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valentina.ros@universite-paris-saclay.fr High-d random landscapes: Exercises 1 and 2

Spiked GOE: eigenvalues density and outliers

[Ref: Bouchaud, Potters, A First Course in Random Matrix Theory, Cambridge University Press
2020].

Take the N x N matrix M = J + R, where J is a GOE matrix with (J;;) = 0 and (J2) = % (1 + &),
while R = riw” is a rank-1 perturbation, with |[@]|2 = 1. Call A, with a = 1,--- , N the eigenvalues of

M , and call 4, the corresponding eigenvectors. The resolvent of M is

e T
Ug

Glz) = Z fo

)—‘)

The goal of these two exercises is to derive the self-consistent equations for the Stieltjes transform of M,
and for its isolated eigenvalue.

Exercise 1. Replica calculation of the Stieltjes transform.

The starting point of the calculation is the Gaussian identity :

N
H d% LN i (N /H di A SN (i) g
_ A Ahse” 2 Luij=1Yi CACH Z = i,j=1Yil# )ii Vs

We wish to take the average of this expression with respect to the matrix M. However, averaging the
partition function in the denominator makes the calculation potentially difficult; to proceed, we make
use of the replica trick to write

Z7t = lim 2" L.

n—0

We then follow the standard steps of replica calculations, see below.

(i) From randomness to coupled replicas. Using the replica trick, justify why (z1 — M)_l =
lim, o I Z(J" ) where

(n) /HH d% 'L/) wle*§z Zw LYE (21— J— rwa)”

alzl

Take the average of this expression with respect to J;;, and show that

2

I(n) / H H dwl 1/11'(/};67% ezt Zﬁ’j:l pi (205 *Twiwj)d’;ezw Za,b(zy:1 w?wﬁ-’)Q.

alzl

Now one has an expression without randomness, in which the replicated variables ¥* are coupled
with each others.

(ii) Hubbard—Stratonovich. We would like now to perform the integral over the variables ¥¢; how-
ever, this integral contains quartic terms in the exponent; in order to turn such an integral into a
Gaussian one, we perform a Hubbard-Stratonovich transformation: we introduce the order param-
eters

1 N
Qo] = 3 Y _viwl a<b
=1

and write the integral as

/HH% w<n+1>/Hanb/ﬁﬁ%}'{5(1\;@@_27#wb>

a<b a=11i=1 <b




valentina.ros@universite-paris-saclay.fr High-d random landscapes: Exercises 1 and 2

(iii)

(iv)

(i)

Show that using the integral representation of the delta distributions

o o ixos[NQui—, e v!]
) NQab—Zwiwi = o © e
=1

and introducing the n x n matrix A with components Agp = 2X000p + Aap(1 — dgp) and the N x N
matrix A with components A;; = 2d;; + rw;w;, the average can be cast in the following form:

n n(n+1) No? . N i _a
<Ii(j )> =Nz /Hanbd/\abeN4 T"[Qz]_‘—gTrn{AQ]fN[va] (1)

a<b

with

/H H dip? @[,1%1,@7%2"#2“ i [In@idtasia]; v}

alzl

Gaussian integration. Performing the Gaussian integral, show that

11
< l] - 61] / H anbd)\abe 2 [Q ZA] [(A ® 1 + 1N ® ZA) :|

j

a<b
o? 1
AN[Q,iA] = Trn[Q ]+ Tr,[tAQ] — NTrnN[log (A®1,+ 1y ®iA)]
Hint. Use that sz 1 raclmm —3&KT = K; Y| det K|~" and that log | det K| = Trlog K.

Saddle point. The integral can now be computed with a saddle point approximation. Show that
the saddle point equations for the matrices ) and A read

1

1
A= —0? = —Tr
! Q. Q=g nN{A@anrlN@iA]

Show that, plugging the first into the second and assuming that the matrices A, @ are diagonal and
replica symmetric, i.e. Qup = dapg and Agp = 0gpA, one reduces to a single equation for g which
reads

Using that
s e g () ) it
(1= 27 = T (15) = [(A@ 10 — o291y @ 1) L ,
justify why g is the Stieljes transform of the matrix M. Show that expanding g = goo +g1/N+-- -,
the leading order term satisfies the equation

-1 2
Yoo =770 Joo-

Exercise 2. The isolated eigenvalue and eigenvector.

Show that if A is a matrix and @, @ are vectors, then

A YT AL

A — =T _1:14_1—7.
(A+aw) 147 A TG

Use this formula (Shermann-Morrison formula) to get an expression for G 1 (2)-

The isolated eigenvalue is a pole of the resolvent operator G 17(2), which is real and such that

Aiso > 20. Using that A5, does not belong to the spectrum of the unperturbed matrix J , show that
it solves the equation
7w - Gj()\iso)u_} =1.



valentina.ros@universite-paris-saclay.fr High-d random landscapes: Exercises 1 and 2

(iii) Using that J and @ are independent and that typically w0 is delocalized in the eigenbasis of J , show
that N
— — —
w - Gj()\iso)w 00} gsc()\iso)

where g.()) is the Stieltijes transform of the GOE matrix .J.

(iv) Using the self-consistent equation satisfied by gsc(\), derive the expression of the inverse function
g} and determine its domain; use it to show that

2
o)

Aiso = — + 71 2> 0.
T

(v) The eigenvectors projections &, = (w0 - @,)? can be obtained from the resolvent as residues of the
poles:
€o = lim (A= A)iB - Gy (N0

A=A

Use this to show that if & = N labels the isolated eigenvalue, then

1 _ o?
TQ.géc (Aiso) T2 .

v =

Hint. Use that if limy_x, f(A) = 0 = limy_,5, g(A), then limy_,x, 283 = lim, 5, T



valentina.ros@universite-paris-saclay.fr High-d random landscapes: Exercise 3

Condensation transition
[Ref: Kosterlitz, Thouless, Jones, Spherical Model of a Spin-Glass, PRL 36 (1976)].

The matrix denoising problem is formulated in terms of the ground state of the energy lansdcape:
1 . .
€5 = =5 Y il +rvw)si, 5P =N=|lF%,  J~GOE
ij

The behavior of the ground state can be characterized by studying the thermodynamics of the system in
the limit 8 — oo, through the partition function:

Z5 = / dse % Sn(VN) = {3:]|5]]> = N}
Sn(VN)

As a function of temperature, this model exhibits a transition at a critical temperature T.(r), which can
be interpreted as a condensation transition (like in BEC physics).

Exercise 3. Thermodynamics of the model

(i) Call Ay, (A1 < Ay < -+ Ay) the eigenvalues of M = J + R, and @, the corresponding eigenvectors.
Call s, = 8- 1,. Show that the partition function can be written as

N
Zp = /dA/ 11 ds 63 [Sa rast Mo si-N)]
a=1

(ii) Show that the thermal expectation value of the mode occupations is

N
1 8 2 2 1
2y = L d)\/ ds 2 AT AT, o] L
el Zﬁ/ eSS B0V — )

where A* > X, for all 7 is fixed by the equation

N N 1

I =N=2 G

=1 y=1

(iii) The matrix M is a spiked GOE. Take r < 7. = 0. Justify why for large N the equation for \*
becomes:

B = gsc(N\¥) A* > 20

where gs.(A*) is the Stieltjies transform of the GOE; show that there is a critical temperature
B. = o~ ! and compute the solution A\* for 8 < .. Show that at 8., \* attains its maximal possible
value. Show that at low temperature 5 > 3. the equation can be solved assuming condensation of
the fluctuations in the lowest-energy mode:

1,5 _ _i
N<3N>_1 Bo

This condensation transition corresponds also to a transition between a paramagnet at high tem-
perature, and a spin-glass at low temperature.

(iv) Consider now r > r. = o, when the maximal eigenvalue is Ay = Aiso = U—: + 7; justify why now
the critical temperature is 8. = 1/r, and a solution of the equation for A* (with A* > \,) exists for
B < Be. Show that for 5 > . it must hold

1,,. 1., 1
— = — (s =1 - —
N <8N> N <SISO> 67"

In this regime, the condensation transition coincides with a transition between a paramagnet at
high temperature, and a ferromagnet at low temperature.
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Exevcise 3 - solution
Therrnodgnamzcs and the condensshon tansition
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