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How do we define this mathematically?

Can we quantify impact in generalisation?

This talk: Exact picture in a simple setting: 

One GD step in a 2-layer neural net

with random data



Setting

x aWf(x; a, W ) =
1
p

p

∑
k=1

akσ (⟨wk, x⟩)

Our protagonist - 2 layer NNs:
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We assume training data  is drawn from:𝒟 = {(xi, yi) ∈ ℝd+1 : i ∈ [n]}

yi = f⋆(xi) + zi

xi ∼ 𝒩(0,Id /d) zi ∼ 𝒩(0,Δ)
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What can we learn initialisation  ?

(by training only 2nd layer weights )

W = W0

a ∈ ℝp
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What can we learn initialisation  ?

(by training only 2nd layer weights )

W = W0

a ∈ ℝp

̂aλ(X, y) = argmin
a∈ℝp

1
2n

n

∑
i=1

(yi − ⟨a, σ(W0xi))2 + λ | |a | |2
2
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Random features model
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Chizat, Bach ’19; 

Neal ’94; Lee et al. ’19]
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1. When ,  stays close to  (lazy regime)p → ∞ W W0

2. This can be seen as the approximation for a kernel method 
(universal approximators)
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Random features model
[Jacot, Gabriel, Hongler ’18; 

Chizat, Bach ’19; 

Neal ’94; Lee et al. ’19]

1. When ,  stays close to  (lazy regime)p → ∞ W W0

2. This can be seen as the approximation for a kernel method 
(universal approximators)

[Retch, Raimi 2007]

KRF(x, x′￼) = 𝔼w0 [σ (⟨w0, x⟩) σ (⟨w0, x′￼⟩)] ≈
1
p

p

∑
k=1

σ (⟨w0
k , x⟩) σ (⟨w0

k , x′￼⟩)

What can we learn with that?🤔
Louart et al., ’18; Mei, Montanari ’19;  Ghorbani, Mei, Misiakiewicz, Montanari ’19, ’20, ’21; 


Gerace, BL, Krzakala, Mézard, Zdeborová ’20; Goldt, BL, Reeves, Krzakala, Mézard, Zdeborová 
’21 Dhiffalah & Lu ’20; Hu & Lu ’20; Liang, Sur ’20; Jacot, Simsek, Spadaro, Hongler, Gabriel ‘20; 
BL, Gerbelot, Refinetti, Sicuro, Krzakala ’22; Mei, Misiakiewicz, Montanari ’22; Fan, Wang 2020; 

Liao et al., ’21; Schröder, Cui, Dmitriev, BL ’23, 24; Defilippis, BL, Misiakiewicz 24.



Limitations of RF
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For isotropic data (e.g. ),  with  
one can learn at best a polynomial approximation of 
degree  of the target  

x ∼ Unif(𝕊d−1) n, p = Θ(dκ)

κ f⋆(x)

Theorem [Mei, Misiakiewicz, Montanari ’22, informal]:

𝔼 | | f⋆(x) − f(x; ̂aλ, W0) | |2
2 = | |P≤κ f⋆ | |2

L2
+ od(1)
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For isotropic data (e.g. ),  with  
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x ∼ Unif(𝕊d−1) n, p = Θ(dκ)

κ f⋆(x)

Theorem [Mei, Misiakiewicz, Montanari ’22, informal]:
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In particular, for , can learn at best a linear approximation of n, p = Θ(d) f⋆

f⋆(x) = ⟨θ⋆, x⟩ + fNL(x)
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= Θ(d−α/2)
≈ μ0 + μ1⟨w, x⟩ + μ⋆ξ

μα = 𝔼[Heα(z)σ(z)] μ⋆ = 𝔼[σ(z)2] − μ2
0 − μ2
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σ(⟨w0, x⟩) = μ0 + μ1⟨w0, x⟩ + ∑
α≥2

μα

α!
Heα(⟨w0, x⟩)
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Gaussian equivalence
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|R( ̂aλ) − R( ̂aG
λ ) | → 0

̂aG
λ (X, y) = argmin

a

1
2n

n

∑
i=1

(yi − ⟨a, μ01 + μ1W0xi + μ⋆zi⟩)2 + λ | |a | |2
2

̂aλ(X, y) = argmin
a

1
2n

n

∑
i=1

(yi − ⟨a, σ(W0xi))2 + λ | |a | |2
2

Consider the following two ERM problems:

Then, in the limit  with :d → ∞ n, p = Θ(d)

Gaussian equivalence principle (GEP)

[Goldt et al. ’19, 20; Mei & Montanari ’19; Hu& Lu ’20]




Consider the unique fixed point of the following system of equations
Definitions:

In the high-dimensional limit:

̂Vs = α
γ κ2

1𝔼ξ,y [𝒵 (y, ω0)
∂ωη(y, ω1)

V ],

̂qs = α
γ κ2

1𝔼ξ,y 𝒵 (y, ω0) (η(y, ω1) − ω1)
2

V 2 ,

m̂s = α
γ κ1𝔼ξ,y [∂ω𝒵 (y, ω0)

(η(y, ω1) − ω1)

V ],

̂Vw = ακ2
⋆𝔼ξ,y [𝒵 (y, ω0)

∂ωη(y, ω1)
V ],

̂qw = ακ2
⋆𝔼ξ,y 𝒵 (y, ω0) (η(y, ω1) − ω1)

2

V 2 ,

Vs = 1
̂Vs

(1 − z gμ(−z)),

qs =
m̂2

s + ̂qs

̂Vs
[1 − 2zgμ(−z) + z2g′￼μ(−z)]

−
̂qw

(λ + ̂Vw) ̂Vs
[−zgμ(−z) + z2g′￼μ(−z)],

ms =
m̂s

̂Vs
(1 − z gμ(−z)),

Vw = γ

λ + ̂Vw
[ 1

γ − 1 + zgμ(−z)],

qw = γ
̂qw

(λ + ̂Vw)2 [ 1
γ − 1 + z2g′￼μ(−z)],

+
m̂2

s + ̂qs

(λ + ̂Vw) ̂Vs
[−zgμ(−z) + z2g′￼μ(−z)],

η(y, ω) = argmin
x∈ℝ [ (x − ω)2

2V + ℓ(y, x)]
𝒵(y, ω) = ∫ dx

2πV 0
e− 1

2V 0 (x − ω)2
δ (y − f 0(x))

where V = κ2
1Vs + κ2

⋆Vw, V 0 = ρ −
M2

Q
, Q = κ2

1qs + κ2
⋆qw, M = κ1ms, ω0 = M/ Qξ, ω1 = Qξ

and gμis the Stieltjes transform of W0WT
0 μ0 = 𝔼 [σ(z)], μ1 ≡ 𝔼 [zσ(z)], μ⋆ ≡ 𝔼 [σ(z)2] − μ2

0 − μ2
1 , and z ∼ 𝒩(0,1)

R( ̂aλ) = 𝔼λ,ν [( f 0(ν) − ̂f(λ))2]
with (ν, λ) ∼ 𝒩 (0

0), ( ρ M⋆

M⋆ Q⋆)

R̂n( ̂aλ) =
λ

2α
q⋆

w + 𝔼ξ,y [𝒵 (y, ω⋆
0 ) ℓ (y, η(y, ω⋆

1 ))]

with ω⋆
0 = M⋆ / Q⋆ξ, ω⋆

1 = Q⋆ξ

8
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λ → 0+

width ( )p

λopt

|R( ̂aλ) − R( ̂aG
λ ) | → 0

Gaussian equivalence

Gaussian equivalence principle (GEP)

[Goldt et al. ’19; Mei & Montanari ’19; Hu& Lu ’20]
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λ → 0+

λopt

Kernel

width ( )p

Gaussian 

universality

Equivalence

to a linear model

Limited 

expressivity

[Gerace, BL, Krzakala, Mézard, Zdeborová ’20]

|R( ̂aλ) − R( ̂aG
λ ) | → 0

Gaussian equivalence

Gaussian equivalence principle (GEP)

[Goldt et al. ’19; Mei & Montanari ’19; Hu& Lu ’20]
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What is the minimal number of features  
needed to achieve same performance of 

kernel ?

p

(p → ∞)

Beyond proportional

[Retch, Raimi 2007]: crude  boundp ≥ O(n)

[Rudi, Rosasco 2017]: improved  boundp ≥ O( n)
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p ∼ nq

λ ∼ n−ℓ

ηk ∼ k−α

𝔼 | | f(x) − f⋆(x) | |2 ∼ n−γ

K(x, x′￼) = ∑
k≥1

ηkφk(x)φk(x′￼) f⋆(x) = ∑
k≥1

f⋆,kφk(x)

f⋆,k = k−αr−1/2

See also [Cui et al. 2021]

 Neural scaling law literature [Maloney et al. 2022]

Under source and 

capacity conditions

[Rudi, Rosasco 2017]

Beyond proportional
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Partial Summary
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In particular, with , only 
learn linear functions. 

n, p = Θ(d)



Kernels/RF are able to learn “anything”, 
but they need “a lot” of data.

Partial Summary

To do better, need to learn features.

In particular, with , only 
learn linear functions. 

n, p = Θ(d)

11
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f⋆(x) = ∑
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Allow us to compute the signal component of the gradient:

nB

Hardness  
targets with no 

low-frequencies 

components

≈

“Leap exponent” ℓ
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One step of GD

̂aλ(X, y) = argmin
a∈ℝp

1
2n

n

∑
i=1

(g(⟨θ⋆, xi⟩) − ⟨a, σ(W1xi))2 + λ | |a | |2
2



One step of GD

• For  and 
, no! 


GEP still valid.

n, p = Θ(d)
η = Θ(1)

•  sufficient 

to learn more.

η = Θd(d)

[Ba et al., 2022]

η = Θd(1)
η = Θd(d)

̂aλ(X, y) = argmin
a∈ℝp

1
2n

n

∑
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One step of GD

• For  and 
, no! 


GEP still valid.

n, p = Θ(d)
η = Θ(1)

•  sufficient 

to learn more.

η = Θd(d)

[Ba et al., 2022]

η = Θd(1)
η = Θd(d)

Can we get that curve?

̂aλ(X, y) = argmin
a∈ℝp

1
2n

n

∑
i=1

(g(⟨θ⋆, xi⟩) − ⟨a, σ(W1xi))2 + λ | |a | |2
2

15
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Gradient after 1 step

We can decompose: W1 = W0 + ŭv̆ + Δ

ŭ = ημ1a0 ∈ ℝp v̆ =
1
nB

nB

∑
i=1

σ̆(W0xi)g(⟨θ⋆, xi⟩)xi ∈ ℝd

μ1 = 𝔼[σ(z)z]
σ̆(z) = σ(z) − μ1

Taking , after some massage…a0 = 1p

After a single gradient step with :n, p, η = Θ(d)

W1 = W0 −
η

2n

nB

∑
i=1

∇w(g(⟨θ⋆, xi⟩) − f(xi; a0, W0))2



We can decompose: W1 ≈ W + ruv

μ1 = 𝔼[σ(z)z]

u ∈ 𝕊d−1( p) v ∈ 𝕊d−1

r =
η
d

p
d

μ1
d
nB

μ⋆
2 + μ⋆

1
2 c = 1 +

η2d
nBp2

μ2
1 μ̆2

1μ⋆
2

μ2 = 𝔼[σ(z)2] μ̆2
1 = 𝔼[(σ(z)z − μ1)2]

⟨v, θ⋆⟩ =
μ⋆

1

d
nB

μ⋆
2 + μ⋆

1
2

wk ∈ 𝕊d−1( c)

After a single gradient step with :n, p, η = Θ(d)

W1 = W0 −
η

2n

nB

∑
i=1

∇w(g(⟨θ⋆, xi⟩) − f(xi; a0, W0))2

Gradient after 1 step

16



Spiked Random 

Features model

Why this is hard?

Challenge: Characterise the properties of random 
matrices of the type

Φ = σ (X(W⊤ + vu⊤))

u ∈ 𝕊d−1( p)v ∈ 𝕊d−1wk ∈ 𝕊d−1( c) x ∼ 𝒩(0,Id /d)

17

Challenge:



Conditional GEP
Recall that for the standard RF model

18

σ (⟨w0, x⟩) ≈ μ0 + μ1⟨w0, x⟩ + μ⋆ξ

Gaussian Equivalence Theorem (GET)

[Goldt et al. 19; 

Mei, Montanari ’19; 


Hu & Lu ’20]
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σ (⟨w0, x⟩) ≈ μ0 + μ1⟨w0, x⟩ + μ⋆ξ

Gaussian Equivalence Theorem (GET)

Recall that for the standard RF model

σ (⟨w1, x⟩) ≈ μ0(⟨v, x⟩) + μ1(κ)⟨w0, x⊥⟩ + μ⋆(κ)ξ

cGET [Dandi, Krzakala, BL, Pesce, Stephan ’23]


x = κθ⋆ + x⊥

18

We can show that for a sRF model with :a0 = 1p

κ = ⟨v, x⟩

[Goldt et al. 19; 

Mei, Montanari ’19; 


Hu & Lu ’20]



Conditional GEP

σ (⟨w0, x⟩) ≈ μ0 + μ1⟨w0, x⟩ + μ⋆ξ

Gaussian Equivalence Theorem (GET)

Recall that for the standard RF model

σ (⟨w1, x⟩) ≈ μ0(⟨v, x⟩) + μ1(κ)⟨w0, x⊥⟩ + μ⋆(κ)ξ

cGET [Dandi, Krzakala, BL, Pesce, Stephan ’23]


x = κθ⋆ + x⊥

We can show that for a sRF model with :a0 = 1p

κ = ⟨v, x⟩

[Goldt et al. 19; 

Mei, Montanari ’19; 


Hu & Lu ’20]

Examples: σ(z) = sign μ0(κ) = erf ( κ

2 ) μ1(κ) =
2
π

e− 1
2 κ2

μ2(κ) = 1 − μ0(κ)2 − μ1(κ)2

18



Main result

19

Together, this allow us to characterise the risk:

̂aλ(X, y) = argmin
a

1
2n

n

∑
i=1

(g(⟨θ⋆, xi⟩ − ⟨a, σ(W1xi))2 + λ | |a | |2
2

R( ̂aλ) = 𝔼[(g(⟨θ⋆, x⟩) − ⟨ ̂aλ, σ(W1xi))2]

Where:



Main result

19

Together, this allow us to characterise the risk:

̂aλ(X, y) = argmin
a

1
2n

n

∑
i=1

(g(⟨θ⋆, xi⟩ − ⟨a, σ(W1xi))2 + λ | |a | |2
2

R( ̂aλ) = 𝔼[(g(⟨θ⋆, x⟩) − ⟨ ̂aλ, σ(W1xi))2]

Where:

More precisely, for in the limit  with :a0 = 1p d → ∞ n, p, η = Θ(d)

R( ̂aλ) = 𝔼κ,z (g (γκ + 1 − γ2z) − μ0(κ)m − μ1(κ)κζ −
μ1(κ)ψ

ρ
z)

2

+ μ1(κ)2q1 + μ2(κ)2q2 −
μ1(κ)2ψ2

ρ

m =
1⊤ ̂aλ

p
q2 =

| | ̂aλ | |2
2

p
q1 =

⟨W⊤ ̂aλ, Π⊥W⊤ ̂aλ⟩
p

ζ =
⟨ ̂aλ, Wv⟩

dp
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̂V1 = α
β 𝔼κ

ρμ1(κ)2

1 + V(κ)

̂V2 = α
β 𝔼κ

ρμ2(κ)2

1 + V(κ)

̂ζ = α
β

𝔼κ,yκμ1(κ) b(κ, y)
1 + V(κ)

ψ̂ = α
β

𝔼κ,y
yμ1(κ)b(κ, y) + ψμ1(κ)2

1 + V(κ)

q1 = ∫ dν(ϱ, τ, π)ϱ
( ̂q1ϱ + ̂q2 + ̂ζ2ϱτ2 + ψ̂ 2ϱπ2)

(λ + ̂V1ϱ + ̂V2)
2 − β ̂ζ2 I( ̂V1, ̂V2)2

(1 − β ̂V1I( ̂V1, ̂V2))
2

− ̂ζ2
∫ τ2ϱ2dν(ϱ, τ, π)

(λ + ̂V1ϱ + ̂V2)2 [(1 − β ̂V1I( ̂V1, ̂V2))
2

− 1]
(1 − β ̂V1I( ̂V1, ̂V2))

2

q2 = ∫ ( ̂q1ϱ + ̂q2 + ̂ζ2ϱτ2 + ψ̂ 2ϱπ2)dν(ϱ, τ, π)

(λ + ̂V1ϱ + ̂V2)
2

− ̂ζ2 ∫ τ2ϱdν(ϱ, τ, π)

(λ + ̂V1ϱ + ̂V2)2
1 − 1

(1 − β ̂V1I( ̂V1, ̂V2))
2

V1 = ∫ dν(ϱ, τ, π)ϱ

λ + ̂V1ϱ + ̂V2

V2 = ∫ dν(ϱ, τ, π)

λ + ̂V1ϱ + ̂V2

m =
𝔼κ,y[ μ0(κ)(σ⋆(κ, y) − μ1(κ)κζ)

1 + V(κ) ]
𝔼κ[ μ0(κ)2

1 + V(κ) ]
ζ = ̂ζ β ∫ dν(ϱ, τ, π)ϱτ2 1

λ + ̂V1ϱ + ̂V2
+ β

3
2 ̂ζ ̂V1

I( ̂V1, ̂V2)2

1 − β ̂V1I( ̂V1, ̂V2)

ψ = ψ̂ β ∫ dν(ϱ, τ, π)ϱπ2

λ + ̂V1ϱ + ̂V2

̂q1 = α
β 𝔼κ,yμ1(κ)2 b(κ, y)2 + ρq(κ) − μ1(κ)2ψ 2

(1 + V(κ))2

̂q2 = α
β 𝔼κ,yμ2(κ)2 b(κ, y)2 + ρq(κ) − μ1(κ)2ψ 2

(1 + V(κ))2

ρ = 1 − γ2 ν(ϱ, τ, π) =
1
p

min(p,d)

∑
i=1

δ (λi−ϱ)δ(f⊤
i v−τ)δ(f⊤

i Π⊥ ⃗θ−π)κ = ⟨v, x⟩

W =
min(p,d)

∑
i=1

λiei f⊤
i

β = p/d

γ = ⟨v, θ⋆⟩

Π⊥ = Id − vv⊤
α = n /d η̃ = η/d
α0 = nB /d

Exact asymptoticsExact asymptotics ( )a0 = 1p



Batch size

21

σ = tanh g = signσ = g = tanh
η̃ = 1 λ = 10−2 η̃ = 3 λ = 0.1

α = n/dα = n/d

ri
sk

ri
sk

Best linear predictor
| |Pκ≤1 f⋆ | |2



Spectral properties

22

+ spikes



Risk bounds

23

R( ̂aλ) = 𝔼κ,z (g (γκ + 1 − γ2z) − μ0(κ)m − μ1(κ)κζ −
μ1(κ)ψ

ρ
z)

2

+ μ1(κ)2q1 + μ2(κ)2q2 −
μ1(κ)2ψ2

ρ

Recall that. Noting that this is monotonic in  :α0 = nB/d



Risk bounds
Recall that. Noting that this is monotonic in  :α0 = nB/d

inf
λ≥0

R(α, λ, η̃, β) ≤ inf
b1

𝔼[(g(κ) − b1μ0(κ))2]

inf
λ≥0

R(α, λ, η̃, β) ≥ inf
b1,b2

𝔼[(g(κ) − b1μ0(κ) − b2μ1(κ)κ)2]

c = γ = 1
r = 0.9
g = sin
σ = tanh

23



Risk bounds
Recall that. Noting that this is monotonic in  :α0 = nB/d

inf
λ≥0

R(α, λ, η̃, β) ≤ inf
b1

𝔼[(g(κ) − b1μ0(κ))2]

inf
λ≥0

R(α, λ, η̃, β) ≥ inf
b1,b2

𝔼[(g(κ) − b1μ0(κ) − b2μ1(κ)κ)2]

c = γ = 1
r = 0.9
g = sin
σ = tanh

1.  distance 
between  and 

L2(𝒩)
g

span(μ0, μ′￼1)

n.b.:

2. Can make 
tighter by 
optimising over η̃

23



A note on initialisation

24

So far, assumed . But can be generalised to finite support .a0 = 1p a0 ∈ V

σ(W1x) ≍
μ0(u1κ)

⋮
μ0(upκ)

+
μ1(u1κ)

⋮
μ1(upκ)

⊙ Wx +
μ2(u1κ)

⋮
μ2(upκ)

⊙ ξ

u ∈ Vp ξ ∼ 𝒩(0,Ip)



A note on initialisation

24

So far, assumed . But can be generalised to finite support .a0 = 1p a0 ∈ V

σ(W1x) ≍
μ0(u1κ)

⋮
μ0(upκ)

+
μ1(u1κ)

⋮
μ1(upκ)

⊙ Wx +
μ2(u1κ)

⋮
μ2(upκ)

⊙ ξ

u ∈ Vp ξ ∼ 𝒩(0,Ip)

This now spans a richer functional basis:

{μ0(ω⋅), μ′￼1(ω⋅)}ω∈V

For instance, in the limit :λ, α0, η̃ → ∞

σ(W1x)k ≍ μ0(ukκ)

Single neuron with random weights. 



Proof idea
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Main ideas

25

SGD step sRF model cGET

φi = σ(W1xi) σ(W̃xi + ⟨v, xi⟩u⊤)≈ ≈ μ0(κiu) + μ1(κiu)W̃x⊥
i + μ⋆(κiu)ξi



Main ideas

25

SGD step sRF model cGET

φi = σ(W1xi) σ(W̃xi + ⟨v, xi⟩u⊤)≈ ≈ μ0(κiu) + μ1(κiu)W̃x⊥
i + μ⋆(κiu)ξi

2 stages of deterministic equivalent: over  and  

(leave-one-out + Burkholder)

X W̃

Main challenges:

• For , with prob. , need to handle  spikes separately.uj ∈ {ζ1, …, ζk} πj = pj /p k

• For bulk, need deterministic equivalent for block-structured 

Wishart matrices

M = (Ce ⊙ W̃W̃⊤ + De)−1 Ce =
C111p1×p1

C121p1×p2
… C1k1p1×pk

C211p2×p1
C221p2×p2

… C2k1p2×pk

⋮ ⋮ ⋱ ⋮
∈ ℝk×k

De =
D11Ip1×p1

0 … 0
0 D22Ip2

… 0
⋮ ⋮ ⋱ ⋮

∈ ℝk×k

k

∑
j=1

pj = p



Conclusion

In proportional asymptotics, 

kernels can learn at best a linear approximation

With one gradient step, 2LNN learn 

do better than kernels along 

one (and only one) direction 

We can provide a sharp asymptotic description 

on what is learned

25
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