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Schedule of the mini-course

@ Part 1: Motivation and Mathematical Background (concentration, resolvent-based approach to
eigenspectral analysis, high-dimensional linearization, etc.)

@ Part 2: Four Ways to Characterize Sample Covariance Matrices and Some More Random Matrix Models
(Wigner semicircle law, generalized sample covariance model, and separable covariance model)
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Outline

@ Introduction and Motivation
@ Sample covariance matrix
@ RMT for ML: high-dimensional linear regression under gradient flow
@ RMT for ML: understanding and scaling large and deep neural networks

© Mathematical Background
@ Concentration: from random scalars to random vectors, LLN, and CLT
@ A unified spectral analysis approach via the resolvent
@ Linearization of high-dimensional (random) nonlinear function
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Motivation: understanding large-dimensional machine learning

Big Data
X1,--.,X; € RP

Big Model
of size N

Z.Liao (EIC, HUST)

> Big Data era: exploit large n,p, N

» counterintuitive phenomena different from classical
asymptotics statistics

» complete change of understanding of many methods
in statistics and machine learning (ML)

» Random Matrix Theory (RMT) provides the tools!
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Sample covariance matrix in the large 1, p regime

> Problem: estimate covariance C € RP*? from n data samples x, . .., X, with x; ~ N(0,C),

» Maximum likelihood sample covariance matrix with entry-wise convergence

C=

S
,M:

I
—_

xx; € R, [Cl; — [Cy

1

almost surely as n — oco: optimal for n >> p (or, for p “small”).

> In the regime 1 ~ p, conventional wisdom breaks down: for C = I, withn < p, C has at least p — 1 zero
eigenvalues:

[C—C| A0, np-—oo| = eigenvalue mismatch and not consistent!

> due to loss of matrix norm “equivalence”: ||Al|max < [|A|| < p||A|lmax for A € RP*P and
|A[[max = max;; |Aj].
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When is one in the random matrix regime? Almost always!

What about n = 100p? For C = I, as n,p — co with p/n — ¢ € (0,00): MP law
V= E) (B —x)*dx

pldx) = (1= ) o) + o

where E_ = (1 —+/c)?, E; = (14 +/c)? and (x)T = max(x,0). Close match!

T
I Empirical eigenvalues of €
s Mar&enko-Pastur law

4
e Population eigenvalue

Density

Figure: Eigenvalue distribution of € versus Mar&enko-Pastur law, p = 500, n = 50 000.

October 17 and 18, 2024

> eigenvalues spanon [E_ = (1—+/c)%, E+ = (1++/c)?].
» for n = 100p, on a range of +2./c = +0.2 around the population eigenvalue 1.
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Noisy linear model

Consider a given set of data {(x;, y;) }!"_; of size n, composed of the (random) input data x; € IR” and its
corresponding output target y; € IR, drawn from the following noisy linear model.

Definition (Noisy linear model)
We say a data-target pair (x,iy) € RP x R follows a noisy linear model if it satisfies

y=Bix+e (1)

for some deterministic (ground-truth) vector B, € R¥, and random variable € € R independent of x € R?,
with E[e] = 0 and Var[e] = 2.

> aim to find a regressor B € IR” that best describes the linear relation y; &~ ' x;, by minimizing the
ridge-regularized mean squared error (MSE)

=

LB) =,

-2 (i = BTx)? 0 BI* = %HXTﬁ —yI* +~1Bl? @

Il
—_

fory = [y,... ,yn]T €R", X =[xq,...,X] € RP*", and some regularization penalty v > 0
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Out-of-sample prediction risk

> unique solution given by
-1 -1
B, = (T +nm1) Xy =X(X"X+mL,) 'y, 7>0 3)
» in the 7 = 0 setting, the minimum ¢, norm least squares solution
+ +
Bo=(XT) Xy =x(X"X) 'y, @)
where (A)T denotes the Moore-Penrose pseudoinverse, also “ridgeless” least squares solution.
> statistical quality of B, as a function of dimensions #, p, noise level o2, and the regularization y
> evaluating the out-of-sample prediction risk (or simply, risk)
Rx(B) = E[(B"x — B/%)* | X] = (E[B | X] -~ B,)TC(E[B | X] — B,) +tr (Cov[B | X]C) ®)
=Bx(B) =Vx(B)

for an independent test data point. We denote E[x;x]] = C, and Bx(B), Vx(B) the bias as well as
variance of the solution .
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Objects of interest

» Denote

Bx
Vx

(E[B|X] — B.)TC(E[B|X] - B,)
tr (Cov[B | X]C).

(B,)

Q(—7) = (C+91p) !

the resolvent of the SCM € = %XXT. Write

2

Bx(B,) = B! (I, —Q(—7)€) C (I, —Q(-1)C) B,, Vx(B,) = % tr (Q(—7)€Q(—)C).

» Forvy >0,onehasI, — Q(—7)C =1, — Q(—7)(C+ 1, — 71,) = ¥Q(—7), so that

Bx(B,) = "B Q*(—7)B, =

Vx(B,) = o (%’er(—“r) — %ter(—v)) =|0? (%trQ(—y) I 1@)

,sz
oy

n dy

where we used the fact that C = I, and 9Q(—7) /9y = —Q?(—7).
> suffice to evaluate quadratic and trace forms of the random resolvent matrix Q(—1).

Z.Liao (EIC, HUST)
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Numerical results
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Figure: Out-of-sample risk Rx(B,,) = Bx(B,,) + Vx(B,) of the ridge regression solution B, as a function of the dimension
ratio n/p, for fixed p = 512, ||B, || = 1, and different regularization penalty v = 102 and y = 105, Gaussian x ~ A/(0,I,,)

and ¢ NNiOiUZ = O.li.
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Linear model trained with gradient descent

» Consider again minimizing the following loss function to obtain the linear model parameter B:

1

L 1
L(B) = 5 Y- (i = BTx)* + ZIBI? = 5 IXB—yI* + J11BI1 (10)

1

> but this time using gradient descent with infinitely small step size (i.e., gradient flow)

B =20 = () = (B0 + (1, — e () ah

where we recall C = %XXT the SCM and denote Brr = (C + 1) ! %Xy is the ridge regression solution
(that corresponds to B(t) as t — co)

» understand the interplay between training dynamics and generalization performance
> slightly more involved eigenspectral functional of C

> as well shall see below, writes as (complex counter) integration of the resolvent| Q(z) = (C — zIp)f1
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Some numerical results
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Figure: Training and test misclassification rates of a linear network as a function of the gradient descent training time ¢, for
p=256,n=>512,7v=0,a=10"2,0> =0land u = [~1,/2, 1,/2]//p. Empirical results averaged over 50 runs.
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Scaling of sum of independent random variables: LLN and CLT
> Strong law of large numbers (LLN): for a sequence of i.i.d. random variables x1, . .., x, with the same
expectation E[x;] = y < co, we have
1 n
- Z Xi— W, 12)
i=1
almost surely as n — co.
» Central limit theorem (CLT): for a sequence of i.i.d. random variables x, ..., x; with the same
expectation E[x;] = p and variance Var|x;] = ¢ < co, we have
Vi (1
n

1

=

(x; — u)) — N(0,0%), (13)

Il
—_

in distribution as n — oo.
Consequences of LLN and CLT

For i.i.d. random variables x1, . .., x, of zero mean and unit variance, e.g., x; ~ N'(0,1), we have, for n large,
the following scaling laws for the sum % Y

> Ly" X ~0byLLN;and
> ﬁ Y, x; = O(1) with high probability by CLT.
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We have known this a bit in the context of DNN

» DNNs involve linear (i.e., weights) and nonlinear (i.e.,
activation) transformation

» Xavier initialization [GB10]: for sigmoid-type activation,
randomly initialize a weight matrix W & RN*N having N
neurons as

[W];; ~ N(O,N"1). (14)

torch.nn.init.xavier_normal_

»> He initialization [He+15]: for ReLU-type activation,
randomly initialize a weight matrix W € RN*N having N
neurons as

Wi ~ N(0,2N1). (15)

torch.nn.init.kaiming_normal_

> derivation based on forward propagation
» similar considerations for CNN, RNN, ResNet, etc.

RMT4ML

Figure:

Figure 2. The convergence of a 22-layer large model (B in Ta-
ble 3). The x-axis s the number of training epochs. The y-axis is
the top-1 error of 3,000 random val samples, evaluated on the cen-
ter crop. We use ReLU as the activation for both cases. Both our
initialization (red) and “Xavier” (blue) [7] lead to convergence, but
ours starts reducing error earlier.

Figure 3. The convergence of a 30-layer small model (see the main
text). We use ReLU as the activation for both cases. Our initial-
ization (red) is able to make it converge. But “Xavier” (blue) (7]
completely stalls - we also verify that its gradients are all dimin-
ishing. It does not converge even given more epochs.

Numerical results in [He+15] for

moderately deep NN.
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Let us say more on the appropriate scaling of large and deep NNs

Setup and Notations:
> supervised training of an L-layer multi-layer perceptrons (MLP) with full batch gradient flow

» input dataxy,...,x,; € R, denote pre-activation vectors hl@) € RN at layer ¢ € {1,...,L} as

o _ 1 Dy, n0— L wos (DY
e A I A ()] e (16)

=
> scalar output | fo(x;) = 713]—{” (W(L)> oy (hfz_l)> for trainable parameters 6 = {W(1),. .. w(l)}.

> for a training set {(x;, ;) }!_,, train the above DNN on the loss function L(8) = 1 ¥ | L(fa(x;), y;), with
full-batch gradient flow

a9 aL( . afo _ _OL(fo(xi),vi)
a0 T ETee 0 NE T o 47

learning rate | 7 = 17072N ¢ | and feature learning parameter forng = G)(l) and 9 = (1)

> initialization scaling scheme: wa) ~ N(0,N7), Wl-(jg) ~ N(0,N7%) |and W ~ N(0,N~br)

IThis part is majorly borrowed from the Lecture Notes on Infinite-Width Limits of Neural Networks, by Cengiz Pehlevan and Blake
Bordelon, Princeton Machine Learning Theory Summer School, 2023.
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Appropriate scaling of large and deep NNs

Settings:

T
> scaling of NN model: hfl) = Na%\/ﬁw(l)xi, n'" = arWo, < ) fg(Xz) WNHL <W(L)) o <h§[71))

1
> initialization scaling: w ~ N(0,N"b), W Wi ~ N(0,N~P), and W ~ N(0,N"b1)
d9 _ _, oL(6)

> trained under full-batch gradient flow: 77 = —n—5 =73 Z af g X’)
and feature learning parameter v = N for 779 = ©(1) and g = @(1)

of learning rate 7 = 17972N~°

Objective: for large p, N, achieve appropriate scaling on (4,b, ¢, d) so that
Q@ pre-activations h(*) have ©(1) entries:
— computing the 1st and 2nd moments of h(!): [hlm} =0, IE[h (h](l) ) kg = (5qu’(2"1“’1) . lx;.'—x]v; then of h(*)

P
— weget|2a; +b; =1|and s1m11arly‘2a[+bg =1le{1,...,L }‘

@ network prediction evolve in O(1) time:

— define feature/conjugate kernel as the Gram matrix at layer £ as ®() € R"™*", <I>( ) = Na(h“) )TU(h]m)

— under the condition of ®(1) pre-activation, it can be shown that in the N — oo 11m1t that the pre-activations are
Gaussian process of zero mean, and covariance given by the (expected) conjugate kernel

— fordifp(-) = @(1),weget‘ 201 +c=0 ‘and‘ 20p+c=10€{2,...,L} ‘
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Appropriate scaling of large and deep NNs
Settings:

T —
wWOx Y = WO (), fe(x» = i (w) e (0 Y)

1
> initialization scaling: wa ~ N(0,N7tt), 151/ ~ N(0,N7t), and W ~ N(0,N"b1)

> scaling of NN model: hl(l)

» trained under full-batch gradient flow: @ (

) — Lyn af L %) of learning rate 17 = 1797>N~°
and feature learning parameter ¢ = 'yONd for 170 = ( ) and 'yo = (1)

Objective: for large p, N, achieve appropriate scaling on (4,b, ¢, d) so that
@ features evolve in ©(1) time:
— by amf” = 0(1) wehave 2a; +c—d +1/2 = 0, recall that 2a; + ¢ = 0, this is d = 1/2, similarly
20+ ¢ —d—~1/2 = 0so that[d = 1/2]
— infact, any d < 1/2 leads to kernel behavior, and d = 0 the NTK parameterization

> if further demand raw learning rate = ©(1), then parameterization is unique:

‘d:l/z,c:l,ag:O,b(gzl,al:—1/2,b1:1 (18)

> this is equivalent to the muP parameterization in [YH21]
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What is good about this appropriate scaling

> well, things (e.g., DNN pre-activation, evolution of prediction and feature/pre-activation with respect to
time) do not scale with the network width N

» BTW, in the case of ResNet, a scaling scheme of a similar type can be obtained by considering the
infinitely deep L — oo limit [Bor+23]

> idea of maximal update parameterization (muP) for hyperparameter transfer in large models (G. Yang)

» in muP, “narrow” and wide neural networks share the same set of optimal hyperparameters, e.g.,
optimal learning rate (and decay), cross-entropy temperature, initialization scale, regularization, etc.

> one can tune the large model by just tuning a tiny version of it and copying over the hyperparameters

2Blake Bordelon et al. “Depthwise Hyperparameter Transfer in Residual Networks: Dynamics and Scaling Limit”. In: The Twelfth
International Conference on Learning Representations. Oct. 2023
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Some experiments on muP and pTransfer

Show some simulations!
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Some experiments on muP and pTransfer
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Figure: Comparison pTransfer, which transfers tuned hyperparameters from a small proxy model, with directly tuning the
large target model, on IWSLT14 De-En, a machine translation dataset.
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Take-away of this section

» sample covariance matrix C have different behavior in the large 7, p regime

> loss of matrix norm “equivalence” for large matrices ||A|lmax < ||A]| < p||A]|max for A € RP*F and
HAHmax = maxij ‘Al]‘

> evaluation of linear regression model trained with gradient descent involves eigenspectral functionals of
SCM, RMT provides an analytic answer

» further allows better understanding and scaling of large and deep neural networks
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Summary: analyze and optimize large-scale ML models

Definition (High-dimensional Equivalent)

For a random matrix X € RP*" and a (possibly) nonlinear model of interest f (X) of X for some

f: RPX™ — RP*" we are interested in the behavior of the scalar observation g(f(X)) of the random model
f(X), via the observation map g: RP*" — R.

We say that )_(f (which may be deterministic or random) is an High-dimensional Equivalent for the random
model f(X) with respect to the observation map ¢ if we have, with probability at least 1 — §(p, ) that

g(f(X)) — g(X)
g(f(X))

for some non-negative functions &(n, p) and é(n, p) that decrease to zero as n,p — oo.

<e(np), (19)
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Summary: analyze and optimize large-scale ML models

Analyze and Optimize Large-scale ML model f(X, ©)

Objective: Evaluation of f(X, ©) via Performance Metric g(+)

Technical Challenge 1
High-dimensionality in X, ©

Key Idea 1
Concentration of g(f(X,©)) ~ E[g(f(X, ©))]

Technical Challenge 2
Analysis of Eigen-functional

Key Idea 2
Leave-one-out + complex analysis

Technical Challenge 3
Non-linearity in ML model

(&

Z.Liao (EIC, HUST)

Key ldea 3
High-dimensional linearization of (X, @)
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Characterization of scalar random variables: from moments to tails

Definition (Moments and moment generating function, MGF)

For a scalar random variable x defined on some probability space (Q), F,P), we denote
> IE[x] the expectation of x;
» Var[x] = E[(x — E[x])?] the variance of x;
> forp > 0, E[x"] the p'" moment of x, and E[|x|?] the p'"* absolute moment;

> for A € R, My(A) = E[e}] = -0 %]E[xp} the moment generating function (MGF) of x.

Lemma (Moments versus tails)

For a scalar random variable x and fixed p > 0, we have
Q E[[xP] = [y~ pt''P (x| > ) dt
© P (x| > t) < exp(—At)My(A), for t > 0 and MGF M, (A) of |x|
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Sub-gaussian distribution

Definition (Sub-gaussian and sub-exponential distributions)

For a standard Gaussian random variable x ~ N (0, 1), its law given by p(dt) = \/%71 exp(—1%/2), so that
P(x > X) = u([X,00)) = \/% [x exp(—t2/2)dt < exp(—X?/2).

> We say y is a sub-gaussian random variable if it has a tail that decays as fast as standard Gaussian random
variables, that is
P (lyl > 1) < exp(—2/}), (20)

for some o > 0 (known as the sub-gaussian norm of y) for all t > 0.

> We can define a sub-exponential random variable z similarly via P(|z| > t) < exp(—t/0ps).

> for a sub-gaussian random variable x of mean y = [E[x] and sub-gaussian norm o) that
P (|x = pl = toy) < exp(=£), (1)

for all t > 0, in which the sub-gaussian norm o/ of x acts as a scale parameter (that is similar, in spirit, to
the variance parameter of Gaussian distribution).
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A collection of scalar random variables: from LLN to CLT

For a collection of independent and identically distributed (i.i.d.) random variables x1, ..., x,; of mean y and
variance 02, we have, by independence, that

n

1
” le} =pu, Var

i=1

1 1 & o2

i=1

E

» for y,0? do not scale with 1, the (random) sample mean strongly concentrates around its expectation y.
Theorem (Weak and strong law of large numbers, LLN)

For a sequence of i.i.d. random variables x1, . . ., x, with finite expectation E[x;] = y < co, we have that the sample mean

1 n
;;ma% (23)

in probability/almost surely as n — co, known as the weak law/strong of large numbers (LLN).
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A collection of scalar random variables: from LLN to CLT

Theorem (Central limit theorem, CLT)

For a sequence of i.i.d. random variables x1, . . ., x, with E[x;] = p and Var|x;] = o2, we have, for every t € R that

L o L [T
P(”\/ﬁi;(xz y)gt)a\/zin/t e dx (24)

as n — oo. That is, as n — oo, the random variable %\/ﬁ Y (xi — ) — N(0,1) in distribution.

Remark (Unified form of LLN and CLT)
The results of LLN and CLT can be compactly written as % Y'

u +N(0,1)-0//nasn — oo, for u,o
—_ ——
o(1) O(n-172)
both of order O(1).
() In the first order (of magnitude O(1)), it has an asymptotically deterministic behavior around the
expectation y; and

(i) in the second order (of magnitude O(n~1/2)), it strongly concentrates around this deterministic quantity
with a universal Gaussian fluctuation, regardless of the distribution of the component of x;.
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Concentration of random vectors in high dimensions?

» “concentration” for a random vector x € R"?

Observation (Random vectors do not “concentrate” around their means)

For two independent random vectors x,y € R”, having i.i.d. entries with zero mean and unit variance (that is,
u = 0and o = 1), we have that

E(|lx — 0]j3] = E[x"x] = tr(E[xx"]) = n, (25)
and further by independence that

E[|x—yll3] = Ex'x+y'y] = 2n. (26)

> the origin 0 (and mean of x) is always, in expectation, at the midpoint of two independent draws of
random vectors in R"

> any random vector x € R” with n large is not close to its mean

> x does not itself “concentrate” around any n-dimensional deterministic vector in any traditional sense.
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Numerical illustration

Figure: Visualization of “non-concentration” behavior of large-dimensional random vectors x,y € R".
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Concentration of random vectors and their linear scalar observations

» In spite of this, from the LLN and CLT one expects that some types of “observations” of x € R” (e.g.,
averages over all the entries of x, to retrieve the sample mean), must concentrate in some sense for n large

> we “interpret” the sample mean as a linear scalar observation of a vector x € R".

Remark (Sample mean as a linear scalar observation)

Let x € R” be a random vector having i.i.d. entries, then the sample mean of the entries of x can be rewritten
as the following linear scalar observation f: R” — R of x defined as

£ =1Tx/n = 2 3, orf() =17 () /. @)
i=1

» LLN and CLT are nothing but asymptotic characterization of the concentration behavior of the linear
scalar observation f(x) of the random vector x € R"

> we can say things non-asymptotically as well, under two different assumptions on the tail of x.

(i) are only assumed to have finite variance ¢ (but nothing on its tail behavior or higher-order moments); and
(ii) have sub-gaussian tails with sub-gaussian norm oy, .
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Asymptotic and non-asymptotic concentration of random vectors

Table: Different types of characterizations of the linear scalar observation f(x) = x" 1, /n for x € R”, having i.i.d. entries
with mean E[x;] = y and variance 02 or sub-gaussian norm o).

First-order behavior Second-order behavior
Asymptotic f(x) = u %(f(x) —u) > N(0,1) in law
via Law of Large Numbers Central Limit Theorem
Non-asymptotic E[f(x)] = u P ([f(x) = p| > to//n) < t2
under finite variance via Chebyshev’s inequality
Non-asymptotic E[f(x)] = P (lf(x) —ul> tUN/ﬁ) < exp(—CtZ)
under sub-gaussianity ¥ via sub-gaussian tail bound
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Concentration of scalar observation of large random vectors

Remark (Concentration of scalar observation of large random vectors)

A random vector x € IR”, when “observed” via the linear scalar observation f(x) = 1, x/n:
f)~ u +X/Vn, (28)
~
0(1) O(n=172)
for n large, with some random X of order O(1) that:
(i-i) has a tail that decays (at least) as t~2, for finite n and x having entries of bounded variance;

(i-ii) has a sub-gaussian tail (at least) as exp(—#?), for finite n and x having sub-gaussian entries;

(ii) has a precise Gaussian tail independent of the law of (the entries of) x, but in the limit of n — co via CLT.

V.
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Lipschitz, quadratic concentration, and beyond

The concentration properties extend beyond the specific linear observation, f(x) = 1, x/n, to many types of
(possibly) nonlinear observations.

Definition (Scalar observation maps)

For random vector x € R", we say f(x) € R is a scalar observation of x with observation map f: R" — R.

Table: Different types of scalar observations f(x) of random vector x € IR”, having independent entries.

Scalar observation Characterization
1T
Linear sample mean{_(x) =1ix/ ,r,l ’ Table in last slide
andf(x) =a'xfora € R
Lipschitz f(x) for a Lipschitz map f: R" — R Lipschitz concentration
Quadratic form f(x) = xT Ax for some A € R"™" Hanson-Wright inequality
Nonlinear quadratic form f(x) =c(xTY)Ac(YTx) Nonlinear quadratic concentration,
q for entry-wise 0: R — R, A € R"”" and Y € RP*" of direct use in NN
RVTAML Ty i



Lipschitz concentration

Theorem (Concentration of Lipschitz map of Gaussian random vectors, [Ver18, Theorem 5.2.2])

For a standard Gaussian random vector x ~ N'(0,1,) and a Lipschitz function f : R" — R that satisfies
If(y1) —f(y2)| < K¢lly1 — y2ll2 for any y1,y2 € R", we have, for all t > 0 that

P (If () — E[f ()] > 1) < exp(~C£/KF),

(29)
for some universal constant C > 0, with K¢ > 0 known as the Lipschitz constant of f.
Remark (Concentration of Lipschitz observation of large random vectors)
The Lipschitz scalar observations f (x) of the random vector x € R" behave as
f) =E[f()]+ K (30)

S~~~
Oo(1) Oo(n-1/2)

for n large, where K is the Lipschitz constant of f that is, in general, of order O(n=12) for E[f(x)] = O(1), for example

for f(x) = x"1,/n.

3Roman Vershynin. High-Dimensional Probability: An Introduction with Applications in Data Science. Cambridge Series in Statistical and
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Concentration of quadratic forms

> intuitively expect that non-Lipschitz observation f(x) still concentrates in some way, but “less so”
Theorem (Hanson-Wright inequality for quadratic forms, [Ver18, Theorem 6.2.1])

For a random vector x € IR" having independent, zero-mean, unit-variance, sub-gaussian entries with sub-gaussian
norm bounded by o s, and deterministic matrix A € R™*", we have, for every t > 0, that

C 12 t
P(|x"Ax—trA|>t) <exp| ——min| ———, , (31)
(‘ ‘ ) p( 2 <aﬁ,||A||F |A||2>>

for some universal constant C > 0.

»> depending on the interplay between the “range” t and the deterministic matrix A, the random quadratic
form x" Ax swings between a sub-gaussian (exp(—#2)) and a sub-exponential (exp(—t)) tail

Remark (Concentration of Euclidean norm of large random vectors)

It follows that the squared Euclidean norm ||x||3, as a (non-Lipschitz) quadratic observation of x € R", behaves as

1
X3 = 14+0(n ), 0> 1. (32)
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Concentration of nonlinear quadratic forms
> nonlinear quadratic forms % F(x"Y)Af(YTx) for Gaussian x € R” and deterministic A € R"*",Y € RP*"
Theorem (Concentration of nonlinear quadratic forms, [LLC18, Lemma 1])

For a standard Gaussian random vector x ~ N (0, Ip) and deterministic A € R™",Y € RP*" such that
[All2 <1, [Y|l2 = 1, we have, for Lipschitz function f: R — R with Lipschitz constant K and any t > 0 that
1

Zf(xT Tx —1 T L X —Smin £ n
P (| Ay anKf(Y)'Zﬁ)Sep< e <<v<o>+1<fm>2’ﬂ>>’ (33)

with K¢ (Y) = Ex [FOYTX)f (xTY)] € R™™, for some universal constant C > 0.

» anonlinear extension of the Hanson—-Wright inequality (consider, e.g., Y = I,, with p = n)
Remark (Concentration of nonlinear quadratic form observation of large random vectors):

LFTY)AF(YTX) = e ARy (Y) + O(n12), (34)

for n large, with max{f(0), Kep/ n} = O(1), and similar first and second order behavior as above.

4Cosme Louart, Zhenyu Liao, and Romain Couillet. “A random matrix approach to neural networks”. In: Annals of Applied Probability 28.2
(2018), pp. 1190-1248
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Take-away of this section

» high-dimensional random vectors are not “concentrating”, but orthogonal

> scalar observation f(x) of large random vector x does concentrate: linear, Lipschitz, quadratic form, and
nonlinear quadratic forms, etc.

» same holds for random matrices, leads to Deterministic Equivalent for random matrices with respect to
observation g(-)

Definition (High-dimensional Deterministic Equivalent)

We say that Q € RP*? is an (e1, £, 6)-Deterministic Equivalent for the symmetric random matrix Q € RP*P
if, for a deterministic matrix A € RP*? and vectors a,b € IR of unit norms (spectral and Euclidean,
respectively), we have, with probability at least 1 — é(p) that

1 _
‘;trA(Q Q)’ <ap), [aT(@-Qp| <), (35)
for some non-negative functions &1 (p), €2 (p) and 5(p) that decrease to zero as p — 0. To denote this relation,

we use the notation

Q ) Q, or simply Q > Q. (36)
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A quick recap on linear algebra: matrices

Definition (Matrix inner product and Frobenius norm)
Given matrices X, Y € R"*",
> a(XTY) =", (XTY]; =Y, Z]m:l X;iYj; is the matrix inner product between X and Y, where tr(A) is
the trace of A; and
> IX[2 =t(XTX) =2 [XTX]; =2, Zjﬁl ijl denotes the (squared) Frobenius norm of X, which is also
the sum of the squared entries of X.

Definition (Matrix norm)
For X € RP*", the following “entry-wise” extension of the p-norms of vectors.

@ matrix Frobenius norm ||X|[r =  /¥;; X?} = ||vec(X)||, that extends the vector ¢, Euclidean norm; and

© matrix maximum norm [ X||max = max;;

Xiji| = |[vec(X)||oo that extends the vector e norm.
and also matrix norm induced by vectors: || X||, = SUP)|y |, =1 [1Xv ||

> taking p = 2 is the spectral norm: ||X||2 = \/Amax(XXT) = 0max(X), with Amax(XXT) and oinax (X) the
maximum eigenvalue and singular of XX and X, respectively.
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A quick recap on linear algebra: matrices

Remark (Matrix norm “equivalence”)

For a matrix A € R™*", one has the following
Q A2 < ||Allp < /rank(A) - ||A|2 < /max(m, n) - ||A]|2, so that the control of the spectral norm via the
Frobenius norm can be particularly loose for matrices of large rank; and

Q [Allmax < [[All2 < v/mn - [|Al[max, with ||Allmax = max;, |A;;| the max norm of A, so that the max and spectral
norm can be significantly different for matrices of large size.

v

» matrix norm “equivalence” holds only up to dimensional factors (e.g., rank and size)
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A quick recap on linear algebra: eigenspectral decomposition

Definition (Eigen-decomposition of symmetric matrices)

A symmetric real matrix X € R"*" admits the following eigen-decomposition

i/

n
X = UxAxUY = ¥ A(X)uu] (37)

i=1

for diagonal Ax = diag{A;(X)}?_; containing A1 (X), ..., A4 (X) the real eigenvalues of X, and orthonormal
Ux = [uy, ..., u,] € R"*" containing the corresponding eigenvectors. In particular,

Xul- = Ai(X)ui. (38)

> interested in a single eigenvalue of a symmetric real matrix, X € R"*", one may either resort to the
eigenvalue-eigenvector equation in (38) or the determinant equation det(X — AL,) = 0

> classical RMT is interested in the joint behavior of all eigenvalues A1 (X), ..., A, (X), e.g., the (empirical)
eigenvalue distribution of X
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Empirical spectral distribution of matrices

Definition (Empirical Spectral Distribution, ESD)

For a real symmetric matrix X € R"*", the empirical spectral distribution (ESD) or empirical spectral measure yx of
X is defined as the normalized counting measure of the eigenvalues A1(X), ..., A,(X) of X,

1 n
- ; (39)

where 8, represents the Dirac measure at x. Since [ ix(dx) = 1, the spectral measure jix of a matrix X € R"*"
(which may be random or not) is a probability measure.

> [tux(dt) =1 =3 1 Ai(X) is the first moment of jy, and gives the average of all eigenvalues of X; and

> [ Rux(dt) = 17 A2(X) is the second moment of ix, so that [ Py (dt) — ([ tux(dt))” gives the
variance of the elgenvalues of X.
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A unified spectral analysis approach via the resolvent
> Note: here everything hold deterministically, not necessarily random yet
» combined with Deterministic Equivalent and concentration, gives the whole picture

Definition (Resolvent)

For a symmetric matrix X € RP*?, the resolvent Qx(z) of X is defined, for z € C not an eigenvalue of X, as

Ox(z) = (X —21,) ", (40)

Proposition (Properties of resolvent)

For Qx(z) the resolvent of a symmetric matrix X € RP*? with ESD pix with supported on supp(x), then
(i) Qx(z) is complex analytic on its domain of definition C \ supp(px);
(i) itis bounded in the sense that ||Qx(z)||» < 1/ dist(z, supp(px));

(iii) x — Qx(x) for x € R\ supp(px) is an increasing matrix-valued function with respect to symmetric
matrix partial ordering (i.e., A = B whenever zT(A —B)z > 0 for all z).
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A unified spectral analysis approach via the resolvent

> for real z, the resolvent Qx(z) is nothing but a regularized inverse of X
> when interested in the eigenvalues and eigenvectors of X € IRP*?, consider the eigenvalue and
eigenvector equation
Xv=Av& (X-AL)v=0, AcR,veR, (41)
for an eigenvalue-eigenvector pair (A, v) of X withv # 0

> again a linear system, but solving for a pair of eigenvalue and eigenvector (A, v) for which the
inverse/resolvent (X — AI,) ~! does not exist

> while seemingly less convenient at first sight, turns out to be very efficient in providing a unified assess
to general spectral functionals of X, by taking z to be complex and exploiting tools from complex analysis

Theorem (Cauchy’s integral formula)

ForT C C a positively (i.e., counterclockwise) oriented simple closed curve and a complex function f(z) analytic in a
region containing I' and its inside, then

() ifzg € Cis enclosed by T, f(zp)
(ii) if not, 5= fr o L dz = 0.
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A resolvent approach to spectral analysis

(X—AL)v=0= Qx(z) = (X —zI,) " (42)

> let X = UAUT be the spectral decomposition of X, with A = {A;(X )} _, eigenvalues and
U = [uy,...,up] € RP*? the associated eigenvectors, then

Q(z) =U(A —zI,)~ Z A (43)

> thus, same eigenspace as X, but maps the eigenvalues A;(X) of X to 1/ ( i(X) = z2).
Applying Cauchy’s integral formula to the resolvent matrix Qx(z) allows one to (somewhat magically!)
assess the eigenvalue and eigenvector behavior of X:
> characterize the eigenvalues of X, one needs to determine a z € R such that Qx(z) does not exist.
» can be done by directly calling the Cauchy’s integral formula, which allows to determine the value of a
(sufficiently nice) function f at a point of interest zg € RR, by integrating its “inverse”
8r(z) =f(z)/(zo — z) on the complex plane.
> this “inverse” g¢(z) is akin to the resolvent and does not, by design, exist at the point of interest z.
» in the following example, we compare the two approaches of
(i) directly solving the determinantal equation; and
(ii) use resolvent + Cauchy’s integral formula.
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A resolvent approach to spectral analysis: an example

Consider the following two-by-two real symmetric random matrix

X = {xl x2:| c IRZXZ, (44)
X2 X3

for (say independent) random variables x1, x, x3. For A1(X) and A, (X) the two (random) eigenvalues of X
with associated (random) eigenvectors u; (X), uy(X) € R?, we are interested in

A=EFMOO) (X)), gix =a Ew(X)w((X) b, i € {1,2}, (45)

for some function f: R — R and deterministic a,b € R2,

(i) Directly solve for the eigenvalues from the determinantal equation as

0 =det(X—AL) & A(X) = % (xl +x3+ \/(xl +x3)2 — 4(x1x3 — x%)) , (46)

and the associated eigenvectors from Xu;(X) = A;(X)u;(X), i € {1,2}. Then compute
Ho=EFAX) +f(A20X)], gix = a E[w;(X)u;(X)T]b

> needs to re-compute of the expectation for a different choice of function f and the eigen-pair
(A (X), u1 (X)) or (A2(X), uz(X)) of interest.
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(ii) The resolvent approach:
K =E[f(MX)) +f(A(X))]
Y () G
&[5 f (o= mix )= )%
= o FEG) rQx(az) = — 5 f£(2) r (BlQx(2)) 2

for I a positively-oriented contour that circles around both (random) eigenvalues of X.

a much more unified approach to the quantity fx for different choices of f
compute the expected resolvent once (which is much simpler in the case of large random matrices)

then perform contour integration with the function f of interest.

vvyyy

similarly, for g; x, it follows that

ix = a Ew(X)u()Tb =~ f aTE[Qx(2)lbdz @)

27 Jr;

for some contour I'; that circles around only A;(X),i € {1,2}

> given the expected resolvent E[Q(z)], it suffices to choose the specific contour I’; to get the different
expressions of g1 x and g, x
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Resolvent as the core object

Objects of interest

Functionals of resolvent Qx(z)

ESD pux of X

Stieltjes transform 1, (z) = l tr Qx(z)

Linear spectral statistics (LSS):

00 = LEF((X))

Integration of trace of Qx

Zm fl“f tl‘ QX )

(via Cauchy s integral)

Projections of eigenvectors
vTu(X) and v U(X) onto

some given vector v € R?

Bilinear form v' Qx(z)v of Qx

General matrix functional
F(X) = Lif (Ai(X)v{ ;(X)u; (X) Tvy
involving both eigenvalues and eigenvectors

Integration of bﬂinear form of Qx(z):

Zm f‘l"f

V2 dz
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Using the resolvent to access eigenvalue distribution

Definition (Resolvent)
For a symmetric matrix X € RP*?, the resolvent Qx(z) of X is defined, for z € C not an eigenvalue of X, as

-1

Qx(z) = (X — 1) (48)
> let X = UAUT be the spectral decomposition of X, with A = {A;(X )} _, eigenvalues and
U = [uy,...,up] € RP*P the associated eigenvectors, then
T
Q(z) = U(A —21,)'UT = Z % (49)

thus, same eigenspace as X, but maps the eigenvalues A;(X) of X to 1/(A;(X) — z).
eigenvalue of Qx(z), and the resolvent matrix itself, must explode as z approaches any eigenvalue of X.
take the trace tr Qx(z) of Qx(z) as the quantity to “locate” the eigenvalues of the matrix X of interest

for ux = ’1—] Z’::l dp,(x) the ESD of X,

vvyyvyy

f ix(dt) = myuy(2) | (50)

1
7trQ -
plz t—z
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The Stieltjes transform

Definition (Stieltjes transform)

For a real probability measure y with support supp (), the Stieltjes transform my,(z) is defined, for all
z € C\ supp(p), as

my(z) = ];(ftz)

(1)

Proposition (Properties of Stieltjes transform, [HLNO7])

For m,, the Stieltjes transform of a probability measure y, it holds that
(i) my is complex analytic on its domain of definition C \ supp(u);
(ii) itis bounded |my(z)| < 1/ dist(z, supp(u));

(iii) itis an increasing function on all connected components of its restriction to R \ supp(p) (since
/

my, (x) = J(t—x)"2pu(dt) > 0) with limy_ 1+ m,(x) = 0 if supp(u) is bounded; and
(@iv) my(z) > 0for z < infsupp(p), my(z) < 0 for z > sup supp(y) and z] - [my(z)] > 0if z € C\ R; and

P i PXP 5o that tr(A) = 1, u" Qx(z)u, tr(AQx(z)) are STs.
SWalid Hachem, Philippe Loubaton, and Jamal Najim. “Deterministic equivalents for certain functionals of large random matrices”. In:
The Annals of Applied Probability 17.3 (2007), pp. 875-930
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The inverse Stieltjes transform

Definition (Inverse Stieltjes transform)

For a, b continuity points of the probability measure y, we have

b
w([a, b)) = %lylﬁ‘)l / S [mu(x +1y)] dx. (52)

Besides, if  admits a density f at x (i.e., ji(x) is differentiable in a neighborhood of x and
lime_,0(26) ' p([x — €, x + €]) = f(x)),

£(x) = 2 lim [my(r+ )] (53)
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Use the resolvent for eigenvalue functionals

Definition (Linear Spectral Statistic, LSS)

For a symmetric matrix X € RP*?, the linear spectral statistics (LSS) fx of X is defined as the averaged statistics
of the eigenvalues A1 (X), ..., A;(X) of X via some functionf: R — R, that is

17
=, LAA00) (54)

In particular, we have = [ f(t)ux(dt), for px the ESD of X.

LSS via contour integration: For A1 (X), ..., Ap(X) eigenvalues of a symmetric matrix X € RP*?, some
function f: R — R that is complex analytic in a compact neighborhood of the support supp(jix) (of the ESD
ux of X), then

/f Hx(dt) /27'(1 T t V o Zﬂly{f Myx (2 (55)

for any contour I' that encloses supp(jix), i.e., all the eigenvalues A;(X).
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LSS to retrieve the inverse Stieltjes transform formula

Remark (LSS to retrieve the inverse Stieltjes transform formula)

1
2m %p IRl ela—ebre (2)Mux(2) dz

I = —
P rx)eab] %

1 b+ex—1ey 1 a—extigy
T T om ~/afsxfls,, lﬁ[z]e[afe,b+£] (Z)m]ix (Z) dz — 211 '/b+sx+1€y lﬁ[z]e[ufs,bwts] (Z)mﬂx (Z) dz
1 a—ey—iey 1 btextigy

T om /a—£x+1€1, 1%[Z]€[a7£,b+s] (Z)mﬂx (z)dz — 2 /b-'r&x—lﬁy 1%[z]€[a7£,b+s] (Z)mﬂx () dz.
> Since R[m(x +1y)] = R[m(x — w)], S[m(x +w)] = =S[m(x —w)];
> we have b+ o Ty (x — 1ey) dx + f+€ My (X + 18y )dx = —21 fh+ * Sy (x + 12y)] dx
> and consequently p([a, b)) =1 b LA (X)elab] A (X) =

hmsyw f Sy (x +18y)] dx.
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Contour I'
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> <
0
b

mmmmm Support of pix

R[]

Figure: Illustration of a rectangular contour I' and support of yix on the complex plane.
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Spectral functionals via resolvent

Definition (Matrix spectral functionals)

For a symmetric matrix X € RP*?, we say F: RP*P — IRP*P is a matrix spectral functional of X,

P
FX) = Y faOuwy!, X=) 4(X)uu/ (56)
=il

i€TC{1,...p}

Spectral functional via contour integration: For X € RP*?, resolvent Qx(z) = (X —zI,) !,z € C, and
f: R — R analytic in a neighborhood of the contour I'7 that circles around the eigenvalues A;(X) of X with
their indices in the set Z C {1,...,p},

= Z. 57
S CLC 7)
Example: access to the i-th eigenvector u; of X through
1
T
un, = — — d ,

wu; 2711 r)\i(x) QX (Z) Z (58)

for I'y, () a contour circling around A;(X) only, so eigenvector projection (vTu)? = —5L erx) v Qx(z)vdz.

Z.Liao (EIC, HUST) RMT4ML October 17 and 18, 2024 61/82



Example: training linear model with gradient descent

Note that
BIB(t) = BTe 'CB(0) + BT (1, — e7'C) Br
= BTeCp(0) + BT (1, - ) & xy

-3 fr(exp(—tz)-ﬂIQ(Z)ﬁ(O)JrLP(—Zf)

1.7
—E z ' Hﬂ* Q(Z)Xy> dZ,

for I a positively oriented contour that circles around all eigenvalues of C, and resolvent

-1
Q) = (€21, = (1T a1, ) 9)

n
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Take-away messages of this section

v

“basic” probability: concentration of scalar observations of large random vectors: simple and involved,
linear and nonlinear objects

boils down to expectation computation/evaluation
same holds for scalar observations of large random matrices
linear algebra: matrix norm “equivalence” but up to dimensional factors

resolvent (i.e., regularized inverse) naturally appears in eigenvalue/eigenvector assessment

vVvyVvyy

a unified resolvent-based to eigenspectral analysis of (not necessarily random) matrices: Cauchy’s
integral formula, Stieltjes transform (and its inverse), Linear Spectral Statistic, and generic matrix spectral
functionals, etc.
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Two different scaling regimes

Example (Nonlinear objects in two scaling regimes)

Let x € R" be a random vector so that /nx has i.i.d. standard Gaussian entries with zero mean and unit
variance, and y € R" be a deterministic vector of unit norm ||y|| = 1; and consider the following two families
of nonlinear objects of interest with a nonlinear function f acting on different regimes:

(i) LLN regime: here we are interested in f(||x||?) and f(x"y); and
(ii) CLT regime: here we are interested in f(/n(||x[|> — 1)) and f(v/n - x"y).

> the (strong) law of large numbers (LLN) implies that
Ix||> = E[x"x] = 1and x"y — E[x"y] = 0

almost surely as n — oo; and
» the central limit theorem (CLT) implies that

Va(|[x|]> =1) = N(0,2) and v -xTy — N(0,1)
inlaw asn — oo
> leads to the more compact form, for n large,

[x][2 ~1+N(0,2)/vnand x"y ~ 04+ N(0,1)//n. (60)
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[lustration of the two scaling regime

3 ] 3 ]
N =Xy B for = VinxTy
) —_ N0,

2 2

1+ 1

ol I | I 11111111111 S —

-3 0 3 -3 0 3

(a) LLN regime (b) CLT regime

Figure: [llustrations of random variables in LLN (left) and CLT (right) regime, with n = 500.
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Two different scaling regimes and their corresponding linearization

Table: Comparison between two different high-dimensional linearization approaches.

Scaling regime LLN type CLT type
f(g) for f(g) for
Object of interest (almost) deterministic random ¢,
E=1+0(1) eg.,t~N(0,1)
Linearization technique Taylor expansion Orthogonal polynomial

Smoothness of f

Locally smooth f

Possibly non-smooth f
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Linearization via Taylor expansion in the LLN regime

Theorem (Taylor’s theorem for deterministic single-variable functions)

Let f: R — R be a function that is at least k times continuously differentiable in a neighborhood of a given point T € R.
Then, there exists a function hy: R — IR such that

" (®)
£ =@+ -0+ -2+ D o g - o), 61

with limy_, I (x) = 050 that hy(x)(x — )k = o(|]x — T[*) as x — 7.

What makes the Taylor expansion approach work for random nonlinear functions f (x)?

> Smoothness. nonlinear f should be smooth, at least in the neighborhood of the point T of interest, so that
the derivatives f'(t),f” (1), ... make sense.

> Concentration. variable of interest x is sufficiently close to (or, concentrates around, when being random)
the point T so that the higher orders terms are neglectable
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Linearization via Taylor expansion in the LLN regime

Proposition (Taylor expansion of high-dimensional random functions in the LLN regime)

For random variable & = ||x||? with \/nx € R" having i.i.d. standard Gaussian entries, in the LLN regime, it follows
from LLN and CLT that ||x||*> — 1 = O(n~/2) with high probability for n large, so that one can apply Taylor theorem to
write

fWXW)=fﬂ)+fUJNﬂV—4)+%VU)NﬂF—1V+OOFWQ, (62)
O(n-1/2) o(n1) )

with high probability. Similarly,

FOTY) =FO +£0) KTy +3f"(0) (TyP+0(n2), (©3)
o(n-1/2) o)

again as a consequence of \/n - x'y LN (0,1) in distribution as n — oo, where the orders O(n=") hold with high
probability for n large.
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A functional analysis perspective of expectation of nonlinear random function

> Consider the following functional analysis perspective of the expectation E[f(&)]

» For a random variable ¢ following some law p, the expectation E[f(&)] of the nonlinear transformation
f(&) can be expresses as

Epulf(@)] = [ fBnlan). (64)

> In the case of Euclidean space, the canonical vectors e, . .., e, form an orthonormal basis of IR"; and thus
any vector x living in the Euclidean space IR" can be decomposed as

n
X = Z x" e)e; szezr (65)

with the inner product xTe; = x; the ith coordinate of x.

» A similar result holds more generally, e.g., or a function f living in some (infinite dimensional) function
space, can be decomposed into the sum of “orthonormal” basis functions, weighted by the projection
(i.e., inner product) of f onto these basis functions
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Orthogonal Polynomials

Definition (Orthogonal polynomials and orthogonal polynomial expansion)

For a probability measure i, define the inner product

(.8) = [ F@3(n(de) = EF@)3(2)) (66)
for & ~ p. We say that {P;(&), ¢ > 0} is a family of orthogonal polynomials with respect to this inner product,

obtained by the Gram-Schmidt procedure on the monomials {1, ¢, 22, .}, with Py(&) = 1, where Pyis a
polynomial function of degree /¢ that satisfies

(P, Po,) = E[Py, (8)Py, (8)] = Sp,—g,- (67)

Then, for any function f € L?(y), the orthogonal polynomial expansion of f is

FO ~ L aki@), = [FOP@Ha) (69

v

> denote “f ~ Y%°a,P;” to denote that ||f — Y5 aPy|l; — 0as L — oo with Hf||%, = {f,f), or equivalently

J (7@ ~ T g arPu@)” wia) = B (£6) - Thgarpe@) | o
TETEAYT: e 17 v T8, 2 VT



Hermite polynomial decomposition

Theorem (Hermite polynomial decomposition)

For & € R, the (" order normalized Hermite polynomial, denoted P(&), is given by given by

Po(§) =1, and Py(g) = Lo g (ﬁ) for > 1. (69)

and the family of (normalized) Hermite polynomials
(i) being orthogonal polynomials and (as the name implies) are orthonormul with respect the standard Gaussian

measure: [ Py (E)Pp(E)p(dE) = Sum, for p(dt) = re 5 dt the standard Gaussian measure; and

(ii) form an orthonormal basis of LZ( ) the Hilbert space consist of all square-integrable functions with respect to the
inner product (f,g) = [f(& 1(d&), and that one can formally expand any f € L*(u) as

HE) ~ Z?’:o arPe(8), agg = [f(E)Pe(E)n(dl) = E[f(3)P,(2)], (70)

where we use 'f ~ Y32 g ag Py’ for standard Gaussian § ~ N(0,1). The coefficients a, fS are generalized moments
of the standard Gaussian measure y involving f, and we have

aor = Beonon[f(E), ays =E[Ef(8)], V2ap =E[Ef(&)] —aos, vr=E[(2) Z agg. (71)
—
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Numerical illustration of Hermite polynomials
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Figure: Illustration of the first four Hermite polynomials (left) and of the first- and second-order Hermite polynomial (P;
and P,) weighted by the Gaussian mixture yi(dx) = exp(—x%/2)/+/27 (right).
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Hermite polynomial “expansion” in the CLT regime

Proposition (Hermite polynomial “expansion” in the CLT regime)

For random variable Ecpr = /n - (||x||? — 1) with \/nx € R" having i.i.d. standard Gaussian entries, in the CLT
regime, it follows from the CLT that crr ~ N(0,1) in the n — oo limit, so that one can write

E[f (v~ (x> = 1)] = Egopo)[f(§)] +0(1) = ags +o(1), 72)

as n — oo; and similarly

Elf (v -xTy)] = Egnon) [f ()] +0(1) = ags +0(1). @3) |

> looks not extremely insightful

> makes a lot more sense for scalar nonlinear observations of random vectors and random matrices, e.g.,
K =f(X"X//p)//p — diag(-), for random matrix X € RP*"
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Two different scaling regimes and their linearization

Example (Nonlinear behaviors of tanh in two scaling regimes)

Consider the hyperbolic tangent function f (¢) = tanh(¢). This nonlinear function is “close” to different
quadratic functions in different regimes of interest. More precisely, we have the following.

(i) Inthe LLN regime, we have
tanh(Zrin) ~ §(SLin),
with g(t) = #2/4. This is as a consequence of tanh(x) = g(x) = 0. In particular,
E[tanh(¢rin)] ~ E[g(SLin)l-
(ii) In the CLT regime, we have
E[tanh({Lin)] = E[g(Z1iN)]

in expectation, with now g(t) = #?> — 1, i.e., with a different function. This is a consequence of the fact that
their zeroth-order Hermite coefficient ay = 0.
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Numerical illustration of two high-dimensional linearization technique

3 \ 3 T \
N =xTy B oy = /nxTy
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(a) LLN regime (b) CLT regime

Figure: Different behavior of nonlinear f (¢Lin) and f(¢crr) for f() = tanh(t) in the LLN and CLT regime, with n = 500. We
have in particular tanh (&) =~ g(érin) in the LLN regime and E[tanh(&crr)] = E[g(¢crr)] in the CLT regime with

different g.
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High-dimensional Linear Equivalent

Definition (High-dimensional Linear Equivalent)

For a random vector x € R”, its nonlinear transformation f(x) € R" is obtained by applying f: R — R
entry-wise on x. Consider g(f(x)) a scalar observation of f(x) via observation function g: R" — R, we say
that the random vector X (defined on an extended probability space if necessary) is an (¢, )-Linear
Equivalent to f(x) if, with probability at least 1 — §(n) that

8(f(x) —8(X)| <e(n),

for some non-negative functions &(n) and d(n) that decrease to zero as n — co. This, in the limit of n — oo,
leads to

(74)

8(f(x) —g(xf) =0, (75)
in probability or almost surely for the observation function g(-), and we denote
fx) & x. (76)
And similarly for a random matrix X € RP*".
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Example: Nonlinear random vectors in two scaling regimes

Example (Nonlinear random vectors in two scaling regimes)

Let X € RP*" be a random matrix so that v/nX has i.i.d. standard Gaussian entries with zero mean and unit
variance, and y € R”, « € R” be deterministic vectors of unit norm such that |ly|| = 1 and ||«|| = 1; consider
the following two families of scalar observations of nonlinear random vectors with observation function

g: R” — R and a nonlinear function f acting on different regimes:

(i) LLN regime: ¢(f(Xy)) = ﬁan(Xy); and
(if) CLT regime: g(f(v/n-Xy)) = —J-a'f(v/n - Xy).
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Proposition (Taylor expansion of nonlinear random vector in the LLN regime)

Let X € IRP*" be a random matrix so that /nX has i.i.d. standard Gaussian entries with zero mean and unit variance,
andy € R", & € RP be deterministic vectors of unit norm such that ||y|| = 1 and ||«|| = 1, in the LLN regime, the
following Linear Equivalent holds

fX9) &£0) 1+ £(0) X, @7)
Oy. Hoo( ) O (17172)

for the scalar observation function g(-) = &' (-)/+/n, up to some approximation error e = O(n=1).

Proposition (Hermite polynomial expansion in the CLT regime.)

Let X € RP*" be a random matrix so that /nX has i.i.d. standard Gaussian entries with zero mean and unit variance,
andy € R", & € RP be deterministic vectors of unit norm such that ||y|| = 1 and ||«|| = 1, in the CLT regime, if the
nonlinear f: R — Rand g(-) = aT(~)/\/ﬁ are such that g(f (v/nXy)) strongly concentrates, i.e.,

g(f(VnXy)) = (ViXy) = —=E["f(/aXy)] + e(n,p), (78)

7 Vi

with high probability for n, p large, so f(v/nXy) & agf - 1p, for the observation function g(-) = a7 (-)/\/n.
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An additional example in the CLT regime

Example (Hermite polynomial expansion in the CLT regime)

Under the same notations and settings as above but for random observation function
U arar
)=—=y' X' (), 79
8()= 7y™() 79)

that is assumed to strongly concentrate around its expectation up to some &(n,p) for n, p large, then, the
following Linear Equivalent holds

F(VnXy) & ayf - /Xy, (80)

up to some approximation error &(n, p).

> we also have f(1/nXy) N a1 - /nXy + z, and Linear Equivalents are not unique
> in some cases we care joint behavior of multiple observation functions, etc.
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An additional example of joint behavior in the CLT regime

Example (Hermite polynomial expansion in the CLT regime: joint behavior)
Consider random vector x ~ A/ (0, Ip) having i.i.d. standard Gaussian entries, and nonlinear random vector

f(x) with nonlinear f: R — R applied entry-wise on x, in the CLT regime. Then, for the joint behavior of the
two scalar observation of f(x),

1 1
(1700, g20/) = (5x7700, 1 WTF ) ) 1
the following asymptotic equivalent linear model holds

f(x) <g<1§2)a0/f~1p+al,f-x+,/vf—a%,f—aif-z, (82)

with ag ¢, a1 ¢, v the Hermite coefficients of f, and standard Gaussian random vector z ~ N(0,1,) that is
independent of x.
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Take-away messages of this section

> two different scaling regimes: LLN versus CLT

» high-dimensional linearizations of nonlinear random functions via Taylor Expansion and Orthogonal
Polynomial

» Taylor Expansion can be performed in a close-to-deterministic fashion

» Orthogonal Polynomial is more tricky and depends on the form of the observation map

Technical Challenge 1 Key Idea 1
High-dimensionality Concentration of g(f(X, ©)) ~ E[¢(f(X, ®))]

Technical Challenge 2 Key Idea 2
Analysis of Eigen-functional Leave-one-out + complex analysis

Technical Challenge 3 Key Idea 3
Non-linearity in ML model High-dimensional linearization of f(X, ®)

Thank you! Q & A?
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Outline

@ Four Ways to Characterize Sample Covariance Matrices
@ Traditional analysis of SCM eigenvalues
@ SCM analysis beyond eigenvalues: a modern RMT approach via Deterministic Equivalents for resolvent
@ The Gaussian method alternative approach

© Some More Random Matrix Models
© Wigner semicircle law
@ Generalized sample covariance matrix
@ Separable covariance model
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Four ways to characterize sample covariance matrices

Definition (Sample Covariance Matrix, SCM)

The SCM C € RP*? of data matrix X = [xq, .. .,x;] € RP*" composed of n independent data samples x; € R?
of zero mean is given by

1
xx] = ﬁxxT. (1)

=

N 1
ol
=

v

Definition (Classical versus proportional regimes)

For SCM C € RP*? from n samples of dimension p, consider the following two regimes.

Q Classical regime with n > p, this includes both asymptotic (n — co with p fixed) and non-asymptotic
characterizations (n > p for large but finite n).

@ Proportional regime with n ~ p, this includes both asymptotic (1, p — co with p/n — ¢ € (0,0), also
known as thermodynamic limit in the statistical physics literature) and non-asymptotic characterizations
(n ~ p > 1 both large but finite).
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Classical
Regime

Asymptotic Characterizations

A

Law of Large
Numbers
in Theorem 3

Maréenko-Pastur law
in Theorem 5

Asymptotic Deterministic
Equivalent in Theorem 7

. Proportional

Sample Covariance
Concentration
in Theorem 4

Non-asymptotic
Deterministic
Equivalent
in Theorem 8

Non-asymptotic Characterizations

Regime

Figure: Taxonomy of four different ways to characterize the sample covariance matrix C = %XXT.
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Asymptotic behavior of SCM in the classical regime via law of large numbers

Theorem (Asymptotic Law of Large Numbers for SCM)
Let p be fixed, and let X € RP*" be a random matrix with independent sub-gaussian columns x; € R such that
E[x;] = 0and E[x;x|] = 1,,. Then one has,
[C—Tpll2 =0, )

almost surely, as n — oo.

» LLN is “parameterized” to hold only in the classical limit, not the proportional limit

» many variants and extensions of the LLN exist, but become vacuous when applied to the proportional
regime n,p — coand p/n — ¢ € (0, c0), see below for an example
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Non-asymptotic behavior of SCM in the classical regime via matrix concentration

Theorem (Non-asymptotic matrix concentration for SCM, [Ver18, Theorem 4.6.1])

Let X € RP*" be a random matrix with independent sub-gaussian columns x; € RP such that E[x;] = 0 and
E[x;x] = I,. Then, one has, with probability at least 1 — 2 exp(—t?), for any t > 0, that

|€ — 1|2 < C1max(s,6%), &= Ca(\/p/n+t/Vn), 3)

for some constants C1,Cy > 0, independent of n, p.

Proof: combines Bernstein’s concentration inequality with e-net argument, see [Ver18] for details.
» can reproduce the LLN asymptotic result by taking n — co with Borel-Cantelli lemma
(i) Classical regime. Here, n > p, say that n ~ p2. Then with high probability, that ||C — L, ||, = O(n~1/4)
and conveys a similar intuition to the asymptotic LLN result
(ii) Proportional regime. Here, 1, p are both large and n ~ p. Then, with high probability, that

|C =1L, = O(y/p/n) = O(1), and qualitatively different LLN with a vacuous ~ 100% relative error,
e.g., asn,p — cowithp/n — c € (0,00).
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Proportional regime: eigenvalues via traditional RMT and the Marcenko-Pastur law

Theorem (Limiting spectral distribution for SCM: Marcenko-Pastur law, [MP67])

Let X € RP*" be a random matrix with i.i.d. sub-gaussian columns x; € RP such that E[x;] = 0 and E[x;x] = I,,.
Then, as n,p — oo withp/n — ¢ € (0, ), with probability one, the empirical spectral measure (ESD) pi1yyr of %XXT
converges weakly to a probability measure y given explicitly by

p(dx) = (1—cHtap(x) + o \/(x SER o (EEN T o )

where Ex = (1++/c)? and (x)* = max(0, x), which is known as the Marcenko-Pastur distribution.

> provides a more refined characterization of the eigenspectrum of C (than, e.g., matrix concentration):

(i) Classical regime. Here, nn >> p so that c = p/n — 0, the Maréenko-Pastur law in Equation (4) shrinks to a
Dirac mass, in agreement with ||C — Iy|[ ~ 0
(ii) Proportional regime. Here, n ~ p > 1, and by the (true but vacuous) matrix concentration result
|[C -1l = O(p/n) = O(1), and, depending on the ratio ¢ = p/n, the eigenvalues of C can be very
different from one, and takes the form of the Marcenko-Pastur law
> wehavein fact [|C — L[|, ~ ¢+ 2\/casn,p — co with p/n — ¢ € (0,0)
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> averaged amount of eigenvalues of ¢ lying within the interval [1 —§,1+ 4], for § < 1, as

u(=0,1+)) :/1 (x— (1= vR) " (1 + Vo2 —x)*
1

/ (Vac—e+o0() ds:$5+o(52)~

> for p ~ 4n there is asymptotically no eigenvalue of C close to one!
» in accordance with the shape of the limiting Maréenko-Pastur law with ¢ = 4 above
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Figure: Varying 1 and ¢ = p/n for fixed p. Histogram of the eigenvalues of C versus the limiting Mar&enko-Pastur law in

Theorem 5, for X having standard Gaussian entries with p = 20 and different n = 1000p, 100p, 10p from left to right.
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Figure: Varying n and p for fixed ¢ = p/n. Histogram of the eigenvalues of C versus the Maréenko-Pastur law, for X having

standard Gaussian entries with n = 100p and different p = 20,100, 500 from left to right.
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Figure: Taxonomy of four different ways to characterize the sample covariance matrix C = %XXT.
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A modern RMT approach via deterministic equivalents for resolvent

> we have seen the resolvent-based approach as a unified analysis approach to matrix spectral functionals

> e.g., interested in the spectral behavior of a random matrix X € RP*? from n samples, in the proportional
n ~ p > 1 regime, more convenient to work with its resolvent Qx(z) = (X — zI,) ™!

> in particular, scalar observations F: RP*? — R of X and Qx(z) converge/concentrate, and there exists
deterministic Q(z) such that

F(Q(z)) = F(Q(z)) — 0, @)
asn,p — oo.

> such Q(z) is a Deterministic Equivalent of the random (resolvent) matrix Q.

» so, our general recipe:

eigenspectral functional of large random matrix X

1

more convenient to work with Qx(z)

!

find its Deterministic Equivalent
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Deterministic equivalent for RMT: intuition and a few words on the proof

What is actually happening for Deterministic Equivalent?

» while the random matrix Q € IRP*? remains random as the dimension p grows, in fact even “more”
random due to the growing degrees of freedom;

scalar observation F(Q) of Q becomes “more concentrated” as p — oo;

the random F(Q), if concentrates, must concentrated around its expectation E[F(Q)];
as p — oo, more randomness in Q = Var[F(Q)] — 0 sufficiently fast (in p)

if the functional F: RP*? — R is linear, then E[F(Q)] = F(E[Q]).

So, to propose a DE, suffices to evaluate E[Q]:

vVvyvyVvVvyYyy

however, E[Q] may be hardly accessible, due to integration and nonlinear matrix inverse

Qz) = (X—zL) ™

find a simple and more accessible deterministic Q with X ~ E[Q] in some sense for p large, e.g.,
|Q —E[Q]|], = Oasp — oo; and

> show variance or higher-order moments of F(Q) decay sufficiently fast as p — oo.

v
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Deterministic Equivalent: definition

Definition (Deterministic Equivalent)

We say that Q € RP*? is an (g1, €5, 6)-Deterministic Equivalent for the symmetric random matrix Q € RP*? if,
for a deterministic matrix A € R”*? and vectors a, b € IR” of unit norms (spectral and Euclidean,
respectively), we have, with probability at least 1 — 6(p) that

1 _
Sra@-Q)|<a), [M@-ab|<a), ©
for some non-negative functions &1 (p), €x(p) and d(p) that decrease to zero as p — co. Denote

Q 225 Q, or simply Q < Q. @)
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An asymptotic Deterministic Equivalent for resolvent

Theorem (An asymptotic Deterministic Equivalent for resolvent, [CL22, Theorem 2.4])

Let X € IRP*" be a random matrix having i.i.d. sub-gaussian entries of zero mean and unit variance, and denote
Q(z) = (1XXT —zI,) 7! the resolvent of LXXT for z € C not an eigenvalue of 1XXT. Then, as n,p — o with
p/n — ¢ € (0,00), the deterministic matrix Q(z) is a Deterministic Equivalent of the random resolvent matrix Q(z)
with
Q(z) < Q2), Q(z) =m(2)Iy, ®)

with m(z) the unique valid Stieltjes transform as solution to

czm?(z) — (1 —c—z)m(z) +1 = 0. 9)

v

» The equation of m(z) is quadratic and has two solutions defined via the complex square root
> only one satisfies the relation ¥[z] - I[m(z)] > 0 as a “valid” Stieltjes transform
» this leads to the Maréenko-Pastur law

p(dx) = (1= o (x) + o/ (x — E)F (Ex — )" dx, (10)

27Tcx

for Ex = (1++/c)*and (x)* = max(0,x).
2Romain Couillet and Zhenyu Liao. Random Matrix Methods for Machine Learning. Cambridge University Press, 2022
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A non-asymptotic Deterministic Equivalent for resolvent

Theorem (A non-asymptotic Deterministic Equivalent for resolvent)
Let X € RP*™ be a random matrix having i.i.d. sub-gaussian entries with zero mean and unit variance, and denote

Q(z) = (%XXT — zIp)_1 the resolvent of %XXT forz < 0. Then, there exists universal constants C1,Cy > 0 depending
only on the sub-gaussian norm of the entries of X and |z|, such that for any € € (0,1), if n > (Cq + ¢€)p, one has

IEQE) - Q@) < 217t Q) = m(@), a

for m(z) the unique positive solution to the Marcenko-Pastur equation czm?(z) — (1 —c —z)m(z) + 1 =0,c = p/n.

> this is a deterministic characterization of the expected resolvent

> to get DE, it remains to show concentration results for trace and bilinear forms: more or less standard
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Proof via leave-one-out and self-consistent equation

Let x; € R” denote the ith column of X € RP*” (so that x; has i.i.d. sub-gaussian entries of zero mean and unit
variance), and let X_; € RP* (n=1) denote the random matrix X without its ith column x;. Define similarly

~1
Q_i(z) = (%X,iXL - zIp> so that

1 1 - 1 -
Q(z) = ( X_XT, + xx zlp) = (Q:}(z) + ExixiT) . (12)
First note that by definition,
i, 1 -1
Q(z) =m(2)Ip = (Tm(z) *Z) L, (13)
for ¢ = p/n, so that for z < 0,
WHQHZ <L (14)
Similarly, one has
oGl < . [e@pT| <1, [aeox ¢ le@xrae)| <= a9
2| n 2 \/>
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A few useful lemmas

Lemma (Resolvent identity)

For invertible matrices A and B, we have A~ —B~! = A"1(B— A)B~ L.

Lemma (Woodbury)
For A € RP*P, U,V € RP*" such that both A and A + UV are invertible, we have
A+Uuvhl=A1l_Alum, +v'a-lu)'via-lL

In particular, forn = 1,ie, UV'T =uv' for U =u € RF and V = v € IR, the above identity specializes to the
following Sherman—Morrison formula,
A luvTA!
1+viA-lu’

A 1lu

A 1=l == -
(Bt 1+vIiA-1u

and (A +uv') lu

And the matrix A +uv' € RP*? is invertible if and only if 1 + v' A~lu # 0.
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A few useful lemmas

Letting A = M —zI,, z € C,and v = Tu for T € R in Woodbury identity leads to the following rank-one
perturbation lemma for the resolvent of M.

Lemma ([SB95, Lemma 2.6])
For A,M € RP*P symmetric and nonnegative definite, u € RP, T > 0and z < 0,

N
E

‘trA(M + tuu' — zIp)’1 —trAM — zIp)’l‘ <
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Proof

It follows from the resolvent identity that

E[Q-Q|=F [Q( i —lxxTﬂ Q

1+cm(z) n
1 fi%(z) Q- %E[QXXT]Q
29 o trauo
n 1
1 fi%(z) Q - l;]E 1 —S},i)grxgllx, Q
5O o g-F Qf]Q o Elapdd)Q
+cm(z) = 1+om(z) = 1+com(z)
EQ] o -FQa]Q E oo
1+ cm(z) = 1+om(z) 14 cm(z)
[ so that E[Q — Q] = (E[Q - Q) -2 + Hiewd]0

with | d; = x;-rQ,ixi/n —cm(z)
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Let
T = [EQ-Q 2 To=|E[dQxx]| . (16)

we then have [|[E[Q — Q]|| < Ty + T».
For the first term T, it follows from Sherman—-Morrison that

LitxxTQ 1 1
0=EQ -Q-E M} = JE[Q xixTQ ] = - E[Q] a7)
SO l
Ty = [[E[Q - Q]2 = O ). (18)
For T»,
_ T
2= e [aexd]],

sup E [d,-uTQxix;rv}
l[ul|=1[lv]|=1

[ull=1,]v]=1
< \/E2]- sup {/El(@TQx)] - sup {/EITv)].
~—— Juf=1 [[vll=1
Ton
Tz,z T2/3
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For the term T ;. Note that

(u'Q_;x;)*

Tox)Y =E | ——=——7
E[(u'Qx)*] =E (1+ %x;erixi)zl

<E[(u'Q_x)* = E[(x] Q_juu"Q_ix;)?],

with

IQ juu™Q |, =uTQ?u < |z[7?, (19)
for |lu|| = 1.
By Hanson-Wright inequality (concentration of quadratic form), there exists C,C’ > 0 such that

E[(uTQ_x)Y =E []E[(uTQ,ixi)4|Q,i}] <Eg. [/000 2t TP (xiTQ,iuuTQ,ixi > t) dt}

, e _ To? .

<2C"-Eq_, /0 texp( Ct/(u Qﬂu)) dt}
TO2 4)2

—2CE % < (CcA)2.

This allows us to conclude that T, = O(1), and analogously that T, 3 = O(1).
We thus have

IE[Q] —Qlo S T1+Ta < Ty +To1 - Top - Tag < Cin b+ Coy/E[d2], (20)

for some universal constants Cq, C; and recall | d; = x;rQ,ix,' /n—cm(z) |
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Now, note that

(fx Q_ x,-cm(z))2

1 1 2
( X! Q_ix; — S wE[Q ]+ trE[Q ] — Cm(z))

| /\

T 1 2 1 2
(X Q- ~ 1 rElQ-]) +2(; wElQ-] - on(z))
( x'Q »x-—ltrQ »+1trQ -—ltr]E[Q -])2+2(1tr]E[Q »]—cm(z))z

—1"™M n —1 n —1 n —1 n —1 7
so that
2

2 2
%E[dﬁ] <E (%XZTQ,IX,- - %trQ,i> +E (%trQ,,- - %tr]E[Q,i]) + (%trIE[Q,i] fcm(z)) :

D1 DZ

> D; < Cn2 by the same line of arguments as the term T »

» D, that characterizes the concentration property of the resolvent trace tr Q_;, using a martingale
difference argument via Burkholder inequality.
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Lemma

Under the notations and settings above, we have

2 4
E <%trA(Q — ]EQ)) } <Cn land E (% trA(Q — IEQ)) ] <Cn7?, (21)
for any A € RP*P of unit norm and some constant C > 0, and thus in particular for A = T,
Thus,
1 2 1 2
E[d?] <2(Dy +Dy) +2 (% trE[Q_;] — cm(z)) <Cnl42 (E trE[Q_;] — cm(z)) , (22)
for some universal constant C > 0. Putting together and by the trace rank-one update result,
= ~1 1
IE[Q] — Q2 < Cin 24+ C . tr E[Q] — cm(z)|. (23)
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Finishing the proof

%tr]E[Q] —om(z)

) , (4)

and therefore for any € > 0 and n > (C, + €)p, one has

‘ltrlE[Q] —om(z)] < S ond, (25)
n &
and thus c

IE[Q] - Qll2 < - n3, (26)

for some universal constant C > 0. This concludes the proof.
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Remark: extensiontoz = 0

> assume above z < 0 so that the bound on the random resolvent [|Qe(z)[]2 < 1/z]

> this, however, does not exploit the information in the random sample covariance matrix
C= %XXT € RP*" on, e.g., how it concentrates around its population counterpart C = E[C]

> to extend the result above to, say, an inverse SCM of the type Q(z = 0) = (1XXT)~! with z = 0, first
needs to ensure the inverse is well-defined for sub-gaussian X and for a specific choice of p, n

> can be obtained, e.g., per concentration of SCM %XXT around its expectation.

» it follows from standard SCM concentration (Theorem 4) that there exists universal constant C > 0 such
that for n > C(p +In(1/4)), one has, with probability atleast 1 — 4, 6 € (0,1/2] that

I
< (27)
2

LV
-XX' -1
Hn P 27

and therefore ||Q(z)]|, < 1/2 > <2foranyz <0

> allows for a control of the spectral norm ||Q(z)||> < 2 independent of z < 0 and holds with probability at
least1 —¢

» do everything else conditioned on this high-probability event, to get a bound on the conditional
expectation E[Q |€], withP(§) > 1—§
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Remark: as extensions to results in the classical regime

(i) In the “easy” classical regime, with 7 >> p (and thus p/n — ¢ = 0), one has that C = %XXT —E[C] =1,
asn — 00, so that

(C—zI,) ' ~ (E[C] —zL,) ' = (1 —2)7'T, = Q(z). (28)
(ii) In the “harder” and more general proportional regime, for n ~ p with p/n — ¢ € (0, 00), one has instead
Q(z) ~ E[Q(2)] = E[(C —21,) '] % (E[C] —zI,) 7. (29)

In this case, a Deterministic Equivalent Q(z) can be very different from (E[C] — zI,) .

> this is not surprising, consider the scalar case where E[1/x] # 1/E[x] in general, unless x ~ C for some
constant C
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Remark: Deterministic Equivalents for Gaussian inverse SCM

» consider the sample covariance matrix c= %XXT for X = C2Z and positive definite C € RP*? and
Z € RP*" having i.i.d. standard Gaussian entries

> the inverse C~! is known to follow the inverse-Wishart distribution [MKB79] with p degrees of freedom

and scale matrix C~1, such that
n

E ~—1 — -1
€= =€ (30)
forn >p+2.
» On the other hand, it follows from our non-asymptotic result above by taking z = 0 that
_ n
E[Q(z)] +» Q(z) = m(z)I, = ” *pIp (31)
. 1
withm(z) = — = niip

> note: Deterministic Equivalents are not unique: could replace the “—1” in denominator by any constant
C' < n,p to propose another equally correct Deterministic Equivalent.

3Kanti Mardia, J. Kent, and J. Bibby. Multivariate Analysis. 1st ed. Probability and Mathematical Statistics. Academic Press, Dec. 1979
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Some thoughts on the “leave-one-out” proof

> in essence: propose Q(z) ~ [E[Q(z)] (in spectral norm sense), but simple to evaluate (via a quadratic
equation)

> leave-one-out analysis of large-scale system: Q(z) ~ Q_;(z) for n, p large.
> low complexity analysis of large random system: joint behavior of p eigenvalues RMT single
deterministic (quadratic) equation

> Side Remark: another (as well) systematic and convenient RMT proof approach: Gaussian method, as
the combination of

(1) Stein’s lemma (Gaussian integration by parts)

(2) Nash—-Poincaré inequality (a bound on the variance of smooth scalar observation of multivariate
Gaussian random vector)

(3) interpolation from Gaussian to non-Gaussian, see [CL22, Section 2.2.2] for details.
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Proof of MP law with Gaussian method

Theorem (Stein’s Lemma)
Let x ~ N(0,1) and f : R — R a continuously differentiable function having at most polynomial growth and such that
E[f’(x)] < oo. Then,

E[xf (x)] = E[f'(x)]- (32)

In particular, for x ~ N (0, C) with C € RP*P and f: RP — R a continuously differentiable function with derivatives
having at most polynomial growth with respect to p,
1 ] , )

o;

where d/0[x|; indicates differentiation with respect to the i-th entry of x; or, in vector form E[xf (x)] = CE[Vf(x)],
with Vf(x) the gradient of f (x) with respect to x.

p

= ) [ClE

j=1
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Proof of MP law with Gaussian method

First observe that Q = 1 1XXTQ — 11,, so that E[Q il = Ly EXy[XTQ] kil — 36ij, in which
E X [XTQly] = E[xf(x)] for x = Xy and f(x) = [XT Qly;.
Therefore, from Stein’s lemma and the fact that 0Q = —%Q(’)(XXT)Q,1
a[XTQly, 1
EXiXTQly] =E |~ | = E[E}Qly; — [ XTQ(E;XT + XE&)Q}
OXik n kj

1 1
—E(Q;] ~ F | X" QlulX"0ly| - B[} XXy
for E;; the indicator matrix with entry [Ej];,, = 66, so that, summing over k,

11 ¢ 11
;72 [Xlk XTQ k]]_ ]E[sz] )

11
E[Q;tr(QXXT)] — ~ 5 E[QXX" Qlj.

I This is the matrix version of d(1/x) = —dx/x2.
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Proof of MP law with Gaussian method

We have

11

11
o Z B XTQly) = LEIQy] — 15 B[Qy tr(QXT) - - 2 EQXXTQly

The term in the second line has vanishing operator norm (of order O(m=1))asn, p — co. Also,
tr(QXXT) = np + zn tr Q. As a result, matrix-wise, we obtain

E[Q] + 11, = EX:XTQl] = LE[Q] — 1 E[Q(p +2trQ)] +0(1),

where X and Xj. is the k-th column and row of X, respectively.
As the random %} trQ — m(z) as n,p — oo, “take it out of the expectation” in the limit and

E[QJ(1—-p/n—z—p/n-zm(z)) =L, + o, (1),

which, taking the trace to identify m(z), concludes the proof.
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Nash-Poincaré inequality and Interpolation trick

Theorem (Nash—Poincaré inequality)

For x ~ N (0,C) with C € RP*P and f: RP — R continuously differentiable with derivatives having at most
polynomial growth with respect to p,

of (x) of (x)
d[x]; 9[x];

where we denote Vf(x) the gradient of f(x) with respect to x.

p
Varlf(x)] < ) [CJ;E

ij=1

= E [(Vf()TCVf ()],

Theorem (Interpolation trick)

For x € R a random variable with zero mean and unit variance, y ~ N (0,1), and f a (k + 2)-times differentiable
function with bounded derivatives,

E[f(x)] ~ E[f(5)] = 22;/ E[fDx()]D 2t 4,

where x is the (™ cumulant of x, x(t) = Vx + (1 — )y, and |e| < CLE[|x[*+2] - sup, [f*+2)(t)| for some
constant Cy only dependent on k.
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Take-away of this section

> p-by-p SCM C from n samples have different behavior in the classical (1 >> p) versus proportional
(n ~ p) regime
» four ways to characterize SCM, asymptotic and non-asymptotic fashion

> “old school” results: (1) LLN and (2) matrix concentration in the classical regime, and (3) asymptotic
Maréenko-Pastur law on SCM eigenvalues in the proportional regime

» modern approach of deterministic equivalent for SCM resolvent, both (4) asymptotic and (5)
non-asymptotic

> proof via “leave-one-out” and self-consistent equation

> alternative proof via Gaussian method
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Wigner semicircle law

Theorem (Wigner semicircle law)

Let X € R"*" be symmetric and such that the X;; € R, j > i, are independent zero mean and unit variance random
variables. Then, for Q(z) = (X/v/n — 21,) Y asn — oo,

Q(z) «Q(z), Qz) =m(z)Iy, (34)
with m(z) the unique Stieltjes transform solution to
m?(z) + zm(z) +1 = 0. (35)

The function m(z) is the Stieltjes transform of the probability measure

u(dx) = %\/(4—x2)+ dx, (36)

known as the Wigner semicircle law.
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T
I Empirical eigenvalues
041~ = Wigner semicircle law
0.3 |- N
2
z
8 o2} -
0.1 N
-1 0 1 2

Eigenvalues of

Figure: Histogram of the eigenvalues of X/+/n versus Wigner semicircle law, for standard Gaussian X and n = 1 000.
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Generalized sample covariance matrix

Theorem (General sample covariance matrix)

Let X = C2Z € RP*" with nonnegative definite C € RP*P, Z € RP*" having independent zero mean and unit
variance entries. Then, as n,p — co withp/n — ¢ € (0,00), for Q(z) = (%XXT —zI,) "t and
0(z) = (zXTX —zI,) ™",

_% (L, +,(z)C) ", Q(z) & Q(z) = ity ()L,

Q(z) +» Q(z) =
with 11, (z) unique solution to
-1
fity(z) = (—z + %trC (I, + mp(z)c)’l) . (37)

Moreover, if the empirical spectral measure of C converges pic — v asp — oo, then piyyr — W, hiyry — fi where
W, ji admitting Stieltjes transforms m(z) and in(z) such that

=il
m(z) = %m(z) + ! 7C, mn(z) = (—z+c %) . (38)
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A few remarks on the generalized MP law

» different from the explicit MP law, the generalized MP is in general implicit

> we have explicitness in essence due to with C = I,, the implicit equation boils down to a quadratic
equation that has explicit solution

» if C has discrete eigenvalues, e.g., uc = %(51 + d3 + J5), then becomes a (possibly higher-order)
polynomial equation, which may admit explicit solution (up to fourth order) using radicals

» the uniqueness of (Stieltjes transform) solution is ensured within a certain region on the complex plane,
there may exist solutions 7(z) with imaginary parts of wrong sign

> numerical evaluation of 771(z): note that the equation

-1
ity (z) = (—z+%trc(lp+mp(z)c)*1) (39)

naturally defines a fixed-point equation.

Z.Liao (EIC, HUST) RMT4ML October 18, 2024 44 /52



Matlab code

clear i % make sure i stands for the imaginary unit
y = le-5;

zs = edges_mu+y*1i;

mu = zeros(length(zs),1);

tilde_m=0;
for j=1:length(zs)
z = zs(j);

tilde_m_tmp=-1;
while abs(tilde_m-tilde_m_tmp)>le-6

tilde_m_tmp=tilde_m;

tilde_m = 1/( -z + 1/n*sum(eigs_C./(1+tilde_m*eigs_C)) );
end

m = tilde_m/c+(1-c)/(c*xz);

mu(j)=imag(m)/pi;
end
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0.6 |- N Empirical spectrum

——— Limiting law

0.6 I I Empirical spectrum
—— Limiting law

1 3 5

Figure: Histogram of the eigenvalues of 1XXT, X = CiZ e RP, [Z];j ~ N(0,1), n = 3000; for p = 300 and C having
spectral measure jc = %((51 + 3 + 67) (top) and pic = %(51 + 65 + &5) (bottle).
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Further comments on generalized SCM

> we know a lot more for the generalized SCM model: precise characterization of the support of its
(limiting) eigenspectrum

> applications in statistical inference: given C = %XXT SCM of the population covariance C, infer
eigenspectral functions of C using those of € and wisely-chosen contour integration, etc.

Example: estimation of population eigenvalues of large multiplicity

Consider the following SCM inference,

1 K K
ve=—) piby, = ) cid
Piz i=1

for {1 > ... > lx > 0, K fixed /small with respect to n,p, and p;/p — ¢; > 0 as p — oo, i.e., each eigenvalue has
a large multiplicity of order O(p).

> native estimator: 7, = %Zﬁ;:p ip 1

» RMT-improved estimator: 7, = p% f;;:pj_p 41

of A — %ﬁﬁT, A= diag{/\i}fj:1 and v/A € R? the vector of \/A;s.

(A; — 17;), with A; eigenvalues of C and 7; eigenvalues

» see [CL22, Sections 2.3 and 2.4] for detailed derivations and discussions
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Numerical results

T T
—a— Naive estimator
—e— RMT-improved estimator

0 | I )
0 0.5 1 15 2

AA

Figure: Eigenvalue estimation errors with naive and RMT-improved approach, as a function of AA, for {1 =1, ¢, =1+ AA,
p = 256 and n = 1024. Results averaged over 30 runs.
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Separable covariance model: motivation

> data X = [xq,...,Xxy] arise from a time series, each data vector is weighted by a coefficient
» SCM can be generalized to the so-called bi-correlated (or separable covariance) model

1

Lt = Leizeztes (40)
n n

for C € RP*F and C € R"™" two nonnegative definite matrices and [Z];; i.i.d. random variables with zero
mean and unit variance.
. . ~1 s =1
» in particular, for Z Gaussian and C2 Toeplitz (i.e., such that [C2];; = a|;_; for some sequence

~ 1 . .
ag, ..., &,—1), the columns of ZC2 model a first order auto-regressive process
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Separable covariance model

Theorem (Bi-correlated model, separable covariance model, [PS09])

Let Z € RP*™ be a random matrix with i.i.d. zero mean, unit variance and light tail entries, and C € RF*F, C € R"*"
be symmetric nonnegative definite matrices with bounded operator norm. Then, as n,p — oo withp/n — ¢ € (0, c0),

letting Q(z) = (:c2z€ZTC2 — zIp) "t and Q(z) = (e2zTcze: —21,) 1, we have

1

Q@) < 0(=) = — (1 +5,2)C) ", Q) & Q(z) = —= (L +6,(z)C) "

N | =

with (z,6,(2)), (z,65(2)) € Z(C \ R™) unique solutions to

5,(z) = %tr COG), b,(z) = %tréé(z).

In particular, if uc — v and pe — 7, then Hiclpezrch 5, [P p—— 225 71, where u, fi are defined by their
Stieltjes transforms m(z) and fii(z) given by ' '
v(dt tv(dt = 1 to(dt
m(z) = 1 v(dt) (z) = 1 v(dt) _c v(dt) 5(z) — v(dr)

“zJ 1+t @)=-; 1+6(z)t == 1+6(z)t

4Debashis Paul and Jack W. Silverstein. “No eigenvalues outside the support of the limiting empirical spectral distribution of a separable

A F20Y (oY= [ A— T b, AN W

“zJ) 143G




Take-away messages of this section

Asymptotic Deterministic Equivalent for resolvent results for

> symmetric X//n € R"*": Wigner semicircle law, quadratic equation (again)

> generalized SCM model 1C 2777 Cz: one self-consistent but integral equation
» application to inference of SCM eigenspectral functionals

> bi-correlated model or separable covariance model 1C 2ZCZTC2: two coupled self-consistent integral
equations

Thank you! Q & A?
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