PFUsIHZEh62kakZApJ5vdMsFnWhlgP5b6RYBn6u+JjIRKjUNPd4YEArXsTcX/vF4K/rWT8ShJgUV0vshPBYYYT4PBAy4ZBTHWhFDJ9V8xDYgkFHR8eR2CvXzyKmlfVOzLSvWuWqzVF3Hk0CkqoBKy0RWqoVvUQC1E0SN6Rq/ozXgyXox342PeumYsZk7QHxifP+uQmbI=</latexit>

r̂h(B), T̂h(·|B)

*we don’t need to keep all samples; due to inherited estimates, 𝑟̂ and 9𝑇 are
 not standard empirical estimates; we need to account for this in the analysis



We propose AdaQL (model free) and AdaMB (model based) that achieve

where 𝑧 is zooming dim, 𝑑2 is dim of state space.

Informal Theorem [SinclairBanerjeeYu2019] [SinclairWangJainBanerjeeYu2020]

<latexit sha1_base64="ELcgm6PFBnF2ILOxbqy/uBEdKbw="></latexit>

Regret(K) .

8
>><

>>:

AdaQL : H
5/2

K
z+1
z+2

AdaMB : H
3/2

K

z+dS�1
z+dS dS > 2

AdaMB : H
3/2

K
z+1
z+2 dS  2



Proof Sketch – Zooming Dimension Analysis

• Instance specific analysis for finite armed bandits

actions

<latexit sha1_base64="86lRcH31hGNVGj6eYebPX0a5sII=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJJFX1LofliltzF0DrxMtJBXK0huWvwSgiiaDSEI617ntubPwUK8MIp/PSINE0xmSKx7RvqcSCaj9d3DpHF1YZoTBStqRBC/X3RIqF1jMR2E6BzUSvepn4n9dPTHjjp0zGiaGSLBeFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2npINwVt9eZ10rmpeo1Z/qFeat3kcRTiDc6iCB9fQhHtoQRsITOAZXuHNEc6L8+58LFsLTj5zCn/gfP4AFb6Nnw==</latexit>

r(1)

<latexit sha1_base64="cilm3KnNMYMnUaR7fVr7e/ObBT8=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJJFWtXw7LFbfmLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDGT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrp1GveVa3x0Kg0b/M4inAG51AFD66hCffQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBF0ONoA==</latexit>

r(2)

<latexit sha1_base64="9VfKuNMGQS/CIoKIaCd80fb3MC0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFvVY9OKxgv2AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3md56o0iySj2YaU1/gkWQhI9hkkqpeng/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDGT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ippX9S8q1r9oV5p3OZxFOEETqEKHlxDA+6hCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDGMiNoQ==</latexit>

r(3)
<latexit sha1_base64="rft2tnGxN8zJ5uw3yNKK8HXMdXM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRaheii7UtRj0YvHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Gbqt56o0kyKezOOqR/hgWAhI9hYqanK+OHstFcsuRV3BrRMvIyUIEO9V/zq9iVJIioM4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWChxR7aezayfoxCp9FEplSxg0U39PpDjSehwFtjPCZqgXvan4n9dJTHjlp0zEiaGCzBeFCUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oIINwVt8eZk0zyveRaV6Vy3VrrM48nAEx1AGDy6hBrdQhwYQeIRneIU3RzovzrvzMW/NOdnMIfyB8/kDeY+Oaw==</latexit>

r(a⇤)

<latexit sha1_base64="LbLMyerWY+0uQ9cSqLMEPfRtFko=">AAACCHicbZDJSgNBEIZ74hbjFvXowcYgJIJhRoJ6EYJePEYwCyQx1HQ6SZOehe4aMQw5evFVvHhQxKuP4M23sbMcNPGHho+/qqiu3w2l0Gjb31ZiYXFpeSW5mlpb39jcSm/vVHQQKcbLLJCBqrmguRQ+L6NAyWuh4uC5klfd/tWoXr3nSovAv8VByJsedH3REQzQWK30fgP5A2oWdyEcZiFHL6jKwt1Rjh6PINdKZ+y8PRadB2cKGTJVqZX+arQDFnncRyZB67pjh9iMQaFgkg9TjUjzEFgfurxu0AeP62Y8PmRID43Tpp1AmecjHbu/J2LwtB54run0AHt6tjYy/6vVI+ycN2PhhxFyn00WdSJJMaCjVGhbKM5QDgwAU8L8lbIeKGBoskuZEJzZk+ehcpJ3TvOFm0KmeDmNI0n2yAHJEoeckSK5JiVSJow8kmfySt6sJ+vFerc+Jq0JazqzS/7I+vwBLDaXfQ==</latexit>

gap(a) = r(a⇤)� r(a)



Proof Sketch – Zooming Dimension Analysis

• Instance specific analysis for finite armed bandits

actions

<latexit sha1_base64="rft2tnGxN8zJ5uw3yNKK8HXMdXM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRaheii7UtRj0YvHCvYD2rVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Gbqt56o0kyKezOOqR/hgWAhI9hYqanK+OHstFcsuRV3BrRMvIyUIEO9V/zq9iVJIioM4VjrjufGxk+xMoxwOil0E01jTEZ4QDuWChxR7aezayfoxCp9FEplSxg0U39PpDjSehwFtjPCZqgXvan4n9dJTHjlp0zEiaGCzBeFCUdGounrqM8UJYaPLcFEMXsrIkOsMDE2oIINwVt8eZk0zyveRaV6Vy3VrrM48nAEx1AGDy6hBrdQhwYQeIRneIU3RzovzrvzMW/NOdnMIfyB8/kDeY+Oaw==</latexit>

r(a⇤)

<latexit sha1_base64="LbLMyerWY+0uQ9cSqLMEPfRtFko=">AAACCHicbZDJSgNBEIZ74hbjFvXowcYgJIJhRoJ6EYJePEYwCyQx1HQ6SZOehe4aMQw5evFVvHhQxKuP4M23sbMcNPGHho+/qqiu3w2l0Gjb31ZiYXFpeSW5mlpb39jcSm/vVHQQKcbLLJCBqrmguRQ+L6NAyWuh4uC5klfd/tWoXr3nSovAv8VByJsedH3REQzQWK30fgP5A2oWdyEcZiFHL6jKwt1Rjh6PINdKZ+y8PRadB2cKGTJVqZX+arQDFnncRyZB67pjh9iMQaFgkg9TjUjzEFgfurxu0AeP62Y8PmRID43Tpp1AmecjHbu/J2LwtB54run0AHt6tjYy/6vVI+ycN2PhhxFyn00WdSJJMaCjVGhbKM5QDgwAU8L8lbIeKGBoskuZEJzZk+ehcpJ3TvOFm0KmeDmNI0n2yAHJEoeckSK5JiVSJow8kmfySt6sJ+vFerc+Jq0JazqzS/7I+vwBLDaXfQ==</latexit>

gap(a) = r(a⇤)� r(a)

<latexit sha1_base64="knQZZ/AJiZEJwSB7s8f1QvgTK8c=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwwWULvZJIMmZ1dZmaFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glhwbVz328mtrW9sbuW3Czu7e/sHxcOjpo4SRVmDRiJS7QA1E1yyhuFGsHasGIaBYK1gfDvzW09MaR7JBzOJmR/iUPIBp2is9NgdoUnVtIznvWLJrbhzkFXiZaQEGeq94le3H9EkZNJQgVp3PDc2forKcCrYtNBNNIuRjnHIOpZKDJn20/nFU3JmlT4ZRMqWNGSu/p5IMdR6Ega2M0Qz0sveTPzP6yRmcO2nXMaJYZIuFg0SQUxEZu+TPleMGjGxBKni9lZCR6iQGhtSwYbgLb+8SpoXFe+yUr2vlmo3WRx5OIFTKIMHV1CDO6hDAyhIeIZXeHO08+K8Ox+L1pyTzRzDHzifPzCCkJw=</latexit>

r̂(a)

<latexit sha1_base64="7+MiG1qeHzjC08aX7fvBhiOGWPA=">AAAB+XicbVBNSwMxEM36WevXqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbLIks8Wy9J948aCIV/+JN/+NabsHbX0w8Hhvhpl5YSK4Ac/7dtbWNza3tgs7xd29/YND9+i4aVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wju5nfGjNtuJKPMElYEJOB5BGnBKzUc90usCcwNKNKRtMyuei5Ja/izYFXiZ+TEspR77lf3b6iacwkUEGM6fheAkFGNHAq2LTYTQ1LCB2RAetYKknMTJDNL5/ic6v0caS0LQl4rv6eyEhszCQObWdMYGiWvZn4n9dJIboJMi6TFJiki0VRKjAoPIsB97lmFMTEEkI1t7diOiSaULBhFW0I/vLLq6R5WfGvKtWHaql2m8dRQKfoDJWRj65RDd2jOmogisboGb2iNydzXpx352PRuubkMyfoD5zPH4wYk5s=</latexit>

conf(a)

<latexit sha1_base64="iDbE8LLiOs9weDeTai5BxekVXhw=">AAAB+HicbVDLSgMxFL3js9ZHR126CRahbsqMFHVZdOOygn1AO5RMmrahmWRIMkId+iVuXCji1k9x59+YaWehrQcCh3Pu4d6cMOZMG8/7dtbWNza3tgs7xd29/YOSe3jU0jJRhDaJ5FJ1QqwpZ4I2DTOcdmJFcRRy2g4nt5nffqRKMykezDSmQYRHgg0ZwcZKfbfUk9bO0qmaVfB53y17VW8OtEr8nJQhR6PvfvUGkiQRFYZwrHXX92ITpFgZRjidFXuJpjEmEzyiXUsFjqgO0vnhM3RmlQEaSmWfMGiu/k6kONJ6GoV2MsJmrJe9TPzP6yZmeB2kTMSJoYIsFg0TjoxEWQtowBQlhk8twUQxeysiY6wwMbaroi3BX/7yKmldVP3Lau2+Vq7f5HUU4AROoQI+XEEd7qABTSCQwDO8wpvz5Lw4787HYnTNyTPH8AfO5w++CJMm</latexit>

r(a)
<latexit sha1_base64="YZdgW1hzVPvJ7uiz5oHcRjl55bM=">AAACF3icbVDNSgMxGMzW//q36tFLsAgVoexKUS9C0YtHBatCdynZNGtDs8mSfCuWpW/hxVfx4kERr3rzbczWPWh1IDCZ+YbkmygV3IDnfTqVqemZ2bn5heri0vLKqru2fmlUpilrUyWUvo6IYYJL1gYOgl2nmpEkEuwqGpwU/tUt04YreQHDlIUJuZE85pSAlbpuI1DWLtK5HtXJDj7CQZ9AedkNgN2BoTlVMi6UrlvzGt4Y+C/xS1JDJc667kfQUzRLmAQqiDEd30shzIkGTgUbVYPMsJTQAblhHUslSZgJ8/FeI7xtlR6OlbZHAh6rPxM5SYwZJpGdTAj0zaRXiP95nQziwzDnMs2ASfr9UJwJDAoXJeEe14yCGFpCqOb2r5j2iSYUbJVVW4I/ufJfcrnX8PcbzfNmrXVc1jGPNtEWqiMfHaAWOkVnqI0oukeP6Bm9OA/Ok/PqvH2PVpwys4F+wXn/AuLNnyA=</latexit>

r(a) = r̂(a) + conf(a)

<latexit sha1_base64="7+MiG1qeHzjC08aX7fvBhiOGWPA=">AAAB+XicbVBNSwMxEM36WevXqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbLIks8Wy9J948aCIV/+JN/+NabsHbX0w8Hhvhpl5YSK4Ac/7dtbWNza3tgs7xd29/YND9+i4aVSqKWtQJZRuh8QwwSVrAAfB2olmJA4Fa4Wju5nfGjNtuJKPMElYEJOB5BGnBKzUc90usCcwNKNKRtMyuei5Ja/izYFXiZ+TEspR77lf3b6iacwkUEGM6fheAkFGNHAq2LTYTQ1LCB2RAetYKknMTJDNL5/ic6v0caS0LQl4rv6eyEhszCQObWdMYGiWvZn4n9dJIboJMi6TFJiki0VRKjAoPIsB97lmFMTEEkI1t7diOiSaULBhFW0I/vLLq6R5WfGvKtWHaql2m8dRQKfoDJWRj65RDd2jOmogisboGb2iNydzXpx352PRuubkMyfoD5zPH4wYk5s=</latexit>

conf(a)
<latexit sha1_base64="AhbaLzV+GIRzIhgOm0kgjx8/RcY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0Wom5JIUZdFNy4r2Ae0oUwmN+3QySTMTAol9E/cuFDErX/izr9x0mahrQcGDufcw71z/IQzpR3n2yptbG5t75R3K3v7B4dH9vFJR8WppNCmMY9lzycKOBPQ1kxz6CUSSORz6PqT+9zvTkEqFosnPUvAi8hIsJBRoo00tO1BKgKQeTyT8xq5HNpVp+4sgNeJW5AqKtAa2l+DIKZpBEJTTpTqu06ivYxIzSiHeWWQKkgInZAR9A0VJALlZYvL5/jCKAEOY2me0Hih/k5kJFJqFvlmMiJ6rFa9XPzP66c6vPUyJpJUg6DLRWHKsY5xXgMOmASq+cwQQiUzt2I6JpJQbcqqmBLc1S+vk85V3b2uNx4b1eZdUUcZnaFzVEMuukFN9IBaqI0omqJn9IrerMx6sd6tj+VoySoyp+gPrM8ffZuTkg==</latexit>

r(a)

By optimistic selection, 𝑎 is never chosen again once

implies that 

<latexit sha1_base64="sBNbyPI5Elg3GxelVnqJygrQ/lw="></latexit>

2conf(a)  gap(a) =) r̄(a)  r(a⇤)  r̄(a⇤)
<latexit sha1_base64="qeglvVf6hsvK2R/tHl/4655iadc=">AAACCnicbVA9SwNBEN2LXzF+RS1tVoOgTbwLQS2DNpYRzAckMextJsmSvb1jd04MR2ob/4qNhSK2/gI7/42bj0KNDwYe780wM8+PpDDoul9OamFxaXklvZpZW9/Y3Mpu71RNGGsOFR7KUNd9ZkAKBRUUKKEeaWCBL6HmDy7Hfu0OtBGhusFhBK2A9ZToCs7QSu3svjpix7QpwRgjAuqdNBHu0fCkx6KRtW4L7WzOzbsT0HnizUiOzFBuZz+bnZDHASjkkhnT8NwIWwnTKLiEUaYZG4gYH7AeNCxVLADTSiavjOihVTq0G2pbCulE/TmRsMCYYeDbzoBh3/z1xuJ/XiPG7nkrESqKERSfLurGkmJIx7nQjtDAUQ4tYVwLeyvlfaYZR5texobg/X15nlQLee80X7wu5koXszjSZI8ckCPikTNSIlekTCqEkwfyRF7Iq/PoPDtvzvu0NeXMZnbJLzgf33pLmYM=</latexit>

n(a) . 1/gap(a)2

<latexit sha1_base64="diA5YwNCsqfHuxH0XGg1Jf3/zKM=">AAACHXicbVBNSwMxEM36bf2qevQSLIIeLLtS1KPoxaOCtYVuKdl0VoPZZE1mxbL0j3jxr3jxoIgHL+K/MVt70NYHIY/3ZiaZF6VSWPT9L29icmp6ZnZuvrSwuLS8Ul5du7Q6MxzqXEttmhGzIIWCOgqU0EwNsCSS0IhuTgq/cQfGCq0usJdCO2FXSsSCM3RSp1zzaSjhlobaVRVDctPfZjt0l5riGnh7IcI9Wp5zreLC7ZQrftUfgI6TYEgqZIizTvkj7GqeJaCQS2ZtK/BTbOfMoOAS+qUws5AyfsOuoOWoYgnYdj7Yrk+3nNKlsTbuKKQD9XdHzhJre0nkKhOG13bUK8T/vFaG8WE7FyrNEBT/eSjOJEVNi6hoVxjgKHuOMG6E+yvl18wwji7QkgshGF15nFzuVYP9au28Vjk6HsYxRzbIJtkmATkgR+SUnJE64eSBPJEX8uo9es/em/f+UzrhDXvWyR94n9/XDqCO</latexit>

0  r(a)� r(a)  2conf(a)
<latexit sha1_base64="zkNde40yXzWuo/yRshhzI/5n7iY=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEuqkzUtRl0Y3LCvYBnaFk0rQNzSQxyYhlKPgrblwo4tbvcOffmLaz0NYDFw7n3Mu990SSUW0879vJLS2vrK7l1wsbm1vbO+7uXkOLRGFSx4IJ1YqQJoxyUjfUMNKSiqA4YqQZDa8nfvOBKE0FvzMjScIY9TntUYyMlTruQYCkVOIRBvpemdQ/5SV0Mu64Ra/sTQEXiZ+RIshQ67hfQVfgJCbcYIa0bvueNGGKlKGYkXEhSDSRCA9Rn7Qt5SgmOkyn54/hsVW6sCeULW7gVP09kaJY61Ec2c4YmYGe9ybif147Mb3LMKVcJoZwPFvUSxg0Ak6ygF2qCDZsZAnCitpbIR4ghbCxiRVsCP78y4ukcVb2z8uV20qxepXFkQeH4AiUgA8uQBXcgBqoAwxS8AxewZvz5Lw4787HrDXnZDP74A+czx+ODZU6</latexit>

⇡
p

1/n(a)



Proof Sketch – Zooming Dimension Analysis

• For contextual bandits with adaptive discretization

Context (State)𝑥
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m
 (A
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n)
Arm (Action)

<latexit sha1_base64="b8PXU/4F15BWBYG/9AcI9FQFG+Q=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aQxCvIQZCeoxxIvHCGaBzBB6OpWkSc9id40YhoC/4sWDIl79Dm/+jZ3loIkPCh7vVVFVz4+l0Gjb31ZmZXVtfSO7mdva3tndy+8fNHSUKA51HslItXymQYoQ6ihQQitWwAJfQtMfXk/85gMoLaLwDkcxeAHrh6InOEMjdfJHroR76iI8ouapL5geF6tnnXzBLtlT0GXizEmBzFHr5L/cbsSTAELkkmndduwYvZQpFFzCOOcmGmLGh6wPbUNDFoD20un5Y3pqlC7tRcpUiHSq/p5IWaD1KPBNZ8BwoBe9ifif106wd+WlIowThJDPFvUSSTGikyxoVyjgKEeGMK6EuZXyAVOMo0ksZ0JwFl9eJo3zknNRKt+WC5XqPI4sOSYnpEgcckkq5IbUSJ1wkpJn8krerCfrxXq3PmatGWs+c0j+wPr8Ac/WlWU=</latexit>

 bias(B)
<latexit sha1_base64="Qh3vOEafMMtI8IdTqlCh8W05dQk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRS1GWpGxcuKtgHtKFMJpN26OTBzI0YQvsrblwo4tYPceffOG2z0NYDFw7n3Mu997ix4Aos69tYW9/Y3Nou7BR39/YPDs2j47aKEklZi0Yikl2XKCZ4yFrAQbBuLBkJXME67vhm5ncemVQ8Ch8gjZkTkGHIfU4JaGlglu7wtA/sCQAyj5NgUmmcD8yyVbXmwKvEzkkZ5WgOzK++F9EkYCFQQZTq2VYMTkYkcCrYpNhPFIsJHZMh62kakoApJ5sfP8FnWvGwH0ldIeC5+nsiI4FSaeDqzoDASC17M/E/r5eAf+1kPIwTYCFdLPITgSHCsySwxyWjIFJNCJVc34rpiEhCQedV1CHYyy+vkvZF1b6s1u5r5Xojj6OATtApqiAbXaE6ukVN1EIUpegZvaI3Y2q8GO/Gx6J1zchnSugPjM8fSYGUiw==</latexit>

L diam(B)

<latexit sha1_base64="vBCD/0lyUJMwDpOQHL16gf7TaJM=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBahipREinosevFYwX5AG8tmu2mXbjZxdyOW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWl5ZXcuvFzY2t7Z37N29hooSSWidRDySLR8rypmgdc00p61YUhz6nDb94fXEbz5SqVgk7vQopl6I+4IFjGBtpJYsPZ3i+5Pjrl10ys4UaJG4GSlChlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0XOgkisaYDHGftg0VOKTKS6f3jtGRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwaWXMhEnmgoyWxQkHOkITZ5HPSYp0XxkCCaSmVsRGWCJiTYRFUwI7vzLi6RxVnbPy5XbSrF6lcWRhwM4hBK4cAFVuIEa1IEAh2d4hTfrwXqx3q2PWWvOymb24Q+szx/ASI8j</latexit>

r(x, a⇤)
<latexit sha1_base64="nHV6ZkUj2uHQz28RjqNxNOP9tOc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY8ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRK1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJdPjM8=</latexit>

B

<latexit sha1_base64="6wY5gkqPjaCR5hriMvclkW+naUk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcKu+DoGvXiMYB6QLGF2MpuMmZ1ZZmbFsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7gpgzbVz328ktLa+sruXXCxubW9s7xd29hpaJIrROJJeqFWBNORO0bpjhtBUriqOA02YwvJn4zUeqNJPi3oxi6ke4L1jICDZWaqjy0wk+7hZLbsWdAi0SLyMlyFDrFr86PUmSiApDONa67bmx8VOsDCOcjgudRNMYkyHu07alAkdU++n02jE6skoPhVLZEgZN1d8TKY60HkWB7YywGeh5byL+57UTE175KRNxYqggs0VhwpGRaPI66jFFieEjSzBRzN6KyAArTIwNqGBD8OZfXiSN04p3UTm/OytVr7M48nAAh1AGDy6hCrdQgzoQeIBneIU3RzovzrvzMWvNOdnMPvyB8/kDpGmOiA==</latexit>

r(x, a)
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• For contextual bandits with adaptive discretization

Action

<latexit sha1_base64="vBCD/0lyUJMwDpOQHL16gf7TaJM=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBahipREinosevFYwX5AG8tmu2mXbjZxdyOW0D/hxYMiXv073vw3btsctPXBwOO9GWbm+TFnSjvOt5VbWl5ZXcuvFzY2t7Z37N29hooSSWidRDySLR8rypmgdc00p61YUhz6nDb94fXEbz5SqVgk7vQopl6I+4IFjGBtpJYsPZ3i+5Pjrl10ys4UaJG4GSlChlrX/ur0IpKEVGjCsVJt14m1l2KpGeF0XOgkisaYDHGftg0VOKTKS6f3jtGRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwaWXMhEnmgoyWxQkHOkITZ5HPSYp0XxkCCaSmVsRGWCJiTYRFUwI7vzLi6RxVnbPy5XbSrF6lcWRhwM4hBK4cAFVuIEa1IEAh2d4hTfrwXqx3q2PWWvOymb24Q+szx/ASI8j</latexit>

r(x, a⇤)

<latexit sha1_base64="CaZ2rIfvuUv1Lwq7hL1JU8JcI4M=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIJKJhV4LaCEEbywjmAkkMs5NJMmT2wsxZSVjyBDa+io2FIrbWdr6Ns8kWmvjDwMd/zuHM+Z1AcAWW9W2klpZXVtfS65mNza3tHXN3r6b8UFJWpb7wZcMhignusSpwEKwRSEZcR7C6M7yO6/UHJhX3vTsYB6ztkr7He5wS0FbHzLWAjUDRqE+CSX50TAr4EssY7o8K+GSGhY6ZtYrWVHgR7ASyKFGlY361uj4NXeYBFUSppm0F0I6IBE4Fm2RaoWIBoUPSZ02NHnGZakfTcyY4p50u7vlSPw/w1P09ERFXqbHr6E6XwEDN12Lzv1ozhN5FO+JeEALz6GxRLxQYfBxng7tcMgpirIFQyfVfMR0QSSjoBDM6BHv+5EWonRbts2LptpQtXyVxpNEBOkR5ZKNzVEY3qIKqiKJH9Ixe0ZvxZLwY78bHrDVlJDP76I+Mzx85Zpml</latexit>

gap(x, a) = r(x, a⇤)� r(x, a)
<latexit sha1_base64="C3CWr+DJDIGHmaRDUruv2iSd3+Q=">AAACH3icbVBdSwJBFJ3t0+zL6rGXIQkUQnZDrJdA7KVHg/wAV2R2HHVwdnaZuRvK4j/ppb/SSw9FRG/+m0bdh9QODBzOOZc793ih4Bpse2ptbG5t7+ym9tL7B4dHx5mT07oOIkVZjQYiUE2PaCa4ZDXgIFgzVIz4nmANb3g/8xvPTGkeyCcYh6ztk77kPU4JGKmTKbnARqBp3CfhJFfJ4zvs+lx24tzoiuSxyyWuTPBSaGZ0Mlm7YM+B14mTkCxKUO1kftxuQCOfSaCCaN1y7BDaMVHAqWCTtBtpFhI6JH3WMlQSn+l2PL9vgi+N0sW9QJknAc/VvxMx8bUe+55J+gQGetWbif95rQh6t+2YyzACJuliUS8SGAI8Kwt3uWIUxNgQQhU3f8V0QBShYCpNmxKc1ZPXSf264JQKxcditlxJ6kihc3SBcshBN6iMHlAV1RBFL+gNfaBP69V6t76s70V0w0pmztASrOkv5gyhpg==</latexit>

gap(B) = min
(x,a)2B

gap(x, a)



Proof Sketch – Zooming Dimension Analysis

• For contextual bandits with adaptive discretization

Action

<latexit sha1_base64="h+aze2kkFkTBT8rX5Gn/5ODGOKU=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIFaEkUtRlqRuXFewF2lAm00k7dDIJMydiCV278VXcuFDErU/gzrdx0kbQ1h8Gfr5zDmfO70WcKbDtLyO3tLyyupZfL2xsbm3vmLt7TRXGktAGCXko2x5WlDNBG8CA03YkKQ48Tlve6Cqtt+6oVCwUtzCOqBvggWA+Ixg06pmHXaD3oEjiMawmpdrJ6Q8gofBT0DOLdtmeylo0TmaKKFO9Z352+yGJAyqAcKxUx7EjcBMsgRFOJ4VurGiEyQgPaEdbgQOq3GR6ysQ61qRv+aHUT4A1pb8nEhwoNQ483RlgGKr5Wgr/q3Vi8C/dhIkoBirIbJEfcwtCK83F6jNJCfCxNphIpv9qkSGWmIBOr6BDcOZPXjTNs7JzXq7cVIrVWhZHHh2gI1RCDrpAVXSN6qiBCHpAT+gFvRqPxrPxZrzPWnNGNrOP/sj4+Ab+K5py</latexit>

bias(B) + conf(B)

<latexit sha1_base64="K+ELO7h6E78QQ2q6B2er2ORqiXY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJFHVZ6sZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6NkzYLbT0wcDjnHu6d48ecKe0431ZhY3Nre6e4W9rbPzgs20fHHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3609vM7z5SqVgkHvQspl6Ix4IFjGBtpKFdHkTGztKpnFebF0O74tScBdA6cXNSgRytof01GEUkCanQhGOl+q4Tay/FUjPC6bw0SBSNMZniMe0bKnBIlZcuDp+jc6OMUBBJ84RGC/V3IsWhUrPQN5Mh1hO16mXif14/0cGNlzIRJ5oKslwUJBzpCGUtoBGTlGg+MwQTycytiEywxESbrkqmBHf1y+ukc1lzr2r1+3ql0czrKMIpnEEVXLiGBtxBC9pAIIFneIU368l6sd6tj+VowcozJ/AH1ucPju2TBw==</latexit>

r(B)

<latexit sha1_base64="pqQDkGEnIi3p1yXUWicZaF3UFUw=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1UxIp6rLUjcsK9gFtKJPJTTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cO8cP+FMacf5tjY2t7Z3dkt75f2Dw6Nj++S0o+JUUmjTmMey5xMFnAloa6Y59BIJJPI5dP3Jfe53pyAVi8WTniXgRWQkWMgo0UYa2vYgFQHIPJ7JebV5NbQrTs1ZAK8TtyAVVKA1tL8GQUzTCISmnCjVd51EexmRmlEO8/IgVZAQOiEj6BsqSATKyxaXz/GlUQIcxtI8ofFC/Z3ISKTULPLNZET0WK16ufif1091eOdlTCSpBkGXi8KUYx3jvAYcMAlU85khhEpmbsV0TCSh2pRVNiW4q19eJ53rmntTqz/WK41mUUcJnaMLVEUuukUN9IBaqI0omqJn9IrerMx6sd6tj+XohlVkztAfWJ8/ToCTcw==</latexit>

r(B)

<latexit sha1_base64="kcbTDBMUrng5Qqy7XZFf6gF+42o=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI8hXjxGMA9MljA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O2vrG5tb27md/O7e/sFh4ei4aaJEM95gkYx0O6CGS6F4AwVK3o41p2EgeSsY38781hPXRkTqAScx90M6VGIgGEUrPXZHFFM9LdUueoWiW3bnIKvEy0gRMtR7ha9uP2JJyBUySY3peG6Mfko1Cib5NN9NDI8pG9Mh71iqaMiNn84vnpJzq/TJINK2FJK5+nsipaExkzCwnSHFkVn2ZuJ/XifBwY2fChUnyBVbLBokkmBEZu+TvtCcoZxYQpkW9lbCRlRThjakvA3BW355lTQvy95VuXJfKVZrWRw5OIUzKIEH11CFO6hDAxgoeIZXeHOM8+K8Ox+L1jUnmzmBP3A+fwABZ5B9</latexit>

r̂(B)

<latexit sha1_base64="h+aze2kkFkTBT8rX5Gn/5ODGOKU=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIFaEkUtRlqRuXFewF2lAm00k7dDIJMydiCV278VXcuFDErU/gzrdx0kbQ1h8Gfr5zDmfO70WcKbDtLyO3tLyyupZfL2xsbm3vmLt7TRXGktAGCXko2x5WlDNBG8CA03YkKQ48Tlve6Cqtt+6oVCwUtzCOqBvggWA+Ixg06pmHXaD3oEjiMawmpdrJ6Q8gofBT0DOLdtmeylo0TmaKKFO9Z352+yGJAyqAcKxUx7EjcBMsgRFOJ4VurGiEyQgPaEdbgQOq3GR6ysQ61qRv+aHUT4A1pb8nEhwoNQ483RlgGKr5Wgr/q3Vi8C/dhIkoBirIbJEfcwtCK83F6jNJCfCxNphIpv9qkSGWmIBOr6BDcOZPXjTNs7JzXq7cVIrVWhZHHh2gI1RCDrpAVXSN6qiBCHpAT+gFvRqPxrPxZrzPWnNGNrOP/sj4+Ab+K5py</latexit>

bias(B) + conf(B)

<latexit sha1_base64="CaZ2rIfvuUv1Lwq7hL1JU8JcI4M=">AAACDnicbZC7SgNBFIZn4y3G26qlzWAIJKJhV4LaCEEbywjmAkkMs5NJMmT2wsxZSVjyBDa+io2FIrbWdr6Ns8kWmvjDwMd/zuHM+Z1AcAWW9W2klpZXVtfS65mNza3tHXN3r6b8UFJWpb7wZcMhignusSpwEKwRSEZcR7C6M7yO6/UHJhX3vTsYB6ztkr7He5wS0FbHzLWAjUDRqE+CSX50TAr4EssY7o8K+GSGhY6ZtYrWVHgR7ASyKFGlY361uj4NXeYBFUSppm0F0I6IBE4Fm2RaoWIBoUPSZ02NHnGZakfTcyY4p50u7vlSPw/w1P09ERFXqbHr6E6XwEDN12Lzv1ozhN5FO+JeEALz6GxRLxQYfBxng7tcMgpirIFQyfVfMR0QSSjoBDM6BHv+5EWonRbts2LptpQtXyVxpNEBOkR5ZKNzVEY3qIKqiKJH9Ixe0ZvxZLwY78bHrDVlJDP76I+Mzx85Zpml</latexit>

gap(x, a) = r(x, a⇤)� r(x, a)
<latexit sha1_base64="C3CWr+DJDIGHmaRDUruv2iSd3+Q=">AAACH3icbVBdSwJBFJ3t0+zL6rGXIQkUQnZDrJdA7KVHg/wAV2R2HHVwdnaZuRvK4j/ppb/SSw9FRG/+m0bdh9QODBzOOZc793ih4Bpse2ptbG5t7+ym9tL7B4dHx5mT07oOIkVZjQYiUE2PaCa4ZDXgIFgzVIz4nmANb3g/8xvPTGkeyCcYh6ztk77kPU4JGKmTKbnARqBp3CfhJFfJ4zvs+lx24tzoiuSxyyWuTPBSaGZ0Mlm7YM+B14mTkCxKUO1kftxuQCOfSaCCaN1y7BDaMVHAqWCTtBtpFhI6JH3WMlQSn+l2PL9vgi+N0sW9QJknAc/VvxMx8bUe+55J+gQGetWbif95rQh6t+2YyzACJuliUS8SGAI8Kwt3uWIUxNgQQhU3f8V0QBShYCpNmxKc1ZPXSf264JQKxcditlxJ6kihc3SBcshBN6iMHlAV1RBFL+gNfaBP69V6t76s70V0w0pmztASrOkv5gyhpg==</latexit>

gap(B) = min
(x,a)2B

gap(x, a)

<latexit sha1_base64="dUOwtvpbqG0mdJ8XM0LqWB5Nt18="></latexit>

0  r(B)� r(x, a)  2bias(B) + 2conf(B)

<latexit sha1_base64="R7smjIN0+Bg0wr4ARovaycta8QU=">AAACKnicbZDLSgMxFIYz3q23UZdugkVQhDIjRd0IWjcuFewFOqVk0owNZpIhOSOWoc/jxldx04Uibn0QM+0IWj0Q+PP955CcP0wEN+B5787M7Nz8wuLScmlldW19w93cahiVasrqVAmlWyExTHDJ6sBBsFaiGYlDwZrh/WXuNx+YNlzJWxgkrBOTO8kjTglY1HUvAmXtfDrTw/3aAT7DQZ9AcTkMgD2CoVnIiZkQ/I2oklGOum7Zq3jjwn+FX4gyKuq6646CnqJpzCRQQYxp+14CnYxo4FSwYSlIDUsIvSd3rG2lJDEznWy86hDvWdLDkdL2SMBj+nMiI7Exgzi0nTGBvpn2cvif104hOu1kXCYpMEknD0WpwKBwnhvucc0oiIEVhGpu/4ppn2hCwaZbsiH40yv/FY2jin9cqd5Uy+e1Io4ltIN20T7y0Qk6R1foGtURRU/oBb2iN+fZGTnvzsekdcYpZrbRr3I+vwBxg6YN</latexit>

r(B) = r̂(B) + bias(B) + conf(B)
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• For contextual bandits with adaptive discretization

Action

<latexit sha1_base64="K+ELO7h6E78QQ2q6B2er2ORqiXY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJFHVZ6sZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6NkzYLbT0wcDjnHu6d48ecKe0431ZhY3Nre6e4W9rbPzgs20fHHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3609vM7z5SqVgkHvQspl6Ix4IFjGBtpKFdHkTGztKpnFebF0O74tScBdA6cXNSgRytof01GEUkCanQhGOl+q4Tay/FUjPC6bw0SBSNMZniMe0bKnBIlZcuDp+jc6OMUBBJ84RGC/V3IsWhUrPQN5Mh1hO16mXif14/0cGNlzIRJ5oKslwUJBzpCGUtoBGTlGg+MwQTycytiEywxESbrkqmBHf1y+ukc1lzr2r1+3ql0czrKMIpnEEVXLiGBtxBC9pAIIFneIU368l6sd6tj+VowcozJ/AH1ucPju2TBw==</latexit>

r(B)

<latexit sha1_base64="pqQDkGEnIi3p1yXUWicZaF3UFUw=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1UxIp6rLUjcsK9gFtKJPJTTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cO8cP+FMacf5tjY2t7Z3dkt75f2Dw6Nj++S0o+JUUmjTmMey5xMFnAloa6Y59BIJJPI5dP3Jfe53pyAVi8WTniXgRWQkWMgo0UYa2vYgFQHIPJ7JebV5NbQrTs1ZAK8TtyAVVKA1tL8GQUzTCISmnCjVd51EexmRmlEO8/IgVZAQOiEj6BsqSATKyxaXz/GlUQIcxtI8ofFC/Z3ISKTULPLNZET0WK16ufif1091eOdlTCSpBkGXi8KUYx3jvAYcMAlU85khhEpmbsV0TCSh2pRVNiW4q19eJ53rmntTqz/WK41mUUcJnaMLVEUuukUN9IBaqI0omqJn9IrerMx6sd6tj+XohlVkztAfWJ8/ToCTcw==</latexit>

r(B)

<latexit sha1_base64="kcbTDBMUrng5Qqy7XZFf6gF+42o=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI8hXjxGMA9MljA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O2vrG5tb27md/O7e/sFh4ei4aaJEM95gkYx0O6CGS6F4AwVK3o41p2EgeSsY38781hPXRkTqAScx90M6VGIgGEUrPXZHFFM9LdUueoWiW3bnIKvEy0gRMtR7ha9uP2JJyBUySY3peG6Mfko1Cib5NN9NDI8pG9Mh71iqaMiNn84vnpJzq/TJINK2FJK5+nsipaExkzCwnSHFkVn2ZuJ/XifBwY2fChUnyBVbLBokkmBEZu+TvtCcoZxYQpkW9lbCRlRThjakvA3BW355lTQvy95VuXJfKVZrWRw5OIUzKIEH11CFO6hDAxgoeIZXeHOM8+K8Ox+L1jUnmzmBP3A+fwABZ5B9</latexit>

r̂(B)

Region 𝐵 is never chosen again once it is either 

• Subpartitioned, i.e. 

• Suboptimal, i.e.

<latexit sha1_base64="dUOwtvpbqG0mdJ8XM0LqWB5Nt18="></latexit>

0  r(B)� r(x, a)  2bias(B) + 2conf(B)

<latexit sha1_base64="aFRfOS1kl4aRHkmBcfASh/f7mo4=">AAACD3icbZC7SgNBFIZnvcZ4i1raDAZFm7ArQS1DbCwjmAskIcxOzsbB2dl15qwYlryBja9iY6GIra2db+PkImjiDwM/3zmHM+f3YykMuu6XMze/sLi0nFnJrq6tb2zmtrZrJko0hyqPZKQbPjMghYIqCpTQiDWw0JdQ92/Oh/X6HWgjInWF/RjaIespEQjO0KJO7qCFcI+Gp75gZnBYPqKtHtzSH8ojFQxpJ5d3C+5IdNZ4E5MnE1U6uc9WN+JJCAq5ZMY0PTfGdso0Ci5hkG0lBmLGb1gPmtYqFoJpp6N7BnTfki4NIm2fQjqivydSFhrTD33bGTK8NtO1Ifyv1kwwOGunQsUJguLjRUEiKUZ0GA7tCg0cZd8axrWwf6X8mmnG0UaYtSF40yfPmtpxwTspFC+L+VJ5EkeG7JI9ckg8ckpK5IJUSJVw8kCeyAt5dR6dZ+fNeR+3zjmTmR3yR87HN4KHnFI=</latexit>

bias(B) � conf(B)

<latexit sha1_base64="cm2nDKX/Fmz8v3+QRYLy/YEWhgM=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoImVGirqSUjcuK9gHdGrJpLdtaOZhkhHL0L9x46+4EVREl/6JmXYWtnogcHLuubm5xw05k8qyvozMwuLS8kp2Nbe2vrG5ZW7v1GUQCQo1GvBANF0igTMfaoopDs1QAPFcDg13eJnUG/cgJAv8GzUKoe2Rvs96jBKlpY554TBPzwGJnUD7kmdiMS5UDrHD4Q6LwsMxuT1Kb7MWLec6Zt4qWhPgv8ROSR6lqHbMV6cb0MgDX1FOpGzZVqjaMRGKUQ7jnBNJCAkdkj60NPWJB7IdT/Yc4wOtdHEvEPr4Ck/U3x0x8aQcea52ekQN5HwtEf+rtSLVO2/HzA8jBT6dDupFHKsAJ6HhLhNAFR9pQqhg+q+YDoggVOlokxDs+ZX/kvpJ0T4tlq5L+XIljSOL9tA+KiAbnaEyukJVVEMUPaJn9IbejSfjxfgwPqfWjJH27KIZGN8/2+ukpw==</latexit>

=) r(B)  r(x, a⇤)  r(B⇤)

<latexit sha1_base64="VeGK+vE+p9+jrQy9kGhVOSFedk8=">AAACJHicbZBNS8NAEIY3ftb6VfXoZbEIFaEkRVTwIvXisYJVoQ1ls53Uxc0m7k7EEvpjvPhXvHjwAw9e/C0mbRS1vrDw8swMs/N6kRQGbfvdmpicmp6ZLcwV5xcWl5ZLK6tnJow1hyYPZagvPGZACgVNFCjhItLAAk/CuXd1lNXPb0AbEapT7EfgBqynhC84wxR1Sge1NsItGp54gplBpb5Ft+k346Hyh6wt4Zp+0R6LMljslMp21R6KjhsnN2WSq9EpvbS7IY8DUMglM6bl2BG6CdMouIRBsR0biBi/Yj1opVaxAIybDI8c0M2UdKkf6vQppEP6cyJhgTH9wEs7A4aX5m8tg//VWjH6+24iVBQjKD5a5MeSYkizxGhXaOAo+6lhXIv0r5RfMs04prlmITh/Tx43Z7Wqs1vdOdkpH9bzOApknWyQCnHIHjkkx6RBmoSTO/JAnsizdW89Wq/W26h1wspn1sgvWR+f6jOjvA==</latexit>

2bias(B) + 2conf(B)  gap(B)



Proof Sketch – Zooming Dimension Analysis

• For contextual bandits with adaptive discretization

Region 𝐵 is never chosen again once it is either 

• Subpartitioned, i.e. 

• Suboptimal, i.e.

Implies that

<latexit sha1_base64="dUOwtvpbqG0mdJ8XM0LqWB5Nt18="></latexit>

0  r(B)� r(x, a)  2bias(B) + 2conf(B)

<latexit sha1_base64="aFRfOS1kl4aRHkmBcfASh/f7mo4=">AAACD3icbZC7SgNBFIZnvcZ4i1raDAZFm7ArQS1DbCwjmAskIcxOzsbB2dl15qwYlryBja9iY6GIra2db+PkImjiDwM/3zmHM+f3YykMuu6XMze/sLi0nFnJrq6tb2zmtrZrJko0hyqPZKQbPjMghYIqCpTQiDWw0JdQ92/Oh/X6HWgjInWF/RjaIespEQjO0KJO7qCFcI+Gp75gZnBYPqKtHtzSH8ojFQxpJ5d3C+5IdNZ4E5MnE1U6uc9WN+JJCAq5ZMY0PTfGdso0Ci5hkG0lBmLGb1gPmtYqFoJpp6N7BnTfki4NIm2fQjqivydSFhrTD33bGTK8NtO1Ifyv1kwwOGunQsUJguLjRUEiKUZ0GA7tCg0cZd8axrWwf6X8mmnG0UaYtSF40yfPmtpxwTspFC+L+VJ5EkeG7JI9ckg8ckpK5IJUSJVw8kCeyAt5dR6dZ+fNeR+3zjmTmR3yR87HN4KHnFI=</latexit>

bias(B) � conf(B)
<latexit sha1_base64="VeGK+vE+p9+jrQy9kGhVOSFedk8=">AAACJHicbZBNS8NAEIY3ftb6VfXoZbEIFaEkRVTwIvXisYJVoQ1ls53Uxc0m7k7EEvpjvPhXvHjwAw9e/C0mbRS1vrDw8swMs/N6kRQGbfvdmpicmp6ZLcwV5xcWl5ZLK6tnJow1hyYPZagvPGZACgVNFCjhItLAAk/CuXd1lNXPb0AbEapT7EfgBqynhC84wxR1Sge1NsItGp54gplBpb5Ft+k346Hyh6wt4Zp+0R6LMljslMp21R6KjhsnN2WSq9EpvbS7IY8DUMglM6bl2BG6CdMouIRBsR0biBi/Yj1opVaxAIybDI8c0M2UdKkf6vQppEP6cyJhgTH9wEs7A4aX5m8tg//VWjH6+24iVBQjKD5a5MeSYkizxGhXaOAo+6lhXIv0r5RfMs04prlmITh/Tx43Z7Wqs1vdOdkpH9bzOApknWyQCnHIHjkkx6RBmoSTO/JAnsizdW89Wq/W26h1wspn1sgvWR+f6jOjvA==</latexit>

2bias(B) + 2conf(B)  gap(B)
<latexit sha1_base64="1Isp9bYHLqOgGupZxBxv6i1MQQ4="></latexit>

n(B) . min
�
1/diam(B)2, 1/gap(B)2

�

Action

<latexit sha1_base64="K+ELO7h6E78QQ2q6B2er2ORqiXY=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEuimJFHVZ6sZlBfuANpTJdNIOnUzCzESooV/ixoUibv0Ud/6NkzYLbT0wcDjnHu6d48ecKe0431ZhY3Nre6e4W9rbPzgs20fHHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe3609vM7z5SqVgkHvQspl6Ix4IFjGBtpKFdHkTGztKpnFebF0O74tScBdA6cXNSgRytof01GEUkCanQhGOl+q4Tay/FUjPC6bw0SBSNMZniMe0bKnBIlZcuDp+jc6OMUBBJ84RGC/V3IsWhUrPQN5Mh1hO16mXif14/0cGNlzIRJ5oKslwUJBzpCGUtoBGTlGg+MwQTycytiEywxESbrkqmBHf1y+ukc1lzr2r1+3ql0czrKMIpnEEVXLiGBtxBC9pAIIFneIU368l6sd6tj+VowcozJ/AH1ucPju2TBw==</latexit>

r(B)

<latexit sha1_base64="pqQDkGEnIi3p1yXUWicZaF3UFUw=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAh1UxIp6rLUjcsK9gFtKJPJTTt0Mgkzk0IJ/RM3LhRx65+482+ctFlo64GBwzn3cO8cP+FMacf5tjY2t7Z3dkt75f2Dw6Nj++S0o+JUUmjTmMey5xMFnAloa6Y59BIJJPI5dP3Jfe53pyAVi8WTniXgRWQkWMgo0UYa2vYgFQHIPJ7JebV5NbQrTs1ZAK8TtyAVVKA1tL8GQUzTCISmnCjVd51EexmRmlEO8/IgVZAQOiEj6BsqSATKyxaXz/GlUQIcxtI8ofFC/Z3ISKTULPLNZET0WK16ufif1091eOdlTCSpBkGXi8KUYx3jvAYcMAlU85khhEpmbsV0TCSh2pRVNiW4q19eJ53rmntTqz/WK41mUUcJnaMLVEUuukUN9IBaqI0omqJn9IrerMx6sd6tj+XohlVkztAfWJ8/ToCTcw==</latexit>

r(B)

<latexit sha1_base64="kcbTDBMUrng5Qqy7XZFf6gF+42o=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI8hXjxGMA9MljA7mSRDZmeXmV4hLPkLLx4U8erfePNvnCR70MSChqKqm+6uIJbCoOt+O2vrG5tb27md/O7e/sFh4ei4aaJEM95gkYx0O6CGS6F4AwVK3o41p2EgeSsY38781hPXRkTqAScx90M6VGIgGEUrPXZHFFM9LdUueoWiW3bnIKvEy0gRMtR7ha9uP2JJyBUySY3peG6Mfko1Cib5NN9NDI8pG9Mh71iqaMiNn84vnpJzq/TJINK2FJK5+nsipaExkzCwnSHFkVn2ZuJ/XifBwY2fChUnyBVbLBokkmBEZu+TvtCcoZxYQpkW9lbCRlRThjakvA3BW355lTQvy95VuXJfKVZrWRw5OIUzKIEH11CFO6hDAxgoeIZXeHOM8+K8Ox+L1jUnmzmBP3A+fwABZ5B9</latexit>

r̂(B)



Proof Sketch – Zooming Dimension Analysis

• Property that “suboptimal regions are not selected often” relies on

• Regret is bounded by sum of gap terms over “regions”
• Number of regions is bounded by zooming dimension

<latexit sha1_base64="dUOwtvpbqG0mdJ8XM0LqWB5Nt18="></latexit>

0  r(B)� r(x, a)  2bias(B) + 2conf(B)

<latexit sha1_base64="DQW6/LydyKY4V+ZMzKy97ooSomM="></latexit>

regret 
X

r�r0

X

B:diam(B)=r

gap(B)n(B) + r0K

<latexit sha1_base64="k0Qi4PLRs0nRK43id+YgyRqW448="></latexit>

. I(gap(B)  diam(B))

diam(B)
<latexit sha1_base64="vjL06IAE/moMuPhPTRolKhW9lnw=">AAACBXicbVDLSgMxFM34rPU16lIXwSIIQpkpRV0W3QhuKtgHdMaSSTNtaJIZkoxQh9m48VfcuFDErf/gzr8xbWehrQfu5XDOvST3BDGjSjvOt7WwuLS8slpYK65vbG5t2zu7TRUlEpMGjlgk2wFShFFBGppqRtqxJIgHjLSC4eXYb90TqWgkbvUoJj5HfUFDipE2Utc+8BhRSlEOr+9SL5QIpw8nbmZaJcu6dskpOxPAeeLmpARy1Lv2l9eLcMKJ0JghpTquE2s/RVJTzEhW9BJFYoSHqE86hgrEifLTyRUZPDJKD4aRNCU0nKi/N1LElRrxwExypAdq1huL/3mdRIfnfkpFnGgi8PShMGFQR3AcCexRSbBmI0MQltT8FeIBMlFoE1zRhODOnjxPmpWye1qu3lRLtYs8jgLYB4fgGLjgDNTAFaiDBsDgETyDV/BmPVkv1rv1MR1dsPKdPfAH1ucPXI6Yfg==</latexit>

. K
z+1
z+2

<latexit sha1_base64="Z8VoCIxOAzMF2i3WE987SlKKBwY="></latexit>

=) gap(Bt)  2bias(Bt) + 2conf(Bt) . diam(B)



Proof Sketch – Zooming Dimension Analysis

• In reinforcement learning we sample from 𝑄"&'(𝑥, 𝑎), which does not 
give an unbiased estimate for 𝑄"∗(𝑥, 𝑎)

• Analysis requires carefully accounting
of one-step vs. future regret

Action

<latexit sha1_base64="b8PXU/4F15BWBYG/9AcI9FQFG+Q=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aQxCvIQZCeoxxIvHCGaBzBB6OpWkSc9id40YhoC/4sWDIl79Dm/+jZ3loIkPCh7vVVFVz4+l0Gjb31ZmZXVtfSO7mdva3tndy+8fNHSUKA51HslItXymQYoQ6ihQQitWwAJfQtMfXk/85gMoLaLwDkcxeAHrh6InOEMjdfJHroR76iI8ouapL5geF6tnnXzBLtlT0GXizEmBzFHr5L/cbsSTAELkkmndduwYvZQpFFzCOOcmGmLGh6wPbUNDFoD20un5Y3pqlC7tRcpUiHSq/p5IWaD1KPBNZ8BwoBe9ifif106wd+WlIowThJDPFvUSSTGikyxoVyjgKEeGMK6EuZXyAVOMo0ksZ0JwFl9eJo3zknNRKt+WC5XqPI4sOSYnpEgcckkq5IbUSJ1wkpJn8krerCfrxXq3PmatGWs+c0j+wPr8Ac/WlWU=</latexit>

 bias(B)
<latexit sha1_base64="Qh3vOEafMMtI8IdTqlCh8W05dQk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiRS1GWpGxcuKtgHtKFMJpN26OTBzI0YQvsrblwo4tYPceffOG2z0NYDFw7n3Mu997ix4Aos69tYW9/Y3Nou7BR39/YPDs2j47aKEklZi0Yikl2XKCZ4yFrAQbBuLBkJXME67vhm5ncemVQ8Ch8gjZkTkGHIfU4JaGlglu7wtA/sCQAyj5NgUmmcD8yyVbXmwKvEzkkZ5WgOzK++F9EkYCFQQZTq2VYMTkYkcCrYpNhPFIsJHZMh62kakoApJ5sfP8FnWvGwH0ldIeC5+nsiI4FSaeDqzoDASC17M/E/r5eAf+1kPIwTYCFdLPITgSHCsySwxyWjIFJNCJVc34rpiEhCQedV1CHYyy+vkvZF1b6s1u5r5Xojj6OATtApqiAbXaE6ukVN1EIUpegZvaI3Y2q8GO/Gx6J1zchnSugPjM8fSYGUiw==</latexit>

L diam(B)

<latexit sha1_base64="jEhX/0B0eBiQalykka6lODDrc8g=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicQEjSG7hqhHohePkMgjgXXTO8zChNlHZmYVgnyKFw8a49Uv8ebfOMAeFKykk0pVd7q7vJgzqSzr28isrK6tb2Q3c1vbO7t7Zn6/IaNEEFonEY9EywNJOQtpXTHFaSsWFAKP06Y3uJn6zQcqJIvCOzWKqRNAL2Q+I6C05Jr5TgBDF3Dt/tTtF4dncOKaBatkzYCXiZ2SAkpRdc2vTjciSUBDRThI2batWDljEIoRTie5TiJpDGQAPdrWNISASmc8O32Cj7XSxX4kdIUKz9TfE2MIpBwFnu4MQPXlojcV//PaifKvnDEL40TRkMwX+QnHKsLTHHCXCUoUH2kCRDB9KyZ9EECUTiunQ7AXX14mjfOSfVEq18qFynUaRxYdoiNURDa6RBV0i6qojgh6RM/oFb0ZT8aL8W58zFszRjpzgP7A+PwBdEmS1g==</latexit>

max
a

Q⇤
h(x, a)

<latexit sha1_base64="LHA/X/jtf+AAL1FQl8fcH/QqoxA="></latexit>

0  Qh(B)�Q⇤
h(x, a)

 2conf(B) + 2bias(B)

+ f
�
Qh+1 �Q⇤

h+1

�



Empirical Results – Oil Discovery

• An agent surveys a (𝑑-dim) map in search of hidden `oil deposits’
• Transportation cost proportional to distance moved, weighted by 𝛼 
• Transitions perturbed by uneven land
• Surveying land produces noisy estimates of the true value
• State/action space 0,1 ( , stochastic transition, stochastic rewards



Empirical Results – Oil Discovery

𝑑 = 2, 𝛼 = 0  𝑑 = 2, 𝛼 = 0.1 𝑑 = 2, 𝛼 = 0.5



Questions?
Sean R. Sinclair, Siddhartha Banerjee, Christina Lee Yu. “Adaptive Discretization for Online Reinforcement Learning.” 

Operations Research, 2022.
Sean R. Sinclair, Tianyu Wang, Gauri Jain, Siddhartha Banerjee, Christina Lee Yu. “Adaptive Discretization for Model-

Based Reinforcement Learning.” Advances in Neural Information Processing Systems, 2020.
Sean R. Sinclair, Siddhartha Banerjee, Christina Lee Yu. “Adaptive Discretization for Episodic Reinforcement Learning 

in Metric Spaces.” Proceedings of the ACM on Measurement and Analysis of Computing Systems, 2019.



Part II: Exploiting latent low rank 
structure in action-value function 

using matrix completion
Joint work with Tyler Sam and Yudong Chen



Sample Complexity with Generative Model

• Policy 𝜋 and 𝑄 = 𝑄" "∈ *  are 𝜖-optimal if for all 𝑥, 𝑎, ℎ, 

• Optimal sample complexity to find an 𝜖-optimal policy is 

• Need to sample from each 𝑥, 𝑎 ∈ 𝑆×𝐴 to construct estimate
• Q: can we reduce sample complexity if        low rank? 

<latexit sha1_base64="T840SDzReLC1TxLWygkgXyz19Po=">AAAB8nicbZDLSsNAFIYn9VbrrSq4cTNYBFclEVEXLgpuXLZgayENZTKdNEMnmTBzooSQx3DjwiJufRp3PoDv4fSy0NYfBj7+/xzmnOMngmuw7S+rtLK6tr5R3qxsbe/s7lX3DzpapoqyNpVCqq5PNBM8Zm3gIFg3UYxEvmAP/uh2kj88MqW5jO8hS5gXkWHMA04JGMvthQTyVtHPw6Jfrdl1eyq8DM4cao2jzlOSfY+b/epnbyBpGrEYqCBau46dgJcTBZwKVlR6qWYJoSMyZK7BmERMe/l05AKfGmeAA6nMiwFP3d8dOYm0ziLfVEYEQr2YTcz/MjeF4NrLeZykwGI6+yhIBQaJJ/vjAVeMgsgMEKq4mRXTkChCwVypYo7gLK68DJ3zunNZv2g5tcYNmqmMjtEJOkMOukINdIeaqI0okugZvaKxBdaL9Wa9z0pL1rznEP2R9fEDhLGVGQ==</latexit>

Q̂h

<latexit sha1_base64="mp8rSwEjbY0O8DSoAxMRwY1uK38="></latexit>

⇥̃

✓
|S||A|H3

✏2

◆

and
<latexit sha1_base64="IZIby88/FrsUSUMuGzBkFUPWsG0=">AAACFHicbVC7TgJBFJ3FF+ILtbSZSExQI9k1RC2JNpaYyELCApkdLjBh9uHMrJEsfISNv2JjoTG2Fnb+jQNsoeBJJjn3nHtz5x435Ewq0/w2UguLS8sr6dXM2vrG5lZ2e8eWQSQoVGjAA1FziQTOfKgopjjUQgHEczlU3f7V2K/eg5As8G/VIISGR7o+6zBKlJZa2eOh3YydkDWPRq1e/uEQn2C7qetJMcQOhzvsQCgZH3fnzII5AZ4nVkJyKEG5lf1y2gGNPPAV5UTKumWGqhEToRjlMMo4kYSQ0D7pQl1Tn3ggG/HkqBE+0EobdwKhn6/wRP09ERNPyoHn6k6PqJ6c9cbif149Up2LRsz8MFLg0+miTsSxCvA4IdxmAqjiA00IFUz/FdMeEYQqnWNGh2DNnjxP7NOCdVYo3hRzpcskjjTaQ/sojyx0jkroGpVRBVH0iJ7RK3oznowX4934mLamjGRmF/2B8fkDyFGdbQ==</latexit>

|V ⇡⇤

h (x)� V ⇡
h (x)|  ✏

<latexit sha1_base64="zT7KxgpIvoO2YY8WtrObUcsNdV4=">AAACFnicbVDLTgIxFO3gC/GFunTTSEzQCJkxRF0S3biERB4JA6RTLtDQedh2jGTgK9z4K25caIxb486/sQOYKHqSJifnnJvbe5yAM6lM89NILCwuLa8kV1Nr6xubW+ntnar0Q0GhQn3ui7pDJHDmQUUxxaEeCCCuw6HmDC5jv3YLQjLfu1bDAJou6XmsyyhRWmqnc6NyK7ID1joat/vZu2NMDnEOl7/5CNscbrANgWQ8zmfMvDkB/kusGcmgGUrt9Ifd8WnogqcoJ1I2LDNQzYgIxSiHccoOJQSEDkgPGpp6xAXZjCZnjfGBVjq46wv9PIUn6s+JiLhSDl1HJ12i+nLei8X/vEaouufNiHlBqMCj00XdkGPl47gj3GECqOJDTQgVTP8V0z4RhCrdZEqXYM2f/JdUT/LWab5QLmSKF7M6kmgP7aMsstAZKqIrVEIVRNE9ekTP6MV4MJ6MV+NtGk0Ys5ld9AvG+xe2+p0+</latexit>
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[Azar, Munos, Kappen, 2012] [Sidford, Wang, Wu, Yang, Ye, 2018]
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Motivating low rank structure

• Large discrete state/action space with latent low dimension structure
• If Q function is approximated by smooth continuous function, 

then it is also approximately low rank [Udell Townsend 2017]

• E.g. recommendation systems where states are related to customers 
and actions are related to products

=𝑥

𝑎

=
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Reducing Sample Complexity

• If         were low rank, could we sample from only O(𝑆 + 𝐴) 
state-action pairs and use matrix estimation to construct        ? 
• [Shah-Song-Xu-Yang, 2020] show sample complexity of 
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… but requires bounded horizon, e.g. 𝐻 < 20; is this fundamental?
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Information Theoretic Lower Bound

Setup: S = A = {1,2} and assume 𝑄"'
∗
 is rank 1 for all ℎ ∈ [𝐻]

Samples from MDP are constrained to 𝑥, 𝑎 ∈ 1,1 , 1,2 , 2,1  
s.t. algorithm needs to use low rank structure to estimate C𝑄"'(2,2) 

Result: There exists instances for which learning a 1/8-optimal policy 
with probability at least 0.9 requires Ω(4*) samples

• Only 𝑄∗ low rank is too weak, as 𝑄>? may not be low rank
• Estimation error in last step is amplified exponentially over horizon
• Need stronger low rank conditions on MDP

[Sam, Chen, Yu, 2023]



Summary of Results
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V̂h(x) = max
a2A

Q̂h(x, a) ⇡̂h(x) = argmax
a2A

Q̂h(x, a)

Empirical Dynamic Programming [Haskell et al. 2016]

• Compute via backwards recursion starting with

• Given             or                                   , compute         via Bellman update,

• Compute                                           and
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Approximate expectations with empirical samples
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Low Rank + Empirical Dynamic Programming

• Compute via backwards recursion starting with

• Given             or                                   , compute         for 𝑥, 𝑎 ∈ Ω via 
empirical Bellman update, replacing expectations with samples
• Use matrix completion to estimate Q function for all 𝑥, 𝑎  

• Compute                                           and
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matrix 
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Need low rank assumptions that give guarantees on relationship of 9𝑄 relative to a meaningful low rank matrix



Low Rank Monte Carlo Policy Iteration (LR-MCPI)

• Compute via backwards recursion starting with

• Given                                  , compute        for 𝑥, 𝑎 ∈ Ω via

• Use matrix completion to estimate Q fn for all 𝑥, 𝑎  
• Compute                                           and

<latexit sha1_base64="REjanHMXhGYmE6I0ByKSlNXTuMQ=">AAACGnicbVDLSsNAFJ34rPUVdelmsCgVoSQi6kKh4Malon1AE8rNdNoOTiZhZiKWEH/Djb/ixoUi7sSNf+Ok7UKrBwYO59zLnHuCmDOlHefLmpqemZ2bLywUF5eWV1bttfW6ihJJaI1EPJLNABTlTNCaZprTZiwphAGnjeDmLPcbt1QqFolrPYipH0JPsC4joI3Utt0drw86rWft9HzPzcp3u/gUO/je60YSOL/Hd9hjAnsh6D4Bnl5lbbvkVJwh8F/ijkkJjXHRtj+8TkSSkApNOCjVcp1Y+ylIzQinWdFLFI2B3ECPtgwVEFLlp8PTMrxtlA42YcwTGg/VnxsphEoNwsBM5hHVpJeL/3mtRHeP/ZSJONFUkNFH3YRjHeG8J9xhkhLNB4YAkcxkxaQPEog2bRZNCe7kyX9Jfb/iHlYOLg9K1ZNxHQW0ibZQGbnoCFXRObpANUTQA3pCL+jVerSerTfrfTQ6ZY13NtAvWJ/f8tqfmg==</latexit>

V̂H+1(x) = 0 8 x 2 S
<latexit sha1_base64="T840SDzReLC1TxLWygkgXyz19Po=">AAAB8nicbZDLSsNAFIYn9VbrrSq4cTNYBFclEVEXLgpuXLZgayENZTKdNEMnmTBzooSQx3DjwiJufRp3PoDv4fSy0NYfBj7+/xzmnOMngmuw7S+rtLK6tr5R3qxsbe/s7lX3DzpapoqyNpVCqq5PNBM8Zm3gIFg3UYxEvmAP/uh2kj88MqW5jO8hS5gXkWHMA04JGMvthQTyVtHPw6Jfrdl1eyq8DM4cao2jzlOSfY+b/epnbyBpGrEYqCBau46dgJcTBZwKVlR6qWYJoSMyZK7BmERMe/l05AKfGmeAA6nMiwFP3d8dOYm0ziLfVEYEQr2YTcz/MjeF4NrLeZykwGI6+yhIBQaJJ/vjAVeMgsgMEKq4mRXTkChCwVypYo7gLK68DJ3zunNZv2g5tcYNmqmMjtEJOkMOukINdIeaqI0okugZvaKxBdaL9Wa9z0pL1rznEP2R9fEDhLGVGQ==</latexit>

Q̂h
<latexit sha1_base64="dJA3c4yZYJKjQHXZmAou3dfnbEg=">AAACG3icbZC7SgNBFIZn4y3G26qdNoNBEJSwG0QtLAI2KSOYCyTLMjuZJENmL8ycFcKy72Fjr6UvYGOhiJVg4ds4uRS5+MPAz3fOmZnze5HgCizr18gsLa+srmXXcxubW9s75u5eTYWxpKxKQxHKhkcUEzxgVeAgWCOSjPieYHWvfzOs1++ZVDwM7mAQMccn3YB3OCWgkWsWWz0CSSviqZv0Tu30DM+AYopb7RDUFC27Zt4qWCPhRWNPTL508JL22fNTxTW/9R009lkAVBClmrYVgZMQCZwKluZasWIRoX3SZU1tA+Iz5SSj3VJ8rEkbd0KpTwB4RKcnEuIrNfA93ekT6Kn52hD+V2vG0LlyEh5EMbCAjh/qxAJDiIdB4TaXjIIYaEOo5PqvmPaIJBR0nDkdgj2/8qKpFQv2ReH81s6XrtFYWXSIjtAJstElKqEyqqAqougBvaJ39GE8Gm/Gp/E1bs0Yk5l9NCPj5w8GqKUa</latexit>

⇡̂h+1, ⇡̂h+2 . . . ⇡̂H

Monte Carlo policy evaluation – 𝑁3 full trajectory rollouts for each 𝑥, 𝑎 ∈ Ω

<latexit sha1_base64="lbeoNHunaDu1FSdM/f/mQ0OlZIA="></latexit>

Q̂h(x, a) = rh(x, a) + Ê
h
V̂h+1(xh+1)

��� xh = x, ah = a
i

Q̂h(x, a) = rh(x, a) + Ê
hP

H

`=h+1 r`(x`, ⇡̂`(x`))
��� xh = x, ah = a

i

<latexit sha1_base64="HtEbfMJe8+z0UcM+nBruXakgPBw="></latexit>

V̂h(x) = max
a2A

Q̄h(x, a) ⇡̂h(x) = argmax
a2A

Q̄h(x, a)

[Sam, Chen, Y., 2022]

Need low rank assumptions that give guarantees on relationship of 9𝑄 relative to a meaningful low rank matrix



Low Rank Empirical Value Iteration (LR-EVI)

• Compute via backwards recursion starting with

• Given            , compute        for 𝑥, 𝑎 ∈ Ω via

• Use matrix completion to estimate Q fn for all 𝑥, 𝑎  
• Compute                                           and

<latexit sha1_base64="REjanHMXhGYmE6I0ByKSlNXTuMQ=">AAACGnicbVDLSsNAFJ34rPUVdelmsCgVoSQi6kKh4Malon1AE8rNdNoOTiZhZiKWEH/Djb/ixoUi7sSNf+Ok7UKrBwYO59zLnHuCmDOlHefLmpqemZ2bLywUF5eWV1bttfW6ihJJaI1EPJLNABTlTNCaZprTZiwphAGnjeDmLPcbt1QqFolrPYipH0JPsC4joI3Utt0drw86rWft9HzPzcp3u/gUO/je60YSOL/Hd9hjAnsh6D4Bnl5lbbvkVJwh8F/ijkkJjXHRtj+8TkSSkApNOCjVcp1Y+ylIzQinWdFLFI2B3ECPtgwVEFLlp8PTMrxtlA42YcwTGg/VnxsphEoNwsBM5hHVpJeL/3mtRHeP/ZSJONFUkNFH3YRjHeG8J9xhkhLNB4YAkcxkxaQPEog2bRZNCe7kyX9Jfb/iHlYOLg9K1ZNxHQW0ibZQGbnoCFXRObpANUTQA3pCL+jVerSerTfrfTQ6ZY13NtAvWJ/f8tqfmg==</latexit>

V̂H+1(x) = 0 8 x 2 S
<latexit sha1_base64="fOP48v2/dHDpyDY/1SwSAlqoVnw=">AAAB9HicbVDJSgNBEK1xjXGLetNLYxAEIcyIqAcPAS8eI5gFkiH0dHqSJj2L3TWBMMx3ePGgiKAXwV/x5t/YWQ6a+KDg8V4VVfW8WAqNtv1tLSwuLa+s5tby6xubW9uFnd2ajhLFeJVFMlINj2ouRcirKFDyRqw4DTzJ617/euTXB1xpEYV3OIy5G9BuKHzBKBrJbfUoprWsnfZOnKxdKNolewwyT5wpKZb3P7M+f3+rtAtfrU7EkoCHyCTVuunYMbopVSiY5Fm+lWgeU9anXd40NKQB1246PjojR0bpED9SpkIkY/X3REoDrYeBZzoDij09643E/7xmgv6lm4owTpCHbLLITyTBiIwSIB2hOEM5NIQyJcythPWoogxNTnkTgjP78jypnZac89LZrVMsX8EEOTiAQzgGBy6gDDdQgSowuIcHeIJna2A9Wi/W66R1wZrO7MEfWB8/jXmVpw==</latexit>

V̂h+1

<latexit sha1_base64="T840SDzReLC1TxLWygkgXyz19Po=">AAAB8nicbZDLSsNAFIYn9VbrrSq4cTNYBFclEVEXLgpuXLZgayENZTKdNEMnmTBzooSQx3DjwiJufRp3PoDv4fSy0NYfBj7+/xzmnOMngmuw7S+rtLK6tr5R3qxsbe/s7lX3DzpapoqyNpVCqq5PNBM8Zm3gIFg3UYxEvmAP/uh2kj88MqW5jO8hS5gXkWHMA04JGMvthQTyVtHPw6Jfrdl1eyq8DM4cao2jzlOSfY+b/epnbyBpGrEYqCBau46dgJcTBZwKVlR6qWYJoSMyZK7BmERMe/l05AKfGmeAA6nMiwFP3d8dOYm0ziLfVEYEQr2YTcz/MjeF4NrLeZykwGI6+yhIBQaJJ/vjAVeMgsgMEKq4mRXTkChCwVypYo7gLK68DJ3zunNZv2g5tcYNmqmMjtEJOkMOukINdIeaqI0okugZvaKxBdaL9Wa9z0pL1rznEP2R9fEDhLGVGQ==</latexit>

Q̂h

<latexit sha1_base64="HtEbfMJe8+z0UcM+nBruXakgPBw="></latexit>

V̂h(x) = max
a2A

Q̄h(x, a) ⇡̂h(x) = argmax
a2A

Q̄h(x, a)

empirical value iteration – 𝑁3 samples from 𝑇3(⋅ |𝑥, 𝑎) for each 𝑥, 𝑎 ∈ Ω

<latexit sha1_base64="lbeoNHunaDu1FSdM/f/mQ0OlZIA="></latexit>

Q̂h(x, a) = rh(x, a) + Ê
h
V̂h+1(xh+1)

��� xh = x, ah = a
i

Q̂h(x, a) = rh(x, a) + Ê
hP

H

`=h+1 r`(x`, ⇡̂`(x`))
��� xh = x, ah = a

i

[Shah et al. 2020] [Yang et al. 2020]

Need low rank assumptions that give guarantees on relationship of 9𝑄 relative to a meaningful low rank matrix



Empirical Results – Oil Discovery



What types of structure are reasonable and common?

What type of information is commonly available?

How to exploit it to lead to efficient learning?

How to design RL algorithms that provably and efficiently 
exploit structure arising in real-world systems?

1

2

3

E.g. smoothness, low rank, exogenous input-driven dynamics, weakly coupled states, … 

E.g. historical traces of auxiliary variables or historical trajectories, …



RL simulators ( … beyond AIGym … )

• Park (computer systems) – https://github.com/park-project/park [Mao et al 2019]

• ORGym (operations) – https://github.com/hubbs5/or-gym [Hubbs et al 2020]

• MARO (operations) – https://github.com/microsoft/maro [Jiang et al 2020]

• ORSuite (operations) – https://github.com/cornell-orie/ORSuite [Archer et al 2022]

• SustainGym (sustainability) – https://chrisyeh96.github.io/sustaingym/ [Yeh et al 2023]

https://github.com/park-project/park
https://github.com/hubbs5/or-gym
https://github.com/microsoft/maro
https://github.com/cornell-orie/ORSuite
https://chrisyeh96.github.io/sustaingym/

