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Bayesian optimal setting
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RMT
BBP transition
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Bayesian Inference / Information theory
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Spectrum (and other statistics) are universal in law of X entries, but...



Difficulty
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Cross-breeding a matrix model
with an Hopfield model




(Not really) a matrix model
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Matrix model WITHOUT rotational invariance (so not really one...)
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A more complicated Hopfield model
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Numerical insights
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MSE
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Phase diagram

Denoising N
(Universal, easy) <
Y Factorisation
_=F (Non-universal, hard)
1 A

Information-theoretically, recovering ALL “patterns” at once is
roughly equally hard as recovering just one (rank-one problem).

Algorithmically it is a very different story...




Multiscale mean-field theory
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OMN) — O(M) cavity method
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Effective M-dim pb: random linear estimation with uncertain design
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Yy = A x(N-Dg A y(N—l)(X(N—l))
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Bulk measure simplification: mean-field ansatz
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A bit of work + Barbier, Macris, Miolane et al. PNAS 19’
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Consistency between cavity and bulk (random) marginals
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Nature of the phase transition



Matrix overlap: is factorisation possible?

MMSE not enough to probe everything

Optimally column-permuted
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Nature of the phase transition

Universal
Information-theoretic quantities (Ml and MMSE)

asymptotically independent of Py, EX = 0,EX? =1
Denoising

“Effective rotational invariance” -> RIE is optimal.

X XT can be estimated by RIE, X cannot

Mixed

Posterior patterns (xu)MSM have 0(1/\/ N)
projections on planted patterns (X ,u)

but larger than in random case -> Information mixed.

Delocalised

Posterior patterns ('CBM),USM have O(1/V' N)
projections in the "quasi basis” (XM)

No feature learning

The internal features (factorised, discrete) of

S = X XT arenot seen.

Ac

Non-universal

... dependent of prior.

Factorisation

Breaking of invariance -> RIE is NOT optimal.

Better strategy exits, which allows to reconstruct X

Ferromagnetic
Retrieval

Each posterior pattern has O ( 1)

overlap with one planted one.

Localised
- 0(1) -

Feature learning

The internal features are exploited.



Conclusion

Numerical insights on the phase diagram of matrix denoising with extensive
rank: a model that “interpolates” between an RMT-like matrix model at low
SNR and a mean-field spin model at high SNR

Denoising/Universality -> Factorisation/Non-universality: 1st order
transition. Extensive-rank generalisation of the BBP transition and its
Bayesian counterpart

Simple and versatile multiscale mean-field theory
Predicts that factorisation is hard but possible: RIE best poly algorithm?

Paves the way for the analysis of more complex inference, spin and matrix
models

Work In progress

More rigorous control

Other extensive-rank models (Hopfield, Bayesian neural networks,...)



In addition



OMN) — O(M) cavity method
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Theorem 1 (Multiscale Aizenman Sims Starr identity). Let M = My = aN. We have
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Proposition 2 (Equivalence of cavity representations).
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Suppose that im y_; %) and lim o ;'\—S) exist

and they are respectively equal to Liow and Leg. Then
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