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Bayesian optimal setting
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Data matrix = low-rank information + Wigner noise
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Cross-breeding a matrix model  
with an Hopfield model



Matrix model WITHOUT rotational invariance (so not really one…)
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An Hopfield model where ALL patterns must be recovered JOINTLY
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Numerical insights
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1) First order phase transition (discontinuous derivative)

2) Matching with Gaussian before it: universality 

3) No matching after: NO universality 

In contrast with the « strong  conj. » in (Semerjian 24)
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Phase diagram

Information-theoretically, recovering ALL ``patterns’’ at once is 
roughly equally hard as recovering just one (rank-one problem).


Algorithmically it is a very different story…



Multiscale mean-field theory
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A bit of work + Barbier, Macris, Miolane et al. PNAS 19’
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Low-dim. ``Replica symmetric formula’’
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Consistency between cavity and bulk (random) marginals


-> Exchangeability among rows 
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Matches Sakata and 
Kabashima replica 
prediction 13’
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N = 40

Sakata and Kabashima 13’

thought wrong but…
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Nature of the phase transition 
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Matrix overlap: is factorisation possible?

MMSE not enough to probe everything 
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Optimally column-permuted
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Nature of the phase transition 
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Universal                                           Non-universal 
Information-theoretic quantities (MI and MMSE) 

asymptotically independent of 
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PX ,EX = 0,EX2 = 1
… dependent of prior.

Denoising                                          Factorisation
``Effective rotational invariance’’ -> RIE is optimal.
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XX| can be estimated by RIE,  
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Breaking of invariance -> RIE is NOT optimal.

Better strategy exits, which allows to reconstruct 
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Mixed                                                Ferromagnetic
 Retrieval 

Posterior patterns 
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projections on planted patterns
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but larger than in random case -> Information mixed.

Each posterior pattern has
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overlap with one planted one.

Delocalised                                        Localised
Posterior patterns 
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The internal features (factorised, discrete) of 

No feature learning                           Feature learning
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S = XX| are not seen.
The internal features are exploited. 



Conclusion
• Numerical insights on the phase diagram of matrix denoising with extensive 

rank: a model that ``interpolates’’ between an RMT-like matrix model at low 
SNR and a mean-field spin model at high SNR


• Denoising/Universality -> Factorisation/Non-universality: 1st order 
transition. Extensive-rank generalisation of the BBP transition and its 
Bayesian counterpart 


• Simple and versatile multiscale mean-field theory


• Predicts that factorisation is hard but possible: RIE best poly algorithm?


• Paves the way for the analysis of more complex inference, spin and matrix 
models

• More rigorous control


• Other extensive-rank models (Hopfield, Bayesian neural networks,…)

Work in progress



In addition



cavity method
Usually

<latexit sha1_base64="96CL8wwSxnrKE7uRTzigwmukZGQ="></latexit>

1

N
E lnZN =

1

N

X

iN�1

�
E lnZi+1 � E lnZi

�
⇡ lim

N!1
(E lnZN+1 � E lnZN )

<latexit sha1_base64="MNpVAmcbyuI9a2Ym5t5RxsVXvkk="></latexit>

X =
<latexit sha1_base64="WuqgeETwB6wg0W9TGQK4pjK2slE="></latexit>

N

<latexit sha1_base64="t+abFYFGGQOcP9RuTj5fLObWAms="></latexit>

M

<latexit sha1_base64="cJVjpJCg13jriXpFi2mCUinbx3I="></latexit>

O(MN) �! O(M) �! O(1)


