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Resources & Background

ReSOU rceS Admittedly self-centered

ODE MethOd (using different meaning than in the 1970s)
Goal: find solution to f(6*) =0

d
ODE a|g0rlthm %'Bt — f('at) design for stability

Euler approximation: 6,41 =0, + an+1f_(0n)

o CS&RL, Chapters 4 and 8

@ The ODE Method for Asymptotic Statistics in Stochastic
Approximation and Reinforcement Learning [56, 57]

@ And of course Borkar’s manifesto
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Euler approximation: 6,41 =0, + Oén+1f(9n)
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Resources & Background

ReSO u rCGS Admittedly self-centered

ODE Method  (using different meaning than in the 1970s)
o CS&RL, Chapters 4 and 8
@ The ODE Method for Asymptotic Statistics in Stochastic
Approximation and Reinforcement Learning [56, 57]
TD Methods CS&RL:
o Chapter 5 (purely deterministic setting)
o Chapters 9 & 10 (traditional MDP)

e

Control Techniques

Complex Networks
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Resources & Background

ReSO urces Admittedly self-centered

ODE Method  (using different meaning than in the 1970s)
o CS&RL, Chapters 4 and 8
@ The ODE Method for Asymptotic Statistics in Stochastic
Approximation and Reinforcement Learning [56, 57]
TD Methods CS&RL:
o Chapter 5 (purely deterministic setting)
o Chapters 9 & 10 (traditional MDP)

Control Techniques
Complex Networks

New material in this lecture:
[2] The projected Bellman equation in reinforcement learning. IEEE Transactions on
Automatic Control (to appear).
[3] Stability of Q-learning through design and optimism. arXiv 2307.02632, 2023.
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Resources & Background

Too many resources to list

Sadly, | am leaving out all of the fun zero-variance theory with Caio Lauand

Introducing Dr. Lauand in May, 2025

Stick around for tutorial next Thursday at "
4



Q Learning



L2 iz
Stochastic Optimal Control (Review)

MDP Model
X is a stationary controlled Markov chain, with input U
o For all states = and sets A4,
P{Xn+1 € A| X,, =z, U, = u,and prior history} = P,(z, A)
@ ¢: Xx U—=Ris a cost function

@ 7 < 1 a discount factor

Q function:
man’y"E (X0, Up) | X(0) = 2,U(0) = u
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L2 iz
Stochastic Optimal Control (Review)

MDP Model
X is a stationary controlled Markov chain, with input U
o For all states = and sets A4,
P{Xn+1 € A| X,, =z, U, = u,and prior history} = P,(z, A)
@ ¢: Xx U—=Ris a cost function

@ 7 < 1 a discount factor

Q function:
man’y"E (X0, Up) | X(0) = 2,U(0) = u

Bellman equation:
Q*(z,u) = c(z,u) + 'yE[rniln Q" (Xn41,v) | Xn =z, Up = u]
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Q-Learning and Galerkin Relaxation

Dynamic programming
Find function Q* that solves (F» means history)

E[c(Xn, Un) + 7Q* (Xnt1) — Q" (X, Un) | 71,] =0

H(x) = min H(z,u)

u
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Q-Learning and Galerkin Relaxation

Dynamic programming
Find function Q* that solves (F» means history)

E[c(Xn, Un) + 7Q* (Xnt1) — Q" (X, Un) | 71,] =0

Goal of Q-Learning
Given {QY : 6 € R}, find 0* that solves f(0*) =0,

f(0) = E[{C(Xm Up) + ’VQG(X’ILJrl) - Qe(Xnv Un)}(ﬂ]

The family {Q%} and eligibility vectors {¢,} are part of algorithm design.

o
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Q-Learning and Galerkin Relaxation

Dynamic programming
Find function Q* that solves (F» means history)

E[c(Xn, Un) + 7Q* (Xnt1) — Q" (X, Un) | 71,] =0

Goal of Q-Learning
Given {Q? : 6 € R}, find 6* that solves f(6*) =0,

f(0) = E[{C(Xm Up) + ’VQG(X’ILJrl) - Qe(Xnv Un)}(ﬂ]

The family {Q%} and eligibility vectors {¢,} are part of algorithm design.

o

Projected Bellman Equation: f(6*) =0

4/34



Q-Learning
Q(0)-Learning  Goal f(6*) =0

JE(Q) = E[{C(Xm Un) + 'YQQ(XH-H) - Qe(Xm Un)}(n]

Prototypical choice ¢, = VQY(X,, U")’(?:@n
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Q-Learning
Q(0)-Learning  Goal f(6*) =0

JF(Q) = E[{C(Xn-/ Un) + 'YQQ(XH-I—I) - Qe(Xna Un)}(n]

Prototypical choice ¢, = VQY(X,, Un)‘e:e
— prototypical Q-learning algorithm

Q(0) Learning Algorithm
Estimates obtained using SA

Ont1 = On + anp1 fotr Jny1 = {Cn + ’YQ,LJA ?L}Cn 0—o
Qn+1 - Qg( n+17¢ ( n-l—l))

n

o ¢7(x) = argmin Q’(z, u) [QP-greedy policy]

@ Input {U,} chosen for exploration.
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Linear function approximation
Q(0)-Learning  Goal f(6*) =0

Q(0)-learning with linear function approximation
Estimates obtained using SA

9n+1 =0 + an+1fn+1 fn+1 = {Cn + ’YQZ—H - Qz} 0—a Cn
@, = Q' (Xnt1), 0" (Xp41))
o Q(x,u) = 0Tp(x,u)
o Q’(z) = 07y(x, $*(x))
° Cn = V@Qo(Xna Un)“g:gn = 1/J(Xn7 Un)

6/34



Linear function approximation
Q(0)-Learning  Goal f(6*) =0

Q(0)-learning with linear function approximation
Estimates obtained using SA

On+1 = 0p + apii1 frrl frne1 = {cn + 'anH — Qz
Q:,J,-l = Q ( Xnt1), ¢0(Xn+1))

” Cn

° Qe(xvu) = 9T¢(£?“)
o Q%(x) = 07(x,¢%(x))
° Cn = VGQQ(X’M Un)“g:gn = 1/J(Xn7 Un)

f_(e) — 2(0)9 - l_) p.w. constant if U is oblivious

( ) [Cn [7¢(Xn+17 ¢9(Xn+1)) — (X, Un)] ’ ]
b= E[¢uc(Xn, Uy)]
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CE A T L T
Watkins' ()-learning

E[{C(Xn; Un) + 7Q9* (Xn-l—l) - Qe* (Xm Un)}Cn] =0
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CE A T L T
Watkins' ()-learning

E[{C(Xn; Un) + PYQO* (Xn-i-l) - Qe* (Xm Un)}C”] =0

Watkin's algorithm A special case of Q(0)-learning

The family {Q%} and eligibility vectors {(,,} in this design:
o Linearly parameterized family of functions: Q%(x,u) = 07y (x, u)
o CTL = ¢(Xn7 Un)

o Yi(r,u) = H{z = 2", u = u'} (complete basis)

Convergence of Q% to Q* holds under mild conditions
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CE A T L T
Watkins' ()-learning

E[{C(Xn; Un) + PYQO* (Xn-l-l) - Qe* (Xm Un)}C”] =0

Watkin's algorithm A special case of Q(0)-learning

The family {Q%} and eligibility vectors {(,,} in this design:
o Linearly parameterized family of functions: Q%(x,u) = 07y (x, u)
o (n =19Y(Xn,Un)

o Yi(r,u) = H{z = 2", u = u'} (complete basis)

Convergence of Q% to Q* holds under mild conditions

Asymptotic covariance is infinite for v > 1/2 [5]

o? = lim nE[||f, — 0%||*] = 0o
n—oo

Using the standard step-size rule a,, = 1/n(z,u)

7/34




LIyee GUreen el o
Asymptotic Covariance of Watkins’' Q-Learning 1

This is what infinite variance looks like 4)

I \ > ﬁ
0% = lim nE[||0, - 0*)1?] = oo Wild oscillations? 3) O
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Asymptotic Covariance of Watkins’' Q-Learning 1
This is what infinite variance looks like 4) 5'

I \ ﬁ
0% = 7}1—{20 nE[||6, — 0*]1] = oo Wild oscillations? 3) O

Not at all, the sample paths appear frozen

Histogram of parameter estimates after 10° iterations.

40 I

I,

sl Histogram for 6,,(15) E

n = 10 1

20+ e

L I,

6°(15) |

L :,

0 T ST —
0 100 200 300 400 .486.6

Example from [5] 2017
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Asymptotic Covariance of Watkins’' Q-Learning 1

This is what infinite variance looks like 4 ) E
\ \
o? = lim nE[||6, — 0*|]*] = oo Wild oscillations? 3) O
n—oo

Not at all, the sample paths appear frozen

Sample paths using a higher gain, or relative Q-learning [8]

Q-learning: {Hg == pelative Q-leamning: — g = 1/(1—p*y)
—9=1/0-p")
1/(1=7) = 10° “\M m 1/17,710'

i M W ’WM’M

120,

3
8

®
8

I
&

Maximal Bellman Error
A
3

N
8

Figure 1: Comparison of Q-learning and Relative Q-learning algorithms for the stochastic shortest
path problem of [4]. The relative Q-learning algorithm is unaffected by large discounting.

Example from [5] 2017, and [8], CS&RL, 2021
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Asymptotic Covariance of Watkins’' Q-Learning 1

Can we do better?
4

/
at
Q-learning: {wq =1{-) Relative Q-learning: — g = 1/(1 — p*v) |
. —9=1/0-p")

i HI H 1/1 ¥) —Tot

e ”W”M

1/(1=7) =10’

3

Maximal Bellman Error
23

Figure 1: Comparison of Q-learning and Relative Q-learning algorithms for the stochastic shortest
path problem of [4]. The relative Q-learning algorithm is unaffected by large discounting.

Relative Q-learning: estimate relative Q-function,
H*(z,u) = Q*(x,u) — 6(v,Q")

And don't use step-size ay, = g/n [Recall Eric’s Tuesday plenary]
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Asymptotic Covariance of Watkins’' Q-Learning 1

Can we do better? 7
Q-learning: {@Z i 1;8 :;')’27) Relative Q-learning: g=1/(1-p"y) \ \

i HI H 1/1 ¥) —Tot

e ”W”M

120

1/(1—5)=10°

3

Maximal Bellman Error
23

o 1 2 8 4 5 & 7 8 9 10
nx10°

Figure 1: Comparison of Q-learning and Relative Q-learning algorithms for the stochastic shortest
path problem of [4]. The relative Q-learning algorithm is unaffected by large discounting.

An intelligent mouse might offer other clues
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Asymptotic Covariance of Watkins’' Q-Learning 1

Can we do better?
4

/
5
Q-learning: {@Z i 1;8 :;')’27) Relative Q-learning: g=1/(1-p"y) \ \
120, 2

i HI H 1/1 ¥) —Tot

e ”W”M

1/(1—5)=10°

3

Maximal Bellman Error
23

o 1 2 8 4 5 & 7 8 9 10
nx10°

Figure 1: Comparison of Q-learning and Relative Q-learning algorithms for the stochastic shortest
path problem of [4]. The relative Q-learning algorithm is unaffected by large discounting.

An intelligent mouse might offer other clues

First consider second order methods
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Zap

Momentum

Zap



Zap Need for second order methods

Motivation

The ODE method begins with design of the ODE: %19 = f(9)
Challenges we have faced with Q-learning:
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Zap Need for second order methods

Motivation

The ODE method begins with design of the ODE: %19 = f(9)
Challenges we have faced with Q-learning:
@ How can we design dynamics for

@ Stability few results outside of Watkins' tabular setting
@ f(0*) = 0 solves a relevant problem or has a solution
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Zap Need for second order methods

Motivation

The ODE method begins with design of the ODE: %19 = f(9)
Challenges we have faced with Q-learning:
@ How can we design dynamics for
(1] S_tability
@ f(0*) = 0 solves a relevant problem

@ How can we better manage problems introduced by 1/(1 —~)?
Relative Q-Learning is one approach
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Zap Need for second order methods

Motivation

The ODE method begins with design of the ODE: %19 = f(9)
Challenges we have faced with Q-learning:
@ How can we design dynamics for
(1] S_tability
@ f(0*) = 0 solves a relevant problem

@ How can we better manage problems introduced by 1/(1 —~)?
Relative Q-Learning is one approach

Assuming we have solved , forget and
approximate Newton-Raphson flow:

CH0) =) giving J(00) = F(do)e"

10/34



Zap

Zap Algorithm Designed to emulate Newton-Raphson flow
9y = —[A@)] T F(B),  A(B) = o] (0)

Zap-SA
9n+1 = en + anJrlGnJrlf(e?"n E»n—i—l) Gn+1 = _[EnJrl]_l
A\n-i-l = A\n + Bn-i—l(An—I—l - A\n) An+1 = a@f(ena En—{—l)

11/34



Zap Feedback linearization

Zap Algorlthm Designed to emulate Newton-Raphson flow
0= —[AD)] T (9, AB) =00 f ()

Zap-SA
Ont+1 = Op + Any1Gni1 f(On, Enir) Gny1 = _[A\n+1]_1
A\n—O—l - A\n + Bn-i—l(An—f—l - ;{n) An+1 = 39f(9n, Em—i—l)
Ay~ A(6y,) requires high-gain: % — 00, n — oo

n
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Zap Feedback linearization

Zap Algorlthm Designed to emulate Newton-Raphson flow
0= —[AD)] T (9, AB) =00 f ()

Zap-SA
Ont+1 = Op + Any1Gni1 f(On, Enir) Gny1 = *[A\nﬂ]_l
A\n—O—l - A\n + Bn-i—l(An—f—l - A\n) An+1 = a&f(em Em—i—l)
Ay~ A(6y,) requires high-gain: g—n — 00, n — oo

n

Numerics that follow: a,, = 1/n, 8, = (1/n)?, p € (0.5,1)

Zap Q-Learning:  f(6n, & yy) = {C(X'n7 Un) -I-ryQG*(Xn-H) - Qe*(Xn, Un)}(n
Cn = VoQ% (X, Un)|9:9n
Ant1 = Co [V (X1, ¢’ (Xnt1)) = %(Xn, Un)] '
¢’ (z) = argmin Q° (x, u)

11/34



Zap Challenges and remarkable conclusions

Challenges

Q-learning: {Q%(z,u):0 € R, ue U, z X}
Find 6* such that f(0*) = 0, with

f(e) = E[{C(Xna Un) =+ 'YQH(XnJrl) - Qe(Xny Un)}Cn]

What makes theory difficult:
@ Does f have a root?
@ Does the inverse of A exist?

© SA theory is weak for a discontinuous ODE
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Challenges

Q-learning: {Q%(z,u):0 € R, ue U, z X}
Find 6* such that f(0*) = 0, with

f(e) = E[{C(Xna Un) + 'YQH(XnJrl) - Qe(Xny Un)}Cn]

What makes theory difficult:

@ Does f have a root?

@ Does the inverse of A exist?

© SA theory is weak for a discontinuous ODE
—

resolved for Zap by exploiting special structure,
even for NN function approximation [6, 1]
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Zap Challenges and remarkable conclusions

Challenges

Q-learning: {Q%(z,u):0 € R, ue U, z X}
Find 6* such that f(0*) = 0, with

f(e) = E[{C(Xn: Un) + 'YQH(X7L+1) - Qe(Xm Un)}(n]

What makes theory difficult:

@ Does f have a root?

@ Does the inverse of A exist?

© SA theory is weak for a discontinuous ODE
—

resolved for Zap by exploiting special structure,
even for NN function approximation [6, 1]

Conclusions for Zap: Stability and optimal asymptotic covariance >*

Recall Eric's T | fi fn of X
[Recall Eric’s Tuesday plenary for defn o 12}34



410 Zap Along Walk to the Cafe

: 1
Zap Q-Learning AP
Optimize Walk to Cafe ) i 5
32
Convergence with Zap gain 3, = n= 8

=
g Watkins, Speedy Q-learning,
[T Polyak-Ruppert Averaging
c ——— —
© QR e
(S
= 60~
[
o
40 -
20
72D o ) . P . . .
0 1 2 3 4 5 6 7 8 9 n 10 «10°

Convergence of Zap-Q Learning

Discount factor: v = 0.99
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410 Zap Along Walk to the Cafe

: 1
Zap Q-Learning AP
Optimize Walk to Cafe ) i 5
32
Convergence with Zap gain 3, = n= 8

Infinite covariance with a,, = 1/n or 1/n(x,u).
\

Watkins, Speedy Q-learning,
Polyak-Ruppert Averaging

Bellman Error

72D o . = e s
0 1 2 3 4 5 6 7 8 9, 10 108
Convergence of Zap-Q Learning

Discount factor: v = 0.99
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410 Zap Along Walk to the Cafe

Zap Q-Learning ,1
cap 415
ptimize Walk to Cafe ) \

32

Convergence with Zap gain 3, = n= 8

Infinite covariance with a,, = 1/n or 1/n(x,u).

=
g 100 'y Watkins, Speedy Q-learning,
I.IJ “ ‘.:”\v A
c
FS 80
£ 60 Watkins, g = 1500
o | oan, =g/n
[oa) U’
40| #k .
WA
20 \"‘Ww/zwwm )
kl ap, fBn = an M A e AN A 5 e et
Zap-o
0 1 2 3 4 5 6 7 8 9, 10 %105

Convergence of Zap-Q Learning

Discount factor: v = 0.99
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Zap Q-Learning (D

Optimize Walk to Cafe 9&6
~0.85 © (2)

Convergence with Zap gain 5, =n

W, \/_é —— Theoritical pdf —— Experimental pdf — mmmm Empirical: 1000 trials
10 8 -6 -4 2 0 2 4 6 8 8 6 -4 2 0 2 4 6 8,03
Entry #18: n= 104 n = 10° Entry #10; n= 104 n = 10°

CLT gives good prediction of finite-n performance

Discount factor: v = 0.99
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Zap Zap Q-Learning with Neural Networks

Zap with Neural Networks

0= f(e*) = E[{C(Xna Un) + ’VQG* (Xnt1) — Qe* (X, Un)}(ﬂ]

Cn = VoQV (X, Un)’e:e computed using back-progagation
A few things to note:

@ As far as we know, the empirical success of plain vanilla DQN is
extraordinary (however, nobody reports failure)
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Zap Zap Q-Learning with Neural Networks

Zap with Neural Networks

0= f(0%) = E[{c(Xn, Un) +7Q" (Xn41) — Q" (X, Un) } G
Cn = VoQV (X, Un)‘gzg computed using back-progagation
A few things to note:

@ As far as we know, the empirical success of plain vanilla DQN is
extraordinary (however, nobody reports failure)

@ Zap Q-learning is the only approach for which convergence has been
established (under mild conditions)

@ We can expect stunning transient performance, based on coupling
with the Newton-Raphson flow.

15/34



Zap Zap Q-Learning with Neural Networks

Zap with Neural Networks

VI. Stunning reliability with Qe parameterized by various neural networks

Reliability and stunning transient performance
—from coupling with the Newton-Raphson flow.

15/34



The Projected Bellman Equation



0

(@ A

cig(4) - eig(A)

=0.75

(b) A

Stability & The Projected Bellman Equation



Theory and Practice

Most of the elegant theory for tabular Q-learning: training is oblivious
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Theory and Practice

Most of the elegant theory for tabular Q-learning: training is oblivious

In practice we follow the intelligent mouse

| only need to see the cat once
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Projected Bellman Equation

Theory and Practice ¢°(z) = argminQ’(z, u)

Most of the elegant theory for tabular Q-learning: training is oblivious

In practice we follow the intelligent mouse
Approaches to exploration, Uy, ~ 513k( | Xk):
o c-greedy, Ui, = ¢?(Xy) probability 1 — ¢ small € > 0

~ 1
o Gibbs, ¢p(u | z) = Eexp(—FaQ‘g’C (x,u)) large £ > 0
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Projected Bellman Equation

Theory and Practice ¢°(z) = argminQ’(z, u)

Most of the elegant theory for tabular Q-learning: training is oblivious
In practice we follow the intelligent mouse
Approaches to exploration, Uy ~ Ej;k( | Xk):
o c-greedy, U, = ¢?(X}) probability 1 — ¢
Discontinuous vector field
o Gibbs, Elv)k(u | z) = %exp(—n@ek (x,u))
Lipschitz fails (and more)

smalle > 0

large k > 0
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Projected Bellman Equation

Theory and Practice ¢°(z) = arg min Q° (z, u)

Most of the elegant theory for tabular Q-learning: training is oblivious
In practice we follow the intelligent mouse
Approaches to exploration, Uy ~ Ej;k( | Xk):
o c-greedy, U, = ¢?(X}) probability 1 — ¢
Discontinuous vector field
o Gibbs, Elv)k(u | z) = %exp(—m@‘g’C (w,u))
Lipschitz fails (and more)
Approximates e-greedy policy with € =0 if 0 is large

smalle > 0

large k > 0
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Projected Bellman Equation

Theory and Practice ¢°(z) = arg min Q° (z, u)

Most of the elegant theory for tabular Q-learning: training is oblivious

In practice we follow the intelligent mouse

Approaches to exploration, Uy, ~ 513k( | Xk):

o c-greedy, U, = ¢?(X}) probability 1 — ¢ small = > 0
G T 1 0
o Gibbs, ¢p(u | z) = Eexp(—nQ ’“(w,u)) large £ > 0
o Tamed Gibbs, ¢f(u | z) = ! exp(—ﬁng(x u)) New in 2023
o Zf(x) ’
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Theory and Practice ¢%(2) = argmin Q% (z, u)

Most of the elegant theory for tabular Q-learning: training is oblivious

In practice we follow the intelligent mouse

Approaches to exploration, Uy, ~ 513k( | Xk):

o c-greedy, U, = ¢?(X}) probability 1 — ¢ small = > 0
G T 1 0

o Gibbs, ¢p(u | z) = Eexp(—nQ ’“(a:,u)) large £ > 0
: 70 1 0

o Tamed Glbbs, d)o(u | 113) = ZTUGXP(—HQQ (x,u)) large kg > 0
vy 4= o 18121

> Lko else
SA recursion satisfies all the assumptions New in 2023
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Theory for Tamed Gibbs ¢y (u | 2) = P{U), = u | Fi; X), = 2}

For ease of analysis: ¢ (u | z) = (1 — E)(T)gk (u]x) +ev(u)

17/34



Theory for Tamed Gibbs ¢y (u | 2) = P{U), = u | Fi; X), = 2}

For ease of analysis: ¢ (u | z) = (1 — E)(T)gk (u]x) +ev(u)

Assumptions: Q(z,u) = 07 (z,u), and
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Theory for Tamed Gibbs  ¢.(u | 2) = P{U, = u | Fi; X), = 2}

For ease of analysis: ¢ (u | z) = (1 — 5)~gk (u|z)+evw(u)

Assumptions: Q(z,u) = 0™ (z,u), and
For oblivious policy (¢ = 1):
@ There is a unique invariant pmf 7, for (X,U).
@ The covariance is full rank, R" > 0,
R = En,, [¥(Xn, Un)¥( Xy, Up) '], Up=Wn ~Vyy
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Theory for Tamed Gibbs  ¢.(u | 2) = P{U, = u | Fi; X), = 2}

For ease of analysis: ¢ (u | z) = (1 — 5)~gk (u|z)+evw(u)

Assumptions: Q(z,u) = 0™ (z,u), and
For oblivious policy (¢ = 1):
© There is a unique invariant pmf 7, for (X, U).

@ The covariance is full rank,
RV = Ery [w(Xn, Un) (X, Un)T] , Uy, =W, ~ vy

First step in analysis is to show that and  hold for any £ > 0:

17/34



Theory for Tamed Gibbs  ¢y(u|z) EP{U, = u | Fi; Xj, = 2}

For ease of analysis: ¢ (u | z) = (1 — 5)~gk (u|z)+evw(u)

Assumptions: Q(z,u) = 0™ (z,u), and
For oblivious policy (¢ = 1):
© There is a unique invariant pmf 7, for (X, U).

@ The covariance is full rank,
RV = Ery [w(Xn, Un) (X, Un)T] , Uy, =W, ~ vy

First step in analysis is to show that and  hold for any £ > 0:
@ There is a unique invariant pmf 7y for (X,U).

@ The covariance is full rank,
R@(e) = E7r9 [¢(Xn, Un)w(Xna Un)T] ) Un ~ d)n( : ‘ Xn)
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Stability with sufficient optimism.
There is Sfy >0 (lower bound given in paper) for Wthh the fOIIOWing hold:
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Theory F(0) ¥ E[{c(Xn, Un) + 7Q% (Xnt1) — Q°(Xn, Un) }Cn]

Stability with sufficient optimism.
There is 57 >0 (lower bound given in paper) for Wthh the fOIIOWing hold:

For each 0 < ¢ < ¢,, there is k., such that
o The mean flow 49 = f(9) is ultimately bounded.

Proof follows Van Roy's analysis of TD-learning,

d .
g0l < =aldell,if |[De]l = 1/0
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Theory F(0) ¥ E[{c(Xn, Un) + 7Q% (Xnt1) — Q°(Xn, Un) }Cn]

Stability with sufficient optimism.
There is £y > 0 (lower bound given in paper) for which the following hold:

For each 0 < ¢ < ¢,, there is k., such that
o The mean flow 49 = f(9) is ultimately bounded.

@ There is at least one solution to the projected Bellman equation

f07) =0

Proof follows from the stability proof:

Denote T(6) = 0 + o f(0) for § € R?, with g9 > 0 sufficiently small.

Goal: solve T'(0*) = 6*
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Theory F®) E E[{c(Xn, Un) +1Q° (Xn41) — Q¥ (Xn, Un) }n]
Stability with sufficient optimism.
There is £y > 0 (lower bound given in paper) for which the following hold:

For each 0 < ¢ < ¢,, there is k., such that
o The mean flow 49 = f(9) is ultimately bounded.

@ There is at least one solution to the projected Bellman equation

f(or)=0
Proof follows from the stability proof:

Denote T(6) = 0 + o f(0) for § € R?, with g9 > 0 sufficiently small.

17O <1/6,  if [|]l <1/8
Brouwer's fixed-point theorem tells us 7'(6*) = 6* has at least one solution.

See also de Farias & Van Roy [18]
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Projected Bellman Equation

Theory F(0) L E[{c(Xn, Un) +7Q° (Xnt1) — Q°(Xn, Un) }on]
Stability with sufficient optimism.
There is £y > 0 (lower bound given in paper) for which the following hold:

For each 0 < ¢ < ¢,, there is k., such that
o The mean flow 49 = f(9) is ultimately bounded.

@ There is at least one solution to the projected Bellman equation

f(07) =0

@ Under some additional assumptions 6* is locally asymptotically stable
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Projected Bellman

Baird's Example br(u|z) = (1— )k (u | z) + v (w)

QOO®OG R TV S
\\\@/// W) =0 w<x>—{298+97 o
D
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Baird's Example Gr(u|z) = (1— )b (u | z) + eviy(u)

QOOO®EE® [ s—k<o
\\t\@/ﬂ// h(x):&l/}(x):{298+97 v=7
)

The need for € > 0 sufficiently small:

eig(4) - eig(d)

=0
0
=0.75

ig(4) > 0

(@) A

Real(cig(4))

(b) A

Real(c

From CS&RL Results for TD(A)-learning, ¢ = 1
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Projected Bellman Equation

Baird's Example

QOO®OG R TV S
\\@W h(x)—ﬁw(x)—{
)

208407 x=T7

bi(u | 2) = (1 - )dg* (u | @) + eV (u)

The need for € > 0 sufficiently small:

x10°2 max(Real A\(A¥))
15

—— =09
— 7=0.95

A* =0y f (67)
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Projected Bellman Equation

Baird's Example Gr(u|z) = (1— )b (u | z) + eviy(u)

QOOO®EE® [ s—k<o
\\“\@/“// h(x)_ew(x)_{298+97 v=7
)

The need for € > 0 sufficiently small:

Recent application to change detection, using Zap: A* = 9y f (6*) is not Hurwitz [7].
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@ Reinforcement Learning is cursed by dimension, variance, and
nonlinear (algorithm) dynamics

@ Second order methods can ensure stability—use them when you can
Future work:
@ Beyond the projected Bellman error for Q-learning [45, 46, 47, 48]

@ Zap with optimism:

A(0) = OpEr, [f (0, &n)]

= Eny[00f (0, &n)] + Ery [£(0, £2) N0 (&) ]
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Conclusions & Future Directions

@ Reinforcement Learning is cursed by dimension, variance, and
nonlinear (algorithm) dynamics

@ Second order methods can ensure stability—use them when you can

Future work:
@ Beyond the projected Bellman error for Q-learning [45, 46, 47, 48]
@ Zap with optimism
@ Acceleration techniques (momentum and matrix momentum)
See Zap-Zero in CS&RL and [3]:

2 120 ”
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