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ANATOMY of A TENSOR

T = (Ti, .. .. ip) asie- Ne

p =
order Ti

.... in
ERor-

l = a le

Ne=dimension of the leg = N (in this talk)

p = 1 :
vector

, pen : matrix
,
pl3 : hypermatrix



PERMUTATION OF LEGS

T = (Ti, .. .. ip) a xie -> N
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TENSOR MAPS

⑭
m = map with bounday & M3

& (Tv)vevim) a collection of terras = Ioifeday
c.c.

otherwise
deglut = order ofTr

in (5)
:
=Ter

teusorder



TENSOR MAPS

p m(11=m,
Tier

N

dimatrix trace :
m=Tir

T

212matrix multiplication :

- m(x)= TijSit

contraction by vectors => m(x) = ITi PiPh
j

,
3

unitary composition : TUP= (0)
--



TRACE HAPS

trace maps : meMo (10 Sounday).

m(8)E

EU In (T..ri Tur ..
Triv) = mIT , , ..,

Tu (

-> trace maps on the building black of
a spectrol theory for tensors

.



GURAU'S SPECTRAL HEASURE

Assume T of ordr pEz ,

T symmetic real

In(T) : = 2 m(T, . . .

,T)

↑ with n velio

· all p-regular unlabeledrootedmais

We have: En IT) = (XN+(3) for all no

[imton) for come for probability casue on me

p=2:+= ESD ↓ for p23 It has unbonded support.



DISTRIBUTION OF TENSORS

Let t= 201 , it Il a finite collection of tesors

Def The distribution of A is the collection

I ((T)): m map , T = (Tulotver)
A
No To - it .

consistent orden .

Ex . If A = 303
,
a -Mw(n)

#Tr (a
....n) ai + Za, G .



WIGNER RANDOM TENSOR

ut (XItipis
,

be ind real rodor voriales

(-!
Fil Im tr

E(x)) = 0
,
exi) =
t

anverges

Tran,
Bonnin) N = (i)icer

( in probability)
NE in distribution

FuEMo, m(w") -> ↓ (m)
N- +20



ASYMPTOTIC FREENESS

let E ,
A be two collections of tensors of dimension N

⑪ we want to compute as Ne+a

m(5)
,
T=Friw

,
TotAY0t , from

le dist. ofA ,
E =1.

when A and t or in "generic" position
=> for metrices : Voiculeson's asymptotic ferer ,

ala deterministic equivotant

② we want to prove lot
natural model of rodom

tenzes one asymptolically fre



TENSOR FREENESS



MAP ACTION ON TENSOR SPACES

let Eo = &
, E = vector space Ep=P

E = UEp
We essume lot a map me Mq with

9 boundayeabse acts on En = X Edeglu)
VEVIm)

=Kiev> M(20)
M =

EmEg .

& E
, = "

,
m(x) : tensor map

E=CN= Mp()



MAP ACTION ON TENSOR SPACES

This adion salisfies :

- Linear

-class invocience: m(x) = mis)of mai

-Morphism : ()(2) = m,
(2x0m2(x)

-
Substitution :

ifm:
b) = Moli .(l,men)

mo

- tuality for ever p : awan
le

I

Pok

2s
· x
es



MAP VECTOR BUNDLE

Def (M) - Bundle :

[ let t E=UEp
(A) is the union of rector spaces spinned

32 un(e)
, mEVl,EAN

For matrices
,

we rester
the algebra guerated by on.



NON-CROSSING POSET OF MAPS

&: the et of mapsmeNo with n verlios and given degree sequence:

To=(T, ..., Tin)

NC Switch :

m -⑧mil
ab of C .C. of m = nd of x. fr) = 1

This defins a peseton
&

Co



NON-CROSSING POSET OF MAPS

① For odd degrees ,
the could be multiple minical efts

Co

↓ -

&of Go ·
↓

·



DEFINITION OF FREENESS

let A, B be two M-bundles.

chandic dronatic
edge Ne switch·-
· type + type-

Def A on B are fee if foray) and chrandlic edge e
RetAUB I(x) = [mth) - Imf[ f

4/-
sans over chronic edges frest . Met < m



DEFINITION OF FREENESS

For ex·

=c·
* Freers coucterizes the distribution of AUB3

* If ence) is minimal and non-monochromatic Ven mix = o



FREE CUMULANTS

There is onovalog of Spider's cumulat theren
in fee probability

By Moirs inversion
,

we can define Knk by teformula:

m(x)
=[ Kalele

Thi let A,B be even 1 only even ordatasos)· AadBore free[ if Fm , Kale =O if there exist entw s.

f.

RuEt
,
+B.



HIGH ORDER SENI-CIRCULAR

Theseron,Bonnin) W" = (iliccozo
in distribution[ NE

anverges

( in probability)
FueMo ,

m(w) -> (m)
N- +20

* We hove flm) = m(s, ..., 2) =m(l)

and Kale) =o eless mo "melon"

K (1) = 1
·to

a
O

* en(e) =
1
gm is meloric Lo

#metric with 21 ventices= Fusi- Catalan (E,)= 14
-



ASYRPTOTIC FREENESS



ASYMPTOTIC FREENESS FOR WIENER TENSORS

N

Ac = Eai , i t} a finite
Wn = #Sitcr i collection inE

rep

I such that order (ail =Di

I
oud Im(x)1 < ((m) #N
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Ahm Wr and An ore esymptolically fee
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ASYMPTOTIC FREENESS FOR HAAR UNITARIES

MCICUn
: Hoor distributed

i
= Zai , i] a finit

on On or EUN collection in E =
U

op
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I such that order (ail =Di
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ASYMPTOTIC FREENESS FOR UNITARILY INV . FAMILIES

[8342) N

ta = 2as : it) a finite " A 2a ,
il

collection inE
rep

1 Un : Hear distributed on ON
such that order (ais) =Di
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SCHNINGER-FISON LOOP EQUATIONS

The proofs are besed on recursion equalious
satisfied at fixed dimension N for Gousion or other

unitory invariant models.

For Example: If WY=ic is Cousnio

Fam,s,T =(Tr)wev (m)
...il

uEVIm)
ElmIT)=pIm+P

Tre ZWgutu vEV(m) deN
-- 5(2)

WESp - .. e
-

Tu= WN
Tu = wa

u
⑪
- 13

513)



CONCLUDING WORDS



VARIANTS

* We may corida extra synetrico , for esles

tensors have even ord
with imput
F /output

ed
ges

Collins
-
Guron-Lioni (223)

,
Nechita-Park (82) : Kunishy-moreWein 12024)

* To auride tentes will legs of various dimensions,
we may decorate the edges of maps .

-



PERSPECTIVES

* Examples of computations of
m ? such as rondom hypographs

*
Concentration nequalities for m(T) ?

* Resolvent for tensors ?

* Connections to z-eigenvalus/eigenectors ?

YERY
, 1141: 1

, Tr = D
i-T
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